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Preface

Combustion is a truly interdisciplinary subject, and as such it requires merging of
different areas of science: hydrodynamics, chemical kinetic, thermodynamics,
statistical physics, kinetic theory, and quantum theory. Due to such a com-
plexity the in-depth scientific investigation of combustion is a recent phenom-
enon, even though it has always had a great impact on all types of human
activities. The elements of combustion, such as flame and explosion are, of
course, known for a long time but somewhat surprisingly their first analytical
description has been obtained not such a long time ago and for only a limited
range of conditions. A more coherent picture has begun to emerge in recent
times, as a result of a number of experimental and theoretical studies, sponsored
by energy production and industrial needs.

Combustion has a wide variety of uses. Chemical combustion is used for
energy’s production in power plants, gas turbines and engines. Similar process
of thermonuclear combustion is a heat source for the Sun and stars. Recently,
astronomers were using exploding stars known as Type la supernovas as a
cosmic standard light markers to analyze the fate of the universe. They
found that the universe expansion is speeding up rather than slowing down,
whereas previously it was expected that gravity would be slowing down the
expansion. Combustion is involved in explosions for both industrial and
military purposes. The humanity cannot live without combustion processes
but they also have harmful effects, such as unwanted fire and explosions,
pollutants and greenhouse gases, which cause global warming.

Combustion is a process of heat release in exothermal reactions, which is
accompanied by mass and heat transfer. The chemical combustion involves a
chemical transformation between a substance or substances called fuels and
other chemicals called oxidizers. In the process, nuclei of the entering sub-
stances are not altered but bonds, involving the electrons of the molecules and
atoms, are changed. In many cases, it leads to heat being released, while other
cases, heat is required to form the bonds. Heat release in the process of bonding
change is the most interesting since this energy can be captured and usefully
exploited. Combustion may involve all phases of matter — solid, liquid and gas:
solid rocket propellants, liquid droplets burning in diesels, and gaseous com-
bustion in SI-engines. The principal difficulties in understanding combustion

X
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systems are the wide range of time and space scales involved, chemical comp-
lexity and multidimensional nature of the flow configuration. In turbulent
combustion, the strong non-linear coupling of the turbulence and the chemistry
further compounds difficulties. These turbulence—chemistry interactions arise
from the fact that in most combustion systems, mixing processes are not fast
compared with rates of chemical reaction, and there are large spatial and
temporal variations in species’ composition and temperatures. Chemical reac-
tion’s rates are strongly coupled to molecular diffusion at the smallest scales of
the turbulence. Furthermore, the heat release associated with combustion
affects the turbulent flow, both from variations in the mean density field and
from the effects of local dilatation. In the face of such difficulties for a direct
analytical approach, engineers have traditionally resorted to empirical methods
to develop a combustor. While in the last century the empirical approach
sufficed, today there is a much stricter control of pollutant emission and a
need for a much more effective burning of fuel, which makes empirical
approach no longer viable.

Most of the material covered in this book will deal with the gas phase and
with premixed gas combustion. Premixed gas combustion is combustion of
gaseous reactants, perfectly premixed prior to ignition. In that case, one has
only to ignite the mixture in order to initiate a reaction. The most distinctive
feature of premixed combustion is its ability to form a self-sustained reaction
wave propagating with a well defined speed, which is either larger (detonation
wave) or much less (deflagration wave, “flame”) than sound velocity. Thus, we
can say that these two regimes of reaction wave, deflagration and detonation,
appear to be stable attractors each being linked to its own base of initial data.
Premixed gas combustion is obviously of utmost practical importance in
engines, modern gas turbines and explosions. There the fuel and air are pre-
mixed, and combustion occurs by the propagation of a front separating
unburned mixture from fully burned mixture. The emphasis in the present
course will be placed on regimes of premixed combustion due to its key impor-
tance for practical applications.

While there are several outstanding combustion text-books, they are too
advanced and may be difficult for introducing the subject at the undergraduate
level. These texts are primarily aimed at the audience at a more advanced level.
The present book is primarily meant for 2 nd and 3rd year university students,
and for PhD students working in the field of physics, chemistry, mechanical
engineering, computer science, mathematics and astrophysics. However, many
researchers who already work in the combustion will find some useful back-
ground material as well as an overview of recent major developments in this
field. This book has been developed through modification of my lecture notes of
the combustion course that I have taught for the last several years. The book is
focused mainly on theoretical modeling and fundamentals of physics and
chemistry of combustion processes and on physics mechanisms for various
combustion and combustion-related phenomena in gaseous combustible mix-
ture. The combustion of a gas mixture (flame, explosion, detonation) is
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necessarily accompanied by motion of the gas. The process of combustion is
therefore not only a chemical phenomenon but involves the study of gas
dynamics. Therefore, we have included elements of fluid dynamics, which are
usually missing from university courses. While assuming that first year physics,
chemistry, calculus and thermodynamics have been taken, the necessary con-
cepts in thermodynamics and fluid mechanics are presented during the course.

A vast number of combustion research has been published in multi-disciplinary
scientific journals, such as Physical Review as well as in specialized combustion
journals, such asCombustion and Flame, Combustion Theory and Modeling,
Combustion Science and Technology, Journal of Fluid Mechanics, etc., as well
as many volumes of Proceedings of Combustion Institute (International), so
that a list of references would consist of thousands of studies. Instead of giving a
list of enormous number of references, I offer a short list of books for further
study for an interested reader.

1. Lewis, B. & Von Elbe, G., Combustion, Flames and Explosion of Gases,
Academic Press, 1987.
2. Zel’dovich, Ya. B., Barenblatt, G. 1., Librovich, V. B., & Makhviladze, G. M.,
The Mathematical Theory of Combustion and Explosion, Plenum, New Y ork,
1985.
. Kuo, K. K., Principles of Combustion, John Wiley, 2005.
4. Poinsot, T. & Veynanete, D., Theoretical and Numerical combustion,
Edwards, 2001.

5. Heywood, J. B., Internal Combustion Engine Fundamentals, McGraw-Hill,
New York, 1988.

6. Ramos, 1. 1., Internal Combustion Engine Modeling, Hemisphere Publishing,
New York, 1989.

[99)

I want to thank many of my colleagues and PhD students whose interest in and
devotion to the combustion research have enormously helped in forming the
newer concepts of combustion wave and assisted with the illustrations used in
the book. I am gratefully acknowledge help and discussions with A. Ivanov and
M. Kuznetsov of the problem of deflagration-to-detonation transition, and
M. Kuznetsov and I. Matsukov providing me with their valuable experimental
data of deflagration-to-detonation transition.
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Sources and Use of Energy

Today’s world energy consumption is about 1 Q/year with annual growth of
about 5%. The unit Q, which is used for such large amounts of energy, roughly
equals to 1.05-10%' J. This is a huge amount of energy, which is enough to
vaporize approximately 4 trillion of cubic meters of water, the amount of a very
large lake. Solar radiation annually absorbed by the Earth is approximately
15,000 Q. To avoid drastic change of climate the energy input produced addi-
tionally by human activity must be limited to about 0.1% of this value. This
means that upper limit for energy annually produced by human activity should
not exceed approximately 15 Q. With the present increase of energy consump-
tion we shall have reached this limit in about 30-40 years. Yet a more serious
problem is pollutant emission caused by combustion. Today world energy
production is dominated by carbon-based fuels, such as oil, natural gas and
coal and hence combustion provides over 85% of the total energy. As such, it is
also the principal contributor to air pollution.

It is unlikely that by the end of the twenty-first century other energy sources
will have become serious competitors to hydrocarbon combustion. Nuclear
energy has a limited appeal because of prejudice and, in some cases, political
reasons, and so it will probably not become a significant source of energy.
Improved breeder nuclear reactors would be able to provide a temporary relief
for the energy problem but this would also mean an easier unauthorized access
to the weapon-grade nuclear materials. The reserves of nuclear fuel are limited,
even compared to coal. Perspectives for thermonuclear energy production
remain uncertain. Up-to-date progress in controlled fusion research has turned
out to be much more modest than was expected earlier, in the 1960s. One does
not presently expect that the controlled fusion becomes an industrial energy
source before the end of the century. The solar energy’s use requires huge
investments, in particular, for producing new materials allowing a substantial
reduction in solar energy costs. Additionally, solar energy production is a
viable option in a relatively limited geographic area, mainly outside of the
developed countries, and hence relying on it would make developed countries
dependent on the political stability of those potential solar energy providers.
Even then, countries, which are enjoying a lot of sunshine, still do not have
particular encouraging prospects for solar energy.
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It has been anticipated that fuel cell systems will play an increasing role in
power generation, reducing green house gases’ emissions and slowing the
global warming. In general, vehicles and power plants, which would use stored
hydrogen as fuel, could ultimately reduce local petroleum consumption and
local air pollution. However, to achieve this goal one requires a practical,
economical hydrogen source that does not generate carbon dioxide. The devel-
opment of such a hydrogen source, as well as hydrogen’s storage and distribu-
tion, present a major challenge for fuel-cell technology. At present, producing
hydrogen by electrolysis would require to double the total generation of elec-
trical energy to power cars by fuel-cells. Much more energy is needed to produce
a quantity of hydrogen compared to the energy than can be obtained from it
by combustion or by reactions in a fuel cell. Indeed, energy required is the
difference between the heat of combustion of the resulting hydrogen and the
heat of combustion of the reformed feedback. This difference sets the lower
limit on the energy required to produce an alternative fuel. In practice, the
overall efficiency of the process — that is, the energy content of the hydrogen
produced divided by the total energy consumed by the reforming process is less
than 60%. This means that to produce an amount of hydrogen with the energy
content 1 MJ, we must spend more than 1.6 MJ of energy. But, only 0.167 MJ
must be expanded to produce a quantity of gasoline with energy content of
1 MJ. Thus, use of hydrogen produced by reformation does not free us from
dependence on hydrocarbons. Since nuclear power and renewable energy
sources, such as hydropower, solar and wind, are not expected to expand
enough to support the electrolysis of seawater, the only realistic source for
hydrogen fuel is through reforming of petroleum or natural gas. The process
of extracting hydrogen from fossil hydrocarbons using very hot steam, for
example, will produce as much carbon dioxide as if the fuel had been burned
conventionally. If that CO, is not sequestered by some means, preferably
near the hydrogen plant, its release into the atmosphere will cause as much
global warming as if it had come from conventional car or thermal power plant.

Recent climate catastrophes such as hurricanes Katrina and Rita, which hit
New Orleans, Texas and Florida, as well as storms and floods in Asia and
Europe, all present us with a serious warning of the climate change, caused by
the global warming due to release of pollutants into the atmosphere. The main
danger for societies and their economies is not a shortage of oil and gas
and resulting rise in prices of hydrocarbon fuels but rather the global warming.
It is generally accepted that burning of the hydrocarbon fuel, which is
vitally necessary for industry and transportation, is the main source of the
pollutants, which are causing global warming. Combustion is responsible for
nearly all of the emission of NOy, CO, CO,, aerosols, and many other chemical
species that are harmful to human health and the environment. According to
the environmentalists, the first and most reliable signs of an impeding climate
catastrophe are the upsurge in the most violent storms. There is a sustained
increase in the number and intensity of catastrophic storms over the last
30 years. Carbon dioxide and other greenhouse gases produced in combustion
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elevate the atmospheric temperatures causing global warming. As a result,
when ocean temperature rises, the amount of water vapor in atmosphere will
rise as well. A moister atmosphere helps fuel storms as they have more to “spit
out” in form of rain and also by helping drive the convection that gives them
lethal spin.

Typical combustion processes are inherently multi-scale, involving complex
spatio-temporal phenomena, associated with chemical reactions, molecular
transport, and turbulence. The considerable disparity between various scales
poses formidable difficulties both for theoretical analysis and numerical simu-
lations, and their effective resolution is one of the main issues of the combustion
research. Nowadays science and engineering have reached the point where the
ability to simulate processes at very small scales of space and time is essential for
furthering our understanding of the whole processes. The ability to simulate
processes involving a wide range of spatio-temporal scales and adequate che-
mical kinetics is essential for furthering understanding of burning processes and
for developing the tools required for development of new energy technologies.
This understanding is crucial for realizing the long-term goal of creating an
environmentally and economically sustainable energy source. The anticipated
advances in computational power together with theoretical combustion models
offer an opportunity to revolutionize the design and performance of combus-
tion systems, which will considerably lower emissions and increase thermody-
namic efficiency of new combustion technologies.

In conclusion, we will give some representative numbers of the world reserves
of hydrocarbon fuels and their distribution. The world reserves of coals is
144 Q; of oil, 7-8 Q; of natural gas, 1-2 Q. With the present level of consump-
tion, the reserves of oil and gas will have been depleted in 50 years. All reserves
of hydrocarbon fuels may be exhausted in about 100 years, although neither
the exact energy needs nor the precise reserves are known with the accuracy
which is needed to make definitive predictions.






Chapter 1
Basic Concepts of Thermodynamics

Combustion is one of the most complex subjects that involve primarily such
disciplines as physics, chemistry, thermodynamics and fluid mechanics. Ther-
modynamics enables us to calculate the energies of system changes in composi-
tion. As such it enables us to determine, for example, the temperature and
pressure changes when a system undergoes a chemical transformation. It will
be seen that thermodynamics can also be used to tell us what the composition
change will be when a system undergoes a reaction. It is not used however to
determine rates of chemical transition. That is the subject of chemical kinetics.
The subject of thermodynamics is only concerned with beginning and end
thermodynamic states for a system, with no concern for the process path
between them. Therefore it will be important to recall the necessary basic
concepts of thermodynamics in this course. The purpose of this chapter is to
make students life easier, by providing review of the main basic concepts of
thermodynamics and necessary definitions. Similarly, in several chapters below
the necessary concepts of fluid mechanics will be given, some of them usually
missed in standard courses of fluid mechanics.

1.1 The Entropy

Thermodynamic physical quantities are those, which describe macroscopic
states of system. They include some, which have both a thermodynamic and
a purely mechanical meaning, such as energy, volume, density, etc. There are
also, however, quantities of another kind, which appear as a result of purely
statistical laws and have no meaning when applied to non-macroscopic systems,
for example, entropy. In what follows we shall define a number of relations
between thermodynamic quantities. When thermodynamic quantities are dis-
cussed, the negligibly small fluctuations to which they are subject are usually of
no interest, so that, we shall entirely ignore such fluctuations, regarding the
thermodynamic quantities as varying only with the macroscopic state of the
system.

M.A. Liberman, Introduction to Physics and Chemistry of Combustion, 1
DOI: 10.1007/978-3-540-78759-4_1, © Springer-Verlag Berlin Heidelberg 2008



2 1 Basic Concepts of Thermodynamics

Entropy is one of the main thermodynamic functions. To introduce meaning
of the entropy let us consider a closed system for a period of time long compared
to its relaxation time, assuming that the system is in complete statistical equili-
brium. Let us divide the system into a large number of macroscopic parts, which
we call subsystems. Let w = w(E,) be the distribution function for the subsys-
tem. The probability that the subsystem has energy between within the interval
between E and E + dE is the product of w = w(E,) on the number of quantum
states with energies in this interval. Let I'(E) be the number of quantum states
with energies less than or equal to E. Then the required number of states with
energy between E and E + dE can be written as Gll(;—(EE)dE, and the energy prob-

ability distribution is

_ dI'(E)

W(E) = =~ w(E). (1.1.1)

which must satisfy the normalization condition

/W(E)dE =1. (1.12)

The function W(E) has a very sharp maximum at the average value of the
energy, E = E, being different from zero only in the immediate neighborhood
of the point E = E. We may define the “width” E of the curve W = W(E) as the
width of a rectangle whose height is equal to the value of the function W(E)
at the maximum and whose area is unity: W(E)AE = 1. Using the expression
(1.1.1), we can write this definition as

w(E)AT = 1, (1.1.3)
where
dI'(E)
F = — .
A iE AE (1.1.4)

is the number of quantum states in the interval AE of energy. The quantity AT’
represents the “degree of broadening” of the macroscopic state of the subsystem
with respect to its microscopic states, with AE being in order of magnitude
equal to the mean fluctuation of energy of the subsystem. Taking into account a
correspondence between the volume of a region of phase space and the “corre-
sponding” number of quantum states we can say that a “cell” of volume (27#)®
(where s is the number of degrees of freedom of the system) “corresponds” in
phase space to each quantum state. It is clear that in the quasi-classical case the
number of states AI' may be written as
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ApAq
Al = 1.1.5
(znh)s ? ( )
where p and q are classical momentum and coordinate (p = py,...ps;q = qy, - - - d)-

The quantity AT is called the statistical weight of the macroscopic state of
the subsystem, and its logarithm

S = In(AT) = In ((A;ﬁ)‘}) (1.1.6)

is called the entropy of the subsystem. The entropy thus defined is dimension-
less, like the statistical weight itself. Since the number of states AT is always
larger than unity, the entropy cannot be negative. The concept of entropy is one
of the most important in statistical physics and thermodynamics.

It is worth to mention that in classical statistics the entropy is defined only
to within an additive constant, which depends on the choice of units, and only
differences of entropy, i.e. changes of entropy in a given process, are definite
quantities independent of the choice of units. This accounts for the appearance
of the Max Plank quantum constant 7 in the definition of the entropy for
classical statistics. Only the concept of the number of discrete quantum states
enables us to define a dimensionless statistical weight and therefore to give an
unambiguous definition of the entropy.

From the general principles of quantum mechanics, using the Liouville
theorem in a way analogous to the classical mechanics, it can be shown that
logarithm of the energy distribution for subsystem is a linear function of
energy

In w(E,) = o + BE,, (1.1.7)
which can therefore be rewritten as
In w(E) = o + BE (1.1.8)

and also can be viewed as an average value of In w(E,), i.e., (In w(E,)). This
means that according to our definition of the entropy (1.1.6) and taking into
account (1.1.3), we can write expression for entropy as

S =1In(AT) = —In w(E) = —(In w(E,)), (1.1.9)

For a closed system the statistical weight AI" is a product of the statistical
weights of all the subsystems A" = [] AT, and we conclude that entropy of the
closed system is an additive quantity! entropy of the closed system is sum of the
entropies of its subsystems
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S=>_8, (1.1.10)
i

If a closed system is not in an equilibrium state, its macroscopic state will vary in
time, until ultimately the system reaches a state of complete equilibrium. If each
macroscopic state of the system is described by the distribution of energy
between the various subsystems, we can say that the sequence of states succes-
sively traversed by the system corresponds to more and more probable distribu-
tions of energy. The increase in probability is exponential, with the probability
given by exp (S), the exponent being the entropy of the system. We can therefore
say that the process approaching the equilibrium in a non-equilibrium closed
system going in such a way that the system continually passes from states of
lower entropy to those of higher entropy until finally the entropy reaches the
maximum possible value, corresponding to complete statistical equilibrium.
Thus, if a closed system is at some instant in a non-equilibrium macroscopic
state, the most probable consequence at later instants is a steady increase in the
entropy of the system. This is the law of increase of entropy also known as second
law of thermodynamics (R. Clausius, 1857). The statistical explanation of the
law of increase of entropy was given by L. Boltzmann, 1876. The law of increase
of entropy can be formulated also as follows: if at some instant the entropy of
a closed system does not have its maximum value, then at subsequent instants
the entropy will not decrease; it will either increase or at least remain constant.

1.2 Work and Quantity of Heat: First Law of Thermodynamics

The first law of thermodynamics is the principle of conservation of the total
energy of a closed, isolated system. This means that the change of energy of the
system during a process must be equal to the energy, which system gains or
losses during this process. The energy must be understood in general as the total
energy of the system, including the kinetic energy of its macroscopic motion and
the internal energy of the system, corresponding to the microscopic motion of
atoms and molecules, i.e. the quantity of heat contained in the system.

The external forces applied to a body can do work on it, which is determined,
according to the general rules of mechanics, as the products of these forces and
the displacements, which they cause. This work may serve to bring the body into
a state of macroscopic motion or in general to change its kinetic energy, or to
move the body in an external field, or to change volume and shape of the body.

We shall everywhere regard as positive an amount of work R done on a given
body by external forces. Negative work, R <0, will correspondingly mean that
the body itself does work (equal to R) on some external objects. Bearing in mind
that the force per unit area of the surface of the body is the pressure, and that the
product of the area of a surface element and its displacement is the volume
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swept out by it, dsdl = dV, we find that the work done on the body per unit time
when its volume changes is

dR _dV

—=-P— 1.2.1
dt dt ( )

(in case of compression, dV/dt <0, so that dR/dt>0). This formula is applic-
able to both reversible and irreversible processes. Only one condition need be
satisfied, namely that throughout the process the body must be in a state of
mechanical equilibrium, i.e. at each instant the pressure must be constant
throughout the body.

If the body is thermally isolated, the whole change in its energy is due to the
work done on it. In the general case of a body not thermally isolated, in addition
to the work done, the body gains or loses energy by direct transfer the heat from
or to other bodies in contact with it. This part of the change in energy is the
quantity of heat Q gained or lost by the body. Thus the change in the energy of
the body per unit time may be written

dE dR dQ
FTRRIF TR (1.2.2)
Like the work, the heat will be regarded as positive if gained by the body from
external sources. The energy E in (1.2.2) must, in general, be understood as the
total energy of the body, including the kinetic energy of its macroscopic motion
and its internal energy. We shall, however, usually consider the work corre-
sponding to the change in volume of a body at rest, in which case the energy
reduces to the internal energy of the body, i.c. the external forces compress the
body but leave it at rest as a whole.

Taking into account that the work is defined by formula (1.2.1), we have
from (1.2.2) for the quantity of heat

dQ dE _dVv
LTS (1.2.3)

For infinitely small quantities we can write (1.2.2) and (1.2.3) as

dE = dR + dQ, dQ = dE + PdV. (1.2.4)

A body, e.g. gas or liquid, can be characterized by two from three quantities:
volume, V, pressure, P, and temperature, T, which can be measured macro-
scopically. Any other function characterizing the state of the system, for exam-
ple, energy will be function of these two variables. If we shall take T and V as
independent variables, then E will be function of these variables, and we can
write for the energy differential



6 1 Basic Concepts of Thermodynamics

OE OE
E=(— T — . 1.2.
4 <8T> vd " (8V) TdV (123

The expression for heat differential as function of variables T, V will be

OE OE
dQ = (a—T)VdT + [(a—V>T+P] dv. (1.2.6)

In a similar way we may take T and P as independent variables

OE oV OE ov
dQ = Ka_T)p+P (a—T) J ar + K@ﬁp (ﬁ> J dp.  (12.7)

Finally, taking V and P as independent variables we obtain

OE OE
dQ = (6—P>VdP + [(8—V)P+P} dv. (1.2.8)

The quantity of heat, which must be gained in order to raise the temperature of
the body by one unit is called its specific heat. This clearly depends on the
conditions under which the heating takes place. Or we can say that specific heat
is the ratio of infinitely small amount of heat to the small temperature rise
caused by the heat. A distinction is usually made between the specific heat at
constant volume Cy and that at constant pressure Cp. According to their
definition we have (note that these formulas are for one mol of a gas)

_(9Q) _ (9E
Cy = (8_T>V_ (aT)V' (1.2.9)

_ (9QY _ (9E i
Cp = (8_T)P_ (8T>P+P<8T>P' (1.2.10)

The second term in (1.2.10) is contribution of the work done by the system to the specific
heat. For example, for the ideal gas, the equation of state for one mol of a gasisPV = RT,
where R = 1.986 cal/mol - K = 8.314 - 107 erg/mol - K = 8.314J /mol - K is the
universal gas constant, then we obtain

Cp—Cy=R. (1.2.11)

From kinetic theory follows that for ideal one-atomic gas Cy = %R, and for
two-atomic gases, Cy = %R. Correspondingly, for ideal one-atomic gas
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3 5
Cy==R, Cp ==R 1.2.12
v 7 P P > ) ( )
. 5 7
and for two-atomic gas Cy = ER’ Cp = 5 R.

1.3 Temperature

As we already said, there are thermodynamic physical quantities, which appear
as a result of purely statistical laws and have no meaning when applied to non-
macroscopic systems, entropy introduced at the beginning of this chapter is
such quantity, temperature is another example of such quantity.

Let us consider two bodies in thermal equilibrium with each other, forming
a closed system. Then the entropy S of this system has its maximum value for
a given energy E of the system. The energy E is the sum E =E; + E, of
the energies E; and E; of the two bodies. The same is true for the entropy S
of the system, and the entropy of each body is a function of its energy:
S = Si(E;) + S2(Ez). Since E; = E — E, being a constant, S is really a function
of one independent variable, and the necessary condition for a maximum can be
written as

dS  dS, dS,dE, dS; dS,
_ _dSi dS, 13.1
dE, ~dE, TdE,dE, _dE, dE (1.3.1)

thus, we came to conclusion that for closed body in thermal equilibrium

ds; dS;
dE, ~ dE, (1.3.2)
This conclusion can easily be generalized to any number of bodies in equili-
brium with one another. Thus, if a system is in a state of thermodynamic
equilibrium, the derivative of the entropy with respect to the energy is the
same for every part of the system, i.e. it is constant throughout the system. A
quantity, which is the reciprocal of the derivative of the entropy S of a body with
respect to its energy, is called the absolute temperature (or simply the tempera-
ture) of the body, T:

1 dS
T=3E (1.3.3)
The temperatures of bodies in equilibrium with one another are therefore equal:
T, =T,. Like the entropy, the temperature is a purely statistical quantity,
which has meaning only for macroscopic bodies.

Let us next consider two bodies forming a closed system but not in equili-
brium with each other with their temperatures T and T, being different. In the
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course of time, equilibrium will be established between the bodies, and their

temperatures will gradually become equal. During this process, their total
entropy S = S| 4+ S, must increase, i.e. its time derivative is positive:

dS _dS; dS; dS;dE; dS;dE,

et Tt Sl § —— >0.
dt dt dt dE; dt dE, dt
E E
Since the total energy is conserved, % + % = 0, we obtain
dS _ (dS, dS;\dE, (1 1\dE
dt  \dE; dE;) dt \T, Tp/) dt =~

Let the temperature of the second body be greater than that of the first one, i.e.
T, >T,. Then dE;/dt>0, and dE,/dt<0, which means that the energy of the
second body with greater temperature decreases and that of the first increases.
This property of the temperature may be formulated as follows: energy passes
from bodies at higher temperature to bodies at lower temperature.

The entropy is a dimensionless quantity. The definition (1.3.3) therefore
shows that the temperature has the dimensions of energy, and thus can be
measured in energy units, for example ergs, joules etc. In ordinary circum-
stances, however, the erg is too large a quantity, and in practice the temperature
is customarily measured in its own units, called degrees Kelvin or simply
degrees. The conversion factor between ergs and degrees, i. e. the number of
ergs per degree, is called Boltzmann’s constant and is usually denoted by
k: k=R/Ng=138-10""%rg/deg = 1.38 - 107J /K, Ny = 6.023-10% is
Avogadro’s number. Also in practice the amount of heat is customarily mea-
sured in its own units, called calories or in joules. The conversion factors are:

lcal = 4.185-107erg, 1cal =4.1857J, 1eV = 1.602- 10 %erg = 1.602 - 10~"°J.

Sometime it is convenient to use energy units. The use of the factor k, whose
only purpose is to indicate the conventional units of temperature measurement,
would merely complicate the formulae. To convert to the temperature mea-
sured in degrees, in numerical calculations, we need only replace T by kT. If the
temperature is in degrees, the factor k is usually included in the definition of
entropy: S = k In AT" (Note that 0°C = 273K).

If the body is subject to no interactions other than changes in external condi-
tions, it is said to be thermally isolated. It must be emphasized that, although a
thermally isolated body does not interact directly with any other bodies, it is not in
general a closed system, and its energy may vary with time. In a purely mechanical
way, a thermally isolated body differs from a closed system only in that its energy
depends explicitly on the time because of the variable external field.

Let us suppose that a body is thermally isolated, and is subject to external
conditions, which vary sufficiently slowly. Such a process is said to be adiabatic.
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It can be shown that, in an adiabatic process, the entropy of the body remains
unchanged, i.e. the process is reversible.

1.4 Pressure

The energy of a body, as a thermodynamic quantity, has the property of being
additive: the energy of the body is equal to the sum of the energies of its
individual (macroscopic) parts. Another fundamental thermodynamic quan-
tity, the entropy, also has this property. The additivity of the energy and the
entropy leads to the following important result. If a body is in thermal equili-
brium, we can say that, for a given energy, the entropy depends only on the
volume of the body, and not on its shape. Indeed, a change in the shape of the
body can be regarded as a rearrangement of its individual parts, and since the
entropy and energy, are additive, they will remain unchanged. Thus the macro-
scopic state of a body at rest in equilibrium is entirely determined by only two
quantities, for example the volume and the energy. All other thermodynamic
quantities can be expressed as functions of these two. Of course, because of this
mutual dependence of the various thermodynamic quantities, any other pair
could be regarded as the independent variables.

Let us now calculate the force exerted by a body on the surface bounding its
volume. According to the formulae of mechanics, the force acting on a surface
element ds is

OE(q,p; 1)

F=—
or ’

where E(q, p; r) is the energy of the body as a function of the coordinates and
momenta of its particles and of the radius vector r of the surface element ds,
which here acts as an external parameter. Averaging this equation we obtain

0E(q,p; r) OE OE\ 0V OE
F— — (&) = (&) DD () s, (141
ar o)~ \ov) or ov) s (4D

We see that the mean force on a surface element is normal to the element and
proportional to its area (Pascal’s law). The magnitude of the force per unit
area

OE
P—_ <W>s (1.4.2)

is called the pressure.
In defining the temperature by formula (1.3.3) we were essentially consider-
ing a body, which is not in direct contact with any other bodies. It is desired to
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define the temperature in terms of thermodynamic quantities for the given body
only, and then its volume must be regarded as constant. In other words, the
temperature is defined as the derivative of the energy of the body with respect to
its entropy, taken at constant volume:

OE
T= <£)v‘ (1.4.3)

Equations (1.4.2) and (1.4.3) can also be written together as a relation between
differentials, which gives the differential of the function E(S, V) via independent
variables S and V instead of E(T, V) given by (1.2.5):

dE = TdS — PdV. (1.4.4)

Let us show that the pressures of bodies in equilibrium with one another are
equal. This follows immediately from the fact that thermal equilibrium neces-
sarily presupposes mechanical equilibrium. In other words, the forces exerted
on each other by any two of these bodies at their surface of contact must be
equal in magnitude and opposite in direction. The equality of pressures in
equilibrium can also be derived from the condition of maximum entropy, in
the same way as the equality of temperatures was shown Sect. 1.2. Consider two
parts, in contact, of a closed system in equilibrium. One necessary condition for
the entropy to be a maximum is that it should be a maximum with respect to a
change in the volumes V| and V, of these two parts when the states of the other
parts undergo no change, in particular, V. = V| 4+ V, remains constant. We can
write similar to Eq. (1.3.1)

dS ds;  dS,dV, dS; dS

v, Tav, Taviav, v, av,

From the relation (1.4.4) written in the form
1 P

dS =—=dE 4+ =dV
T * T

follows that 9S/0V = P/T, and so P, /T; = P,/T,. Since the temperatures are
the same in equilibrium, we therefore find that the pressures are equal.

It must be noticed that, when thermal equilibrium is established, the equality
of pressures (i.e. mechanical equilibrium) is reached much more rapidly than
that of temperatures, and the cases are often met in which the pressure is
constant throughout a body but the temperature is not. The reason is that the
non-constancy of pressure is due to the presence of uncompensated forces; these
bring about macroscopic motion so as to equalize the pressure much more
rapidly than to equalize the temperature, which does not involve macroscopic
motion.
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Let us assume that at every instant throughout the process the body may
be regarded as being in a state of thermal equilibrium corresponding to its
energy and volume at that instant. The relation (1.4.4) gives the differential
of the function E(S,V). Taking into account (1.2.4): dE =dR +dQ and
dQ = dE + PdV we obtain

dQ = Tds. (1.4.5)

The work dR and the quantity of heat dQ gained by the body in an infinitesimal
change of state are not the total differentials of any quantities. Only the sum
dR + dQ, i.e. the change in energy dE, is a total differential. We can therefore
speak of the energy E in a given state, but not, for example, of the quantity of
heat, which a body possesses in a given state. In other words, the energy of the
body cannot be divided into thermal and mechanical parts. This is possible only
when considering the change in energy. The change in energy when a body goes
from one state to another can be divided into the quantity of heat gained or lost
by the body and the work done on it or by it. This division is not uniquely
determined by the initial and final states of the body, but depends also on the
nature of the process itself. That is, the work and the quantity of heat are
functions of the process undergone by the body and not only of its initial and
final states. This is seen particularly when the body undergoes a cyclic process,
starting and finishing in the same state. The change in energy is then zero, but
the body may gain or lose a quantity of heat or work. Mathematically this
corresponds to the fact that the integral of the total differential dE around a
closed circuit is zero, but the integral of dQ or dR, which are not total differ-
entials, is not zero. For any process around a closed circuit

dQ
< 1.4.
JESE (146)
and only for reversible processes we have
dQ
]{ T = 0. (1.4.7)

This is another expression of the second law of thermodynamic: the entropy of

the body either increases or remains unchanged for the reversible processes.
From (1.4.4) and (1.4.5) we can write the specific heat at constant volume Cy and

that at constant pressure Cp according to their definition given in Sect. 1.2 in the form:

Cy = T(§> , (1.4.8)
A%

Cp = T(as) . (1.4.9)
P
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Using (1.4.5) and (1.2.6) we can write expression for the entropy as

_dQ 1 (8E 1 [/OE
dS == (a_T> VdT + T [(éTV)TJFP] dv. (1.4.10)

1.5 The Free Energy and the Thermodynamic Potentials

The first law of thermodynamic says that the work done on a body in an
infinitesimal change of state is a differential dR = dE — dQ. In the case of
isothermal reversible change we can write this as:

dR =dE —dQ = dE — TdS = d(E — TS) (1.5.1)
or dR = dF, where we defined
F=E-TS (1.5.2)

as another function of the state of the body, which is called the Helmholtz free
energy (or free energy).

From the inequality (1.4.6) steams that if the system is in a thermal
equilibrium with external media, which is at constant temperature (large
reservoir), then the work done on the body when its state changes from 1to2
is R(1 — 2) < E(1) — E(2) — T[S(1) — S(2)]. If the initial and final tempera-
ture of the system is the same then in a reversible isothermal process the work
done on the system is equal to the change in its free energy. Substituting
dE = TdS — PdV and dF = dE — TdS — SdT, we obtain

dF = —SdT — PdV, F =F(T,V) (1.5.3)
Hence it follows that
OF OF
= =— dP=—-(—| . 1.5.4
s==(ar), =), 59
Using the relation E = F + TS we can express the energy in terms of the free

energy.

If system is in a thermal equilibrium with external media or it is in a vessel
with given volume and shape (rigid walls) so that work on the system can not be
done, then the free energy has minimum, and the system is at the state of stable
equilibrium similar minimum of the potential energy being the condition of the
stable equilibrium for mechanical systems. Therefore the free energy can be
viewed as the thermodynamic potential at constant volume.



1.6 The Enthalpy 13
1.6 The Enthalpy

If the process occurs at constant pressure, then the quantity of heat, which is
then dQ = dE + PdV, can be written as the differential

dQ =d(E+PV)=dH (1.6.1)
of a quantity
H=E+ PV, (1.6.2)

which is called the enthalpy of the body. The change in the enthalpy in processes
occurring at constant pressure is therefore equal to the quantity of heat gained
by the body, so that the enthalpy is called also heat function.

Taking dE = TdS — PdV and dH = dE + PdV + VdP, we find an expres-
sion for the total differential of the enthalpy, H = H(S, P)

dH = TdS + VdP. (1.6.3)

From this it follows that

OH OH
T= (X>P, and V= (6_P>s (164)

It follows from (1.6.1) that, in processes involving a thermally isolated body
(dQ = 0) and occurring at constant pressure, the enthalpy is conserved, i.e.
H = constant.

We obtained for the specific heat at constant volume the expression (1.2.9)

OE
Cy = (8_T>V' (1.6.5)

Using expression (1.4.9) for the specific heat at constant pressure Cp, and
substituting T from (1.6.4), we obtain

oS OH oS OH
@), (&), ), G, e
This formula shows that at constant pressure the enthalpy has properties
similar to those of the energy at constant volume.
Thus, if we know any of the quantities E, F, H as a function of the corre-
sponding two variables and take its partial derivatives, we can determine all the
remaining thermodynamic quantities. For this reason E, H and F are called

thermodynamic potentials: the energy E with respect to the variables S, V; the
enthalpy H with respect to S, P, and the free energy F with respect to V, T.
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We still lack a thermodynamic potential with respect to another pair of
variables: P, T. To derive this we substitute in (1.6.2) PdV = d(PV) — VdP,
take d(PV) to the left-hand side of the equation, and obtain

dG = —SdT + VdP (1.6.7)
with a new quantity, G = G(T, P)
G=E-TS+PV=F+PV=H-TS, (1.6.8)

called the Gibbs free energy.

It is clear that if temperature and pressure of the system are constant, then
the state corresponding to minimum of the Gibbs free energy is the stable
equilibrium state.

From (1.6.7) we clearly have

oG oG
S = _(6T>P ,and V = <6P>T' (1.6.9)

Thus, we have the following thermodynamic potentials for all pairs of variables:
E=E(S,V); H=H(S,P); F=F(V,T); G=G(P,T).In practice the most
convenient, and the most widely used pairs of thermodynamic variables are
(V, T) and (P, T). It is therefore necessary to transform various derivatives of
the thermodynamic quantities with respect to one another to different variables,
both dependent and independent. If (V, T) are used as independent variables,
the results of the transformation can be conveniently expressed in terms of the
pressure P and the specific heat Cy (as functions of V and T). The equation,
which relates the pressure, volume and temperature, is called the equation of
state for a given body. Thus, the purpose of the formulae in this case is to make
it possible to calculate various derivatives of thermodynamic quantities from
the equation of state and the specific heat Cy. Similarly, when (P, T) are taken
as the basic variables the results of the transformation should be expressed in
terms of V and Cp as functions of P and T. One should remember that the
dependence of Cy on V or of Cp on P (but not on the temperature) can itself be
determined from the equation of state.

1.7 The Nernst’s Theorem

It can be proved that the specific heats Cy and Cp are always positive. The fact
that the specific heat, Cy is positive means that the energy is a monotonically
increasing function of the temperature. Conversely, when the temperature
decreases the energy decreases monotonically, and therefore, when the tem-
perature has its least possible value, i.c. at absolute zero, a body must be in the
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state of least possible energy. Regarding the energy of a body as the sum of
the energies of its parts, we can say that each of these parts will also be in
the state of least energy. It is clear that the minimum value of the sum must
correspond to the minimum value of each term. Thus at absolute zero any
part of the body must be in a particular quantum state — the ground state. In
other words, the statistical weights of these parts are equal to unity, and the
same is true for their product, i.e. the statistical weight of the macroscopic
state of the body as a whole. The entropy of the body, being the logarithm
of its statistical weight, is therefore equal to zero. This result that the
entropy of any body vanishes at the absolute zero of temperature is called
Nernst theorem (W. Nernst, 1906). It should be emphasized that this theo-
rem is a deduction from quantum statistics, in which the concept of discrete
quantum states is of essential importance. The theorem cannot be proved in
purely classical statistics, where the entropy is determined only to within an
arbitrary additive constant.

Nernst’s theorem enables us to draw conclusions also concerning the behavior
of certain other thermodynamic quantities as T — 0. For instance, for T = 0 the
specific heats Cp and Cy both vanish:

Cp=Cy=0 for T=0 (1.7.1)
This follows immediately from the definition of the specific heat in the form

s 8S
=TT = T

When T — 0, InT — —oo, and since S tends to a finite limit (zero), it is clear
that the derivative tends to zero.
The thermal expansion coefficient also tends to zero:

ov

(8_T) - 0 for T=0. (1.7.2)

This derivative is equal to the derivative —(9S/JP), which vanishes for T = 0,
since S is zero for T = 0 and any pressure. This is easily seen from (1.6.9) which

gives
05\ __ 0 (0G\ __ 0 (9G\ oV
o). oP\oT), OT\oP)  OT

If the specific heat of a body is known for all temperatures, the entropy can be
calculated by integration, and Nernst’s theorem gives the value of the constant
of integration. For example, the dependence of the entropy on temperature for
a given pressure is determined by
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T
Cp
S = /?dT. (1.7.3)
0
The corresponding formula for the enthalpy is
T
H=H,+ / CpdT (1.7.4)
0

where Hj is the value of the enthalpy for T = 0.

1.8 Carnot’s Cycle and Carnot’s Theorem

Consider processes in a thermally isolated system involving subsystems, which
are not in thermal equilibrium with each other. According to the second law of
thermodynamic entropy of the system increases and the system approaches
equilibrium. During a way as the system passes to the equilibrium the work can
be done by the system on surroundings. However, path to the equilibrium as
well as the final equilibrium state, its entropy and energy may be different.
Correspondingly, work done by the system also depends on the particular path
how the system approaches equilibrium. Carnot’s theorem establishes the
maximum amount of work that can be obtained depending on the difference
between the hot and cold temperature reservoirs of the system, or the efficiency
of transforming thermal energy into mechanical energy. Obviously, heat can be
transformed to work only if there are at least two reservoirs with different
temperatures. We also assume that the volume of the system remains
unchanged, i.e. we are interested in the work which is produced due to heat is
transformed to work when system approached equilibrium.

According to the first thermodynamic law the work done by a thermally
isolated system is difference between the initial energy of the system, Ey, and its
energy at the equilibrium state, that is function of entropy in this state, E(S)

IR| = Eq — E(S). (1.8.1)

Taking derivative on entropy of the final state we obtain

dR|  (OE\ _
K__<%>V_ T, (1.8.2)

where (Sect. 1.3) T is temperature of the final state. The derivative in Eq. (1.8.2)
is negative and this means that the work |R| done by the system increases with
the decrease of entropy. However, entropy of thermally isolated system cannot
decrease, which means that maximum value of |R| can be achieved if entropy
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remains constant during the process. Thus, we come to the conclusion that the
system produces maximum work if its entropy is constant during the transition
to the equilibrium state, e.g., transition to the equilibrium state is reversible
process. In other words, maximum efficiency is achieved if and only if no new
entropy is created in the cycle.

Let us assume that the system contains two bodies of different temperatures T}
and T, so that T, >T), and work is done due to heat transforming between two
bodies. It must be emphasized that if the heat transfer occurs directly between the
bodies, no work can be done. Such process is irreversible and the entropy of the
system increases by AS = AQ(1/T; — 1/T,), assuming that volume did not
change. In order to accomplish a reversible transfer of the heat and therefore to
maximize the work, some additional — working medium must be used, which in
fact is executing a reversible cycle process. This process must be fulfilled in such a
way that the bodies between which direct transfer of energy occurs be at the same
temperature. The working body at temperature T, is brought in contact with the
heat reservoir at the same temperature and receives form it isothermally a certain
amount of energy. Then it is adiabatically cooled to temperature T, transfers at
this temperature energy to the reservoir at temperature Ty, and finally returned
adiabatically to its initial state. The working body does work on surroundings in
the expansions involved in the process. The described cycle is called Carnot cycle.
It is convenient to present this cycle on the P,V diagram. Let the initial state with
temperature T; corresponds to the point Pa, V4. The first phase of the expansion
is isotherm (no heat transfer) to the point Py, Vg. The second phase is adiabatic
cooling to temperature T : Py, Vg — Pp, Vp. Next is adiabatic compression
along isotherm at temperature T; : Pp,Vp — Pc, V¢, and the final phase is
adiabatic heating to T, : Pc, Ve — Pa, Va. According to the second law of
thermodynamic the work done during the process is equal to the difference of
the heat received to and transferred from the working body. Since the working
body returned to its initial state it may be ignored. During phase AB the working
body gain amount of heat Q, from reservoir at temperature T, and it lose amount
of heat Q, to another reservoir at temperature at T| during the phase DC. Thus

|Rinax| = Q, — Q. (1.8.3)

When transforming thermal energy into mechanical energy, the thermal effi-

ciency of a process is the percentage of energy that is transformed into work.

Thermal efficiency is

R Q,-Q | Q

Mmax = ~~=—~ =1 ——.
Q, Q Q,

(1.8.4)

Writing Q, = T,AS, and Q, = —T;ASy, and taking into account that since
process is reversible the sum of the entropies AS; + AS, = 0 remains constant,
we obtain
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T, -T,

Mmax = T - 1 T, (1.8.5)
Carnot’s theorem sets a limit on the maximum amount of efficiency of any
possible heat engine, which solely depends on the difference between the hot
and cold temperature reservoirs. The maximum efficiency possible by any sort
of engine operating between two heat reservoirs has a limit defined by the
efficiency (1.8.5). The theoretical maximum efficiency of a heat engine equals
the difference in temperature between the hot and cold reservoir divided by the
absolute temperature of the hot reservoir.

1.9 Le Chatelier Principle

If system at equilibrium experiences a change in concentration, temperature or
total pressure the equilibrium will shift in order to minimize that change. This
qualitative law makes it possible to envisage the displacement of equilibrium.
The general principle was formulated by Henry Louis Le Chatelier and Karl
Ferdinand Braun who discovered it independently. When a given system in an
equilibrium state is disturbed by the application of some action, a direct reac-
tion occurs in such a way as to diminish the action. The principle is the physical
interpretation of the mathematical conditions for stability of the equilibrium
state. These conditions can be derived in the form of inequalities for derivatives
of entropy as function of two independent variables, which must be maximum
at the equilibrium. Suppose two bodies A and B are in equilibrium at the same
temperature, T. If the equilibrium is disturbed by an increase of the temperature
of body A, the heat starts to flow from body A to body B, tending to reduce the
temperature difference, so that the increase in the temperature of body A, brings
the process tending to decrease it. For example, if the body is disturbed from
equilibrium by a change in its volume at constant temperature, then, in parti-
cular, its pressure is changed. The restoration of equilibrium in the body leads to
a decrease in the absolute value of the change in pressure. The decreasing or
increasing in the volume of the body brings about processes in it, which tend to
lower or to increase the pressure respectively.

1.10 Dependence of the Thermodynamic Quantities
on the Number of Particles

As well as the energy and entropy, such thermodynamic quantities as H, F ,G
also have the property of additivity. This follows directly from their definitions
if we bear in mind that the pressure and temperature are constant throughout a
body in equilibrium. From this property we can draw certain conclusions
concerning the manner in which each of these quantities depends on the number
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of particles in the body. Here we shall consider bodies consisting of identical
particles (molecules), but all the results can be immediately generalized to
mixtures of different particles.

The additivity of a quantity signifies that, when the amount of matter and
therefore the number N of particles is changed by a given factor, the quantity is
changed by the same factor. In other words, we can say that an additive
thermodynamic quantity must be a homogeneous function of the first order
with respect to the additive variables.

Let us express the energy, E, of the body as a function of the entropy, volume,
and number of particles. Since S and V are themselves additive, this function must
be of the form

SV
E=Nfl=,— 1.10.1
(Xn): (110.1)

which is the most general homogeneous function of the first orderin N, Sand V.

The free energy, F, is a function of N, T and V. Since the temperature is constant
throughout the body, and the volume is additive, a similar argument gives

%
F Nf<§,T). (1.10.2)

In the same way we have for the enthalpy, expressed as a function of N, S and
the pressure P,

S
H= Nf(N,P) (1.10.3)

Finally, the thermodynamic potential as a function of N, P and T is

G = N{(P,T) (1.10.4)
We shall now formally consider N as independent variable. Then the expres-
sions for the differentials of the thermodynamic potentials must include terms
proportional to dN. For example, the total differential of the energy will be
written

dE = TdS — PdV + pdN, (1.10.5)

where 1, denotes the partial derivative

OE
o= (8_N> . (1.10.6)

The quantity p is called the chemical potential of the body.
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Similarly we have

dE = TdS — PdV + pdN, (1.10.7)
dH = TdS + VdP + pdN, (1.10.8)
dF = —SdT — PdV + pdN, (1.10.9)
dG = —SdT + VdP + pdN, (1.10.10)

with the same p.
These formulae show that

OE OH OF oG
o (8_N> sv (8_N>S,P_ (8_N)T‘V_ (a_N>P,T. (101D

The chemical potential can be obtained by differentiating any of the quantities
E, H, F, G with respect to the number of particles, but the result is expressed in
terms of different variables in each case.

Differentiating G in the form (1.10.4), we find that p = 0G/ON = f(P, T), i.e.

G = Np. (1.10.12)

Thus the chemical potential of a body (consisting of identical particles) is just its
thermodynamic potential per molecule. When expressed as a function of P and
T, the chemical potential is independent of N. Thus we can write down for the
differential of the chemical potential

dp = —sdT + vdP, (1.10.13)

where s and v are the entropy and volume per molecule.

If we consider a definite amount of matter, the number of particles in it is a
given constant, while the volume is variable. Let us now take a certain volume
within the body, and consider the matter enclosed therein. The number of
particles N will now be variable, and the volume V constant. Then, for example,
Eq. (1.10.9) reduces to

dF = —SdT + pdN. (1.10.14)

In this case the independent variables are T and N.



1.11 Ideal Gases 21
1.11 Ideal Gases

In majority cases, in particular, dealing with combustible gaseous mixture,
gases can be treated as ideal. The meaning of an ideal (or perfect) is a gas in
which the interaction between its molecules is negligibly weak. Physically, this
approximation is eligible either because the interaction between molecules is
small compared to its kinetic energy (temperature is relatively high) or because
the gas is sufficiently rarefied. In practice all ordinary molecular or atomic gases
can be considered as being ideal. The condition of ideal gas approximation is
violated either at very high densities of gases or at very high pressures. Considerable
advantage of dealing with ideal gas approximation is that in this case we can
calculate all thermodynamic characteristics of the gas and its equation of state in
an explicit and simple analytical form. The first immediate feature of an ideal gas is
that its internal energy, E, depends only on the temperature, as it will be seen below.
The explanation of this is that in an ideal gas the volume occupied by the molecules
of the gas and their mutual interactions are negligible, so the mean spacing between
molecules cannot matter.

As is known from statistical physics, free energy of an ideal gas, which obeys
Boltzmann statistics can be written as (we will use energy units for temperature
below)

F= —NTln{%/e_E“"Q)/TdV}, (1.11.1)

where V is volume of the gas with N number of particles, E(p,q) its energies.
Though integral in (1.11.1) cannot be calculated in a general form without
knowing about energy levels corresponding to internal molecular states etc.,
however, important fact is that it depends only on temperature and therefore
can be written as

F = —NTIn (%) + NF(T), (1.11.2)

where f(T) some function of temperature.
Using expression (1.11.2), and substituting it into second formula in (1.5.4)
we find for pressure

OF
P= _(8_V>T: NT/V, (1.11.3)

which is nothing but well-known equation of state of an ideal gas (Clapeyron
equation). For temperature measured in degrees we can write

PV = NkT. (1.11.4)
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Knowing free energy potential F, the other thermodynamic potentials can be

found using formulas of Sect. 1.6. In particular, expression (1.11.2) we obtain
for Gibbs free energy

G =-NTIn (%) + Nf(T) + PV. (1.11.5)

Since G must be expressed as a function of P and T, we must substitute here
V = NT/P from (1.11.3), and using a new function x(T) = f(T) — TInT, we
obtain

G =NTInP+N(f(T) = TInT)) = NTInP + N(T).  (1.11.6)

In a similar way we obtain

OF eV ,
S:—ﬁ:Nln<ﬁ)—Nf (T), (1.11.7)
0P ,
S= -5 =-NIP—NY(T) (1.11.8)
E = F + TS = Nf(T) — NTf/(T). (1.11.9)

Notice, that the internal energy is a function only of the temperature of the gas
and the same is true for the enthalpy H = E + PV. Thus,

H = E + PV = Nf(T) - NT(f(T) — 1). (1.11.10)

Since the specific heats Cy = (0E/JT)y and Cp = (9H/IT), are functions of
the temperature solely, for the specific heats per molecule we obtain, Cy = Ncy
and Cp = Ncp we find that

cp—cy =1, (1.11.11)

or using ordinary units for temperature we can write (1.11.11) ascp — cy = k.

1.12 Ideal Gases with Constant Specific Heat: Equation
of Poisson Adiabatic

On many cases the specific heat of gases is constant, independent of tempera-
ture over a wide temperature interval. In this case the equation of state of ideal
gas—relation between the volume, temperature and pressure becomes especially



1.12 Ideal Gases with Constant Specific Heat: Equation of Poisson Adiabatic 23

simple. Differentiating (1.11.9) we find cy = (O0E/JT)y, = —Tt"(T). Integrat-
ing this for constant specific heat cy, we obtain

f(T) = —cyTInT — (T + &, (1.12.1)

where ¢ and g, are the integrating constants. Substituting this expression for
f(T) in the expression for free energy (1.11.2) we find

F = Ngy — NTIn (%) — NeyTInT — NCT. (1.12.2)

Using formulas for E, G, H, we can write also expressions for all other thermo-
dynamic potentials

E = Ngy + NeyT, (1.12.3)
G = Ngg + NTInP — NepTIn T — N(T, (1.12.4)
H = E + PV = Ngy + NepT. (1.12.5)

Finally, differentiating (1.12.2) and (1.12.4) with respect to temperature we find
according to formulas of Sects. 1.5 and 1.6 the entropy as function of either T, V
or T, P, respectively

v
S :Nln(%) £ NeyInT + (¢ +cey)N, (1.12.6)

S=—NInP+ NepInT + (¢ + cp)N. (1.12.7)

These last expressions give the relation between the volume, temperature and
pressure for an ideal gas with constant specific heats undergoing the gas
adiabatic compression or expansion.

The process is called adiabatic if it is reversible and the system is thermally
isolated, so that there is no heat exchanges between the system and surroundings.
For adiabatic process the entropy is constant, therefore we have from (1.12.7)

— NInP + NcpInT = constant, (1.12.8)
Hence,

T /P = constant. (1.12.9)
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Using cp — cy = | from the previous section, and introducing v = cp/cy, which
is called adiabatic constant, we obtain equation of Poisson adiabatic

T'P!~7 = constant. (1.12.10)

With the help of equation of state PV = NRT the Eq. (1.12.10) can be presented
also in the form useful for applications

T V! = constant, (1.12.11)

PV? = constant. (1.12.12)

Since gas in the adiabatic processes is thermally isolated, dQ = 0, so its energy
decreases during adiabatic expansion (see Eq. (1.2.4)). This also means that
according to (1.12.3) its temperature also decreases with the decrease of its
energy.

The second law of thermodynamic for ideal gas can be written with help of
Eq. (1.12.3) as

CydT + PdV = dQ. (1.12.13)
Using equation of state for ideal gas, PV = RT, we obtain from (1.12.13)
(Cv + R)dT — VdP = dQ. (1.12.14)

For a process at constant pressure dP = 0, and we obtain from (1.12.4) relation
between specific heats at constant pressure and constant volume (1.2.11)

dQ
Cr=|-—=) =C/+R
’ (dT>P i

Substituting P from PV = RT into (1.12.13) we find after integrating

R

InT + —=1InV = constant, (1.12.15)
Cy

TV& = TV'~! = constant. (1.12.16)

Simple application of the theory of adiabatic gas expansion is reduction of the air
temperature high at the atmosphere. Temperature of the air at atmosphere
changes mainly due to convection. Warm air is rising up to the level where
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pressure is lower and cools. Since thermo-conduction of air is very low, we can
consider the process as the adiabatic expansion. In equilibrium the difference in
pressure corresponding to dhis dP = —pgdh, where p is density of the air and g is
the gravity acceleration. Substituting here density from the equation of state in
the form p = m/V = MP/RT, and Eq. (1.12.10), we obtain

dT  ~—1gM

—_— == 1.12.17

dh v R ( )
Taking the average molecular weight for air M = 28.9, v = 7/5, g = 980cm/s,
R = 8.314 - 107erg/grad, we obtain ‘C% = —9.8 grad /km, which means that dur-
ing summer time there may be snow on the top of mountains higher than 3 km.

Problems

1.1. Show that the temperatures of two bodies in thermal equilibrium are
_ds

equal. Use principle of maximum entropy (% =)

1.2. Show that the pressures of two bodies in thermal equilibrium are equal.
Use principle of maximum entropy (P = — (%), dE = TdS — PdV).

1.3. Two bodies forming a closed system but not in equilibrium with tempera-
tures T} <T, are connected. In the course of time, equilibrium will be
established between the bodies, and their temperatures will become equal.
Use principle of maximum entropy to show that energy passes from body
at higher temperature to body at lower temperature.

1.4. From the condition that the entropy S = S(T, V) is the total differential
show that energy of the ideal gas with the equation of state PV = RT is
the function of temperature and does not depend on pressure.

1.5. Two identical ideal gases at the same temperature, T, and containing the
same number of atoms, N, but different pressures, P; and P,, are in the
vessels of volume V; and V; correspondingly. Find the change in entropy
after the vessels have been connected.

1.6. Two identical ideal gases at the same pressure, P, and containing the same
number of atoms, N, but different temperatures, T| and T,, are in the
vessels of volume V| and V, correspondingly. Find the change in entropy
after the vessels have been connected.

1.7. Calculate work and amount of heat obtained by the gas, which is
compressed from V| to V,, in accordance to the process described by
equation PV" = C.

1.8. Whatis the heat obtained by ideal gas during process at constant volume?

1.9. Find heat and work for the process, which occurs at constant pressure
when volume was changed from V; to V.

1.10. Find expression for work during adiabatic compression of ideal gas when
volume was changed from V; to V,.
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1.11.

1.12.

1.13.

1.14.

1.15.

1.16.

1.17.

1.18.
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Find expression for work made by an ideal gas during isothermal change
of its volume from V; to V,.

Find expression for work made by an ideal gas during isothermal change
of its pressure from Py to P».

How much heat is necessary to heat 48 m® of air in the room from 0 C to
20 C at constant volume. Take density of air p = 0.00129g/cm3, specific
heat at constant pressure cp = 0.238cal/g deg, v = 1 4.

How much heat is necessary to heat 48 m? of air in the room from 0 C to
20 C at constant pressure of 1 atm. Take density of air p = 0.00129g/ em’,
specific heat at constant pressure cp = 0.238 cal/gdeg.

How much heat is necessary to heat 48 m® of air in the room from 0 C to
20 C if during the heating air is leaking through a hole in the window.
Outside pressure is 1 atm. Take density of air at 0 C p = 0.00129 g/ cm’,
specific heat at constant pressure cp = 0.238cal/gdeg , v = 1.4.

On PV diagram the Otto cycle (1-2-3-4-1) may be presented as adiabatic
compression (1-2), isobaric heating (2-3), adiabatic expansion (3-4), pres-
sure drops at constant volume (4-1). Calculate work and efficiency of the
process.

On PV diagram the Diesel cycle (1-2-3-4-1) may be presented as adiabatic
compression (1-2), heating and expansion at constant pressure (2-3),
adiabatic expansion (3-4), pressure drops at constant volume (4-1). Cal-
culate work and efficiency of the process.

The Joule cycle (1-2-3-4-1) on PV diagram consists of: adiabatic processes
(1-2) and (3-4) and two transitions at constant pressure (2-3) and (4-1).
Calculate work and efficiency of the process.



Chapter 2
Chemical Thermodynamics

2.1 Introduction and Definitions

We shall often be concerned about the atomic weight and molecular weight of
atoms and molecules. For example, relative to the carbon, the number 12 is the
number of particles in the nucleus, consisting in this case of six positively charged
protons and six neutral neutrons. Carbon 12, being electrically neutral, has six
negatively charged electrons, giving it the atomic number 6. The atomic weight or
molecular weight of any other atom or molecule is the number of particles in
the nucleus: total sum of protons and neutrons in the nucleus. The proton
and neutron have almost, but not exactly, the same mass and the clectron has a
nearly negligible mass compared to the proton (m./m, = 0.00054463). The
consequence is that almost any atom or molecule will have its atomic or
molecular weight very nearly an integer. As an example, the oxygen 16 atom has
an atomic weight of 15.995, which is 16 for practical purposes.

A common set of elements occurring in combustion problems is the C-H-N-O
system. These elements have the atomic weights 12, 1, 14 and 16, respectively.
The molecular weight of any compound is merely the sum of the weights of
the atomic constituents. For example, the molecular weight of water, H,O, is
1 4+ 1+ 16 = 18. Similarly, the molecular weight of carbon dioxide, CO; , is
1242 x 16 =44,

The next concept is that of the mole, which is defined as the mass in grams (g)
of an element or compound equal to its atomic or molecular weight. For
example, 12 g of carbon is one mole of carbon; 44 g of CO; is one mole of
the carbon dioxide. It is clear, since the mole and the mass are synonymous, one
mole of a compound or element consists of a fixed number of particles of the
substance. This number is Avogadro’s number, given the symbol Ny and having
the value Ny = 6.023 - 10%* particles.

Let the number of molecules of each species be denoted by N;, where i is the
species identifier. The concentration of species i, ¢;, is defined as ¢; = N;/NyV,
and has the units of moles per unit volume, where V is the volume. The overall
concentration is obtained by summing up the concentrations of the individual
components. That is,

M.A. Liberman, Introduction to Physics and Chemistry of Combustion, 27
DOI: 10.1007/978-3-540-78759-4_2, © Springer-Verlag Berlin Heidelberg 2008



28 2 Chemical Thermodynamics

M N 1 M
c:;ci:N—OV:NOV;Ni, (2.1.1)

where M is the total number of species in the volume V.

In view of the large magnitude of Ny, it should be clear that even very small
volume V contains an enormous number of particles. In fact, V can be shrunk so
low that it appears to an observer and to the calculus as a mathematical point,
while still containing many particles. This is the continuum limit, where we may
speak of concentration at a point, and it may vary from point to point in a flow,
for example. This concept we will be using in fluid dynamics.

The mole fraction of species i, X; is defined as X; = N;/N = ¢;/c, where

M
N = > N;. It is obvious that

i=1

X; =

C
Ci=—= 1.
i=1 i=1 ¢

o=

Consequently we conclude that only (M — 1) of the mole fractions are
independent.

The molecular weight of species i will be given by the symbol W;. From it and
the concentration of species i we may construct the density of species i or the
mass per unit volume, as p; = ¢;W;. The overall density, p will be

M
p=>_pi
i=1

The overall molecular weight of a mixture, the mass per unit mole, then
follows as

M M M
mass » . GW
W= = i =3 W/e =S X;W..

mole c ;cl /e ; Y

The mass fraction of species i is formed in a fashion similar to the mole fraction
and is defined as Y; = p;/p.The relation between the mole fraction and the mass
fraction then becomes

CiWi . CiWi/C . XiWi
SHaWi SH aWile W

i =

Example 2.1 In avessel of volume 1 m? there are 2 g of molecular hydrogen, H»,
8 g of molecular oxygen, O, and 14 g of molecular nitrogen, N,. What are the
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mole fractions, mass fractions and concentrations of the hydrogen, oxygen and
nitrogen? What are the overall density and mixture molecular weight?

Solution

Total mass =2+ 8+ 14 =24 g,
Moles H, =2g/(2 g/mole) = 1 mol,
Moles O = 8/(2 x 16) = 0.25mol,
Moles N, = 14/(2 x 14) = 0.5mol.
Total moles = 1+ 0.25+ 0.5 = 1.75mol.
Xy, = 1/1.75 = 0.571; Xo, = 0.25/1.75 = 0.1428; Xy, = 0.285,
X, +Xo, + XN, = L.
Yn, =1/1.75=10.083; Yo, =8/24 =0.333; Yy, = 0.583.
cy, = I mol/m?; co, = 0.25mol/m?; cn, = 0.5mol/m?, p = 24 ¢g/m’.

The rule of writing down chemical reactions and the law of stoichiometry is
shown below using example of carbon and oxygen reaction

(1)C + (1)O5 — (1)CO;

This is to be read as “one molecule (or mole) of carbon plus one molecule (or
mole) of molecular oxygen goes to one molecule (or 1 mol) of carbon dioxide.”
The numbers multiplying the species are called stoichiometric coefficients.
When the number is unity it is always omitted. The above reaction would
actually be written as

C+ 02 - C02
Another example is
2C + 0O, — 2CO.

Insofar as the law of stoichiometry is concerned, there is no violation if the
above reactions proceed from left to right or inverse reaction — from right to left
as well as. If this is indeed occurring we write the reaction as

2C + 0, « 2CO.
If the reaction only proceeds one way (from left to right, for example) we call the

species on the left the reactants and those on the right the products. This
distinction is lost if the reaction is reversible and proceeds both ways.
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Finally, if we consider reactions between multiple phases, we must distinguish
the phases in these cases. If solid carbon, for example, reacts with liquid molecular
oxygen to form gaseous carbon monoxide, we may write

2C(s) + Oy (1) — 2CO(g),

where (s), (1) and (g) stand for solid, liquid and gas, respectively. If there is no
indication of the phase, it is presumed that only gas phase species are present.

2.2 Properties of Substances

We shall deal with solids, liquids and gases. For solids and liquids we will use the
actual measured thermodynamic properties of the substances. One of the most
important for practical applications is combustion of gaseous mixtures. For
gases, we will always assume them to be ideal (or perfect) gases. The term
“ideal” means that interaction between particles in the gas is negligible compared
with their kinetic energy. Then, the equation of state is

PV = nRT, (2.2.1)

where V is volume, P is pressure, T is absolute thermodynamic temperature, and
R = 8.314J/mol - K is the universal gas constant. The symbol n is the number
of moles in a fixed mass system

M M
n=>Y (Ni/N)=> ni
i=1

i=1
Dividing Eq. (2.2.1) by V, we can rewrite it as
P =cRT = pRT/W,

which is now in terms of variables which are independent of system size and may
vary from point to point in a system.

The energy units we shall use through the course are erg, calorie, Joule and
eV. The conversion between the calorie, Joule, erg and eV are:

lcal =4.186J; 17 =10"erg; 1eV =1.602-10"""J = 11606 K.

The perfect (ideal) gases have the property that if a species other than a given
species occupying a container is added to the container the pressure of the
original species acting on the container walls is not altered. In a mixture
of several different ideal gases the pressure on the wall due to each species i is
P;. Each of these partial pressures may be computed by
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P; = ¢RT (2.2.2)
and each P; is independent of the others.

It is obvious that for ideal gas the pressure from all of the species may be
computed by

P:ZPi 'lclRT RTch_cRT
= 1= 1

since RT does not depend upon the summation index i and may be taken from
under the summation sign. This is known as Dalton’s law of partial pressures.

Turning to the variables describing various kinds of energy, the nomenclature
to be used here is that small letters will describe variables on a per unit mass basis.
For example, the internal energy on a mass basis will be given the symbol e. The
enthalpy on a per unit mass basis is h; where, h = e + P/p. If these variables are
given on a molar basis (per unit mole), capital letters will be used, E and
H = E + P/c. Similarly, depending upon the basis the entropy will be denoted
by S ors.

The ideal gases, which obey Eq. (2.2.1), have the property that ¢ and h (E and H)
are functions only of temperature, thus

T
e = / cy(T)dT + eper, (2.2.3)
T

ref

T
h=e+l= e(T) + 5T =h(T) = / Cp(T)dT + hyer, (2.2.4)
p W T

ref

where the subscript “ref” denotes some reference state, that will be defined later,
and ¢, (T) and c,(T) are the specific heat at constant volume and at constant
pressure, respectively. The specific heats on a molar basis are denoted by C, and
C, , respectively. The conversion between the molar and mass basis is through
the molecular weight, that is, E = eW and H = hW.

In a mixture of species we will always assume that there is no interaction
between the species. This has the consequence that the quantities evaluated for
the entire mixture are merely the sums of the quantities for the individual species —
they are additive quantities

M M M M
E=> XE, H=) XH; e=) Y, H=) YH,
i=1 i=1 i=1 i=1

where the E; and H; are the same as if the species were alone.
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2.3 Heats of Reactions and Formation

Consider the first law of thermodynamics applied to a fixed mass system, where
the system undergoes a change of state from condition 1 to 2. It is presumed that
changes in kinetic and potential energy are negligible. Then

E, — E; = AE = (heat added) — (work done by the system).

Presume further that there is no work done. That is, there is no shaft work and
the system remains at constant volume so that the pressure does no mechanical
work on the surroundings. In this case

AE:(Qv

where Q, is the heat added at constant volume. An example would be an
explosion in a constant volume vessel if the walls did not break.

Another example of application of the first law is for a process taking place at
constant pressure. For example, it can be change form the initial state to a final
state of the system, consisting of a frictionless perfectly sealed piston of weight
W, resting upon the contents in the vessel. Here, work is performed on the
surroundings if the contents of the vessel expand in going from state 1 to state 2.
The first law applied here yields

AE = Q, — p(V2 — Vy),or AH = Q,, (2.3.1)

where Q,, denotes the heat added in a constant pressure process. As we have
seen in Chap. 1 it is purely a matter of algebraic convenience, which variable is
used the energy or the enthalpy. A constant volume chemical conversion may
serve as a good model for the combustion in an automobile cylinder, if the
combustion takes place in a short enough time that the piston does not move
too far. In steady flow rocket or jet engines the combustion takes place, usually
at nearly constant pressure, so the constant pressure assumption is nearly valid.

As an example, consider the reaction of two propellants often used for rocket
engine, hydrogen (H;) and fluorine (F;). Consider the reactants to be half mole
hydrogen and half mole fluorine. The product of reaction is hydrogen fluoride
(HF), and the equation is

%Hz + %F » — HF.

We assume that all hydrogen and fluorine are consumed. Let us assume also
that the pressure and temperature of the initial and final states are the same.
This assumption contradicts intuition, that tells us that this propellant combi-
nation is a powerful explosive and energy should be released. However, such
process can be realized if the pressure is maintained constant by the piston and
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the temperature can be manipulated by the extraction of heat. Thus, an overall
constant pressure, constant temperature process can be forced, if the proper
amount of heat is removed.

Because of its importance as a reference condition, assume that the pressure
and temperature for this process are 1 bar (1 bar = 103 Pa, with 1 Pa = 1 N/m2)
and 298 K, respectively. Under these conditions the substances behave as
perfect gases. The enthalpies are therefore only functions of temperature and,
for any species i will be denoted as (Hr);. Applying Eq. (2.3.1) to this process,
we have

1 1
Q, = (Haog)yp — §(H298)H2 - E(HZ()S)FZ-

If this process is actually carried out, the result will be
Qp = —272.5kJ = —64.2 kcal.

The negative sign means that heat is evolved rather than added. Reactions of
this kind are called exothermic; if heat were required to be added to keep the
temperature the same, the reaction is called endothermic. The quantity Q, for
this reaction is called the heat of reaction at the reference state. The heat of
reaction is positive for exothermic reactions and it is negative for endothermic
reactions. If the pressure or temperature were not at 1 bar or 298K the Q,
would be the heat of reaction at the stated pressure and temperature, which
must, in fact, be stated. The heat of reaction will differ from the above number,
depending upon the thermodynamic conditions.

According to definition, for solids and liquids, the standard state of a substance
is its real state at a pressure of 1 bar, for any temperature T. The standard state for
a gas is assumed to be ideal gas state at 1 bar at any temperature T. To understand
what is meant here, it should be emphasized that all gases have some pressure and
temperature conditions under which they cannot be considered as ideal gases. For
example, near the liquefaction condition, the perfect gas law does not hold. As an
example, water vapor at the boiling point of liquid water is not a perfect gas. But
we define the standard state of water vapor at 1 bar and 373 K (the boiling point)
as the fictitious ideal gas state at these conditions. As an example, at 1000 K and
1 bar water vapor is, for all practical purposes, ideal and the thermodynamic
properties may be extrapolated to the boiling point assuming it to be ideal. We
denote the standard state with a superscript “0”. In the above hydrogen-fluorine
example the substances, in fact, behave as ideal gases so that we may write at the
1 bar, 298 K condition

1 1
Q= (Ho8)uar — B (Hg%)Hz 3 (Hg98)F2'

The Q,, comes out as a difference between the enthalpies of the product and the
elements from which it is formed.



34 2 Chemical Thermodynamics

In principle, all compounds can be formed by reactions by their constituent
elements. In thermodynamics we never know absolute values of such variables
as, e.g. enthalpy, energy, etc. That is not important because only changes in
these variables are dealt with in thermodynamics. To facilitate numerical work,
we define a reference set of substances and their thermodynamic properties. We
define reference chemicals as the elements in the form most abundantly found in
nature when they are found alone. So, for example, oxygen in the air is found as
the diatomic molecule O, in the gas phase. The reference state for oxygen is
therefore the gaseous diatomic molecule. Similarly, reference states for fluorine,
hydrogen, and nitrogen are gaseous F», H,, and N, respectively. By contrast,
the reference state for carbon is C(s), or graphite.

We define formation reactions for a compound or atom as the reaction that
forms one mole of the substance from the elements or element in their reference
state. The heat of formation for a substance is the standard state enthalpy
change for a reaction forming the substance from its reference state elements.
Moreover, the heat of formation of the elements in their standard states is
defined as zero. The heat of formation may be defined at any temperature and
for species i, and it is denoted as (HY);;. In the above example it was a
formation reaction at 298 K at the stated conditions. Therefore,

(H?)298,HF = —064.2 kcal.

Other examples of formation reactions are
1
H +50, — H0(1), (HP) 208 1,00y = —68-32 keal = —2865.9kJ,

C(s) + 0a(g) — CO2(g), (HP)s05c0,() = —94.05keal = —393.7kJ.

The numbers for heats of formation are empirically derived; experiments must
be performed to obtain them. Some of the numbers must be obtained by
indirect means, using principles of thermodynamics. For example, consider
the formation of CO:

C(s) + 50s(e) — CO(g).

This formation reaction cannot be carried out in the laboratory, because CO» is
formed side by side with CO. However, the formation reaction for CO, can be
carried out with almost a perfect yield for the carbon dioxide. The reaction is
given above with a heat of formation of — 94.0 kcal/mol. It is also possible to
form and store pure CO and to do the following reaction at the reference
conditions:
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CO —|—%02 — CO,.

The heat of reaction at 1bar and 298 K is —67.6 kcal/mol of CO, formed. The
reverse reaction must yield a heat of reaction of +67.6.0 kcal. The following
reactions may be written, violating no law of thermodynamics or stoichiometry:

1 1 1

The overall process merely carries 1/2mol O, along “for the ride” with no
thermodynamic change. Consequently, the overall process is one of formation
of one mole of CO from the elements and the heat of formation of CO must be

(HP) 505 co = —94.0 + 67.6 = —26.4 kcal /mol.

A list of heats of formation for some reactions is given in Table 2.1. Notice that
the heat of formation of atoms is positive if the reference state of the atom is
diatomic molecule. This occurs because strong chemical bonds must be broken
to form the atoms; the process is endothermic. Notice also, that the compounds
with the highest negative heat of formation in the C-H-O system are CO, and
H,O; the formation process for these compounds is exothermic. An extensive
set of thermodynamic properties of substances is provided by the Joint Army
Navy NASA Air Force Thermochemical Tables (JANNAF Tables).

Let us consider how we can calculate heat of formation if atoms are not at the
reference state of 1 bar and 298 K. As an example, consider a mixture of 1/2 mol
H, and 1/2 mol F; at 5 bar pressure and 200 K. What happens if the reaction takes
place at constant pressure to form one mole HF and the mixture ends up at
2000 K. How much heat must be liberated or absorbed in this process? Since
thermodynamics does not care about the process path, the result must be the same
for any path as long as the initial and the end states are specified. We will choose
the path so that the calculations are simple and convenient. Consider the following
paths. Path (1-a): heat the reactants at constant pressure from temperature of
200K to the reference temperature of 298 K. Path (a-b): at constant temperature
drop the pressure to the standard state pressure of 1 bar. Path (b-c): react the
reactants to product at constant (reference) pressure and temperature. Path (c-d):
compress the product to 5bar at constant temperature. Path (d-2): heat up the
product to 2000K at constant pressure. Because the overall process is one at
constant pressure, the overall enthalpy change is

AH(I — 2) = H2 — H1 = nHF(AH)HF — iy, (AH)HZ — an(AH)Fz7

where the overall enthalpy change is the sum of the enthalpy changes for each
step along the path for reagents, products plus the enthalpy of a formation
reaction, na is number of moles of the species: 1/2 mol H,, 1/2 mol F5, and 1 mol
of HF.
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Table 2.1 Heats of formation at 298 K

Symbol Name State AH(kcal/mol)
H Hydrogen atom Gas 52.1
H, Hydrogen Gas 0

(0] Oxygen atom Gas 59.56
(0)) Oxygen Gas 0

N Nitrogen atom Gas 112.95
N, Nitrogen Gas 0

Cl Chlorine atom Gas 28.9
Cl, Chlorine Gas 0
H,O Water Gas -57.8
H,0 Water Liquid —68.3
NO Nitric oxide Gas 21.6
OH Hydroxyl radical Gas 10.06
C Carbon Solid 0

C Carbon Gas 171.0
C, Carbon Gas 198.0
CO Carbon monoxide Gas -26.42
CO, Carbon dioxide Gas -94.05
NO Nitrogen oxide Gas 21.6
NO, Nitrogen dioxide Gas 8.0
CHy4 Methane Gas ~17.85
C;Hg Propane Gas -24.8
HCl Hydrogen Chlorine Gas -22.1
HF Hydrogen Fluorine Gas —64.2
C,Hg Ethane Gas -20.24
C4H g Butane Gas -29.8
CeHg Benzene Gas 19.8
C,H, Ethene Gas 12.5
CgHg Octane Liquid -59.7
C,H, Acetylene Gas 54.19

Path (1-a) is a constant pressure heating process. The reactants are perfect
gases, and the JANNAF Tables gives us the enthalpy change in going from
298 K to any other temperature. For hydrogen and fluorine, the reactants,

(2.77 +2.99).

N —

| Qs 0 0 0
Qpia= 3 (Haog 11, — Haoom, + Haos r, — Hago,) =

Path (b-c) is a formation reaction (at the reference state) at 1 bar and 298 K, for
which the JANNAF Tables gives

Qp,bfc = (AH?)Z%,HF = —272.5Kk]J.

Path (d-2) is a constant pressure heating process for pure HF, which from the
JANNAF Tables requires an enthalpy change of
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Qpan = (H(Z)OOO,HF - Hg‘)&HF) = +52.83kJ.

Paths (a-b) and (c-d) have no enthalpy change associated because for ideal
gases the enthalpy only depends upon temperature. Consequently, the overall
enthalpy change in going from the state 1 to 2 is

AH;_, =52.83 —272.55 +%(5.76) = Qp 12 = —216.84kJ = —51.8 kcal.
Notice that Qp ;_5 is negative, so that the overall process is exothermic, even in
view of the fact that the temperature has increased. These reactants, if heat is not
removed out of the system, would go to an even higher temperature than 2000 K.
Generalizing what we have done if there are M different species in both the
reactants and products, the heat evolved in a constant pressure process is

M M
Z HT? - 298 + AHf 298 an Hr, — Hg98 + (AH?)298]1(2'3-2)

=

where the index j; denotes products and the index i denotes reactants. Similarly,
for a constant volume process the heat evolved is

M M
Z [Er, — Edog + (AED) 5], — > miEr, — Edog + (AED) 5], (23.3)

i=1

where the energy for any species is obtained from the enthalpy by E; = H; — p/c;.

Notice, that hydrogen and oxygen can coexist in a mixture at the reference
conditions of 298 K and 1 bar. In order to start reaction an ignition source is
needed, such as a spark. We say that such a mixture is in a metastable equilibrium
state, requiring a “push” to initiate reaction. Fortunately, all thermodynamics
laws apply to systems in such a state of metastable equilibrium, and their
thermodynamic state may be calculated as if the mixture were in true equilibrium
in the metastable state.

2.4 Origin of the Combustion Heat; Molecular Bonds

Majority of combustion processes involve the combination of fuels containing
hydrogen and carbon with the oxygen in air. Together with water, these sub-
stances will remain, at least until the end of the twenty-first century, the most
accessible and widely used by mankind for production of energy and for chemical
and technological needs. Prior to examining the physical and mathematical
foundations of combustion, let us consider on a molecular level the origin of
heat of formation and energy of combustion whose release controls all the other
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Table 2.2 Bond energies

Molecule Energy
[kcal/mole]
H, =2H 103.3
0, =20 118.0
N, =2N 2259
C, =2C 144.6
Cl, = 2Cl 58.0
H,O = H + OH 119.2
HCl = H+Cl 103.1
HO =H+O0O 110.0
NO=N+0O 150.9
NO, = N+ O, 105.1
NO, = NO + O 73.1
CO=C+0O 257.2

effects such as heating of the gas and the appearance of active chemical centers.
What makes up the heats of basic reactions between a carbon and hydrogen
compound and oxygen?

The heats of formation for some reactions are given in Table 2.1. Table 2.2
gives bond energies of molecule, which are the energy needed to break up
molecule for atoms.

Let us evaluate the heat of reaction 2H; + O, = 2H,0O using magnitudes of
the bond energies given in Table 2.2. As a reasonable assumption, we assume
that reaction of formation the water vapor form molecular hydrogen and
oxygen is going through the following steps. Dissociation of two molecule of
H, requires 206.6 kcal/mol and dissociation of one molecular O, requires
118.0 kcal/mol. From 4 atoms of hydrogen and 2 atoms of oxygen form two
molecule of water, which can be viewed as formation of 4 bonds of H-O. Each
bond of H-O according to Table 2.2 corresponds to energy release of 110 kcal/
mol. Thus, the energy balance is 206.6 + 118.0 — 440 = —115.44 kcal/mol.
According to Table 2.1 the heat of formation of gasecous H-O in the reaction
is —=57.8 kcal/mol, and we obtained —115.4/2 = —57.7 kcal/mol. In general case
the bond energy depends on the configuration of atoms — what bonds they form
in the molecule.

The structures of some typical hydrocarbon fuels are shown below. Most
common hydrocarbon fuels are n-octane and are given by the formula C,Hyy 5,
such as e.g. methane, propane, etc.



2.4 Origin of the Combustion Heat; Molecular Bonds 39

Olefins have open-chain containing one unsaturated double-bond (more hydrogen
can be added) and have formula C,H,,. Acetylenes (alkynes) have open-chain
containing one C-C unsaturated triple-bond, H — C = C — H; acetylene C,H,.
For alcohols one hydroxyl (OH) group is substituted for one hydrogen, e.g.
methane, CH4 becomes methyl alcohol, CH3;OH also known as methanol, and
ethane becomes ethyl alcohol C;HsOH known as ethanol.

Let us consider the energy balance for the consecutive oxidation reactions of
solid carbon (graphite):

1 1
C(s) + 502 = CO + 26 kcal/mol, CO + 502 = CO; + 68 kcal/mol

Thus, the complete oxidation of solid carbon yields 94 kcal/mol:
C(s) + O, = CO; + 94 kcal/mol,

which is similar in magnitude to the energy released in reaction hydrogen with
oxygen:

2H; 4+ O, = 2H,0(vapor) + 116 kcal/mol.

According to the Table 2.2 the CO molecule is one of the most stable, with one
of the highest bond energy of 257 kcal/mol. The next most stable molecule is N,
with the bond energy of 226 kcal/mol. In both molecules there are three pairs of
bound electrons, or three valence bonds. In the CO molecule one electron
initially goes from O to C, after which the O™ and C~ are similar to nitrogen
atoms; this is confirmed by the existence of a dipole moment in the
CO molecule. In the CO, molecule the second oxygen atom is bound more
weakly, so that

CO + O = CO; + 127 kcal /mol.

The bond strength of oxygen in these compounds is comparable to the bond strength
of the original oxygen molecule. In the latter case, O + O = O, + 118 kcal/mol,
and only 59 kcal/mol goes to each oxygen atom. The low bond energy of the
oxygen molecule is the reason for its chemical activity and the reason that oxidation
is used as an energy source.

The bond strength of a carbon atom in the crystalline lattice of graphite (and of
diamond and amorphous carbon as well) is very large. The reaction energy in
C(s) + 30, = CO + 26 kcal/mol is the difference of two very large quantities:
half of the dissociation energy of O, into atoms (59 kcal/mol) and the heat of vapor-
ization of the carbon atom must be subtracted from the binding energy of CO
(257.2kcal/mol). Thus, the energy balance is 257.2 — 59 — 171 = 27.2 kcal /mol,
which is close to 26.4 kcal/mol in Table 2.1.
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The conversion of solid carbon and gaseous hydrogen into hydrocarbon
fuels takes place with a small change in energy. On the other hand, when oxygen
is introduced into organic compounds (alcohols, aldehydes, organic acids,
carbohydrates, etc.) nearly as much energy is released as during complete
combustion (to CO, and H,0O), when an equal amount of oxygen is used.
Roughly (100-120) kcal is released per mole of consumed oxygen during
complete combustion of any organic fuel. The exceptions are certain endo-
thermic energy-rich compounds, such as, for example, acetylene, whose heats of
combustion are greater.

Incomplete combustion is energetically uneconomical both per molecule of
fuel and per molecule of oxygen that is consumed. Only 52 kcal/mol are released
in the reaction 2C(s) + O, = 2CO instead 94 kcal/mol during burning of CO
with the complete oxidation of carbon. The strong bond of the C atom in solid
carbon means that carbon leaves the solid state only in combination with
oxygen in the form of CO or CO,. Relative to a free carbon atom the reaction
2CO = CO; + C(s) — 129 kcal/mol has a large energy barrier. The reaction
2CO = CO; + C(s) + 41 kcal/mol is energetically favorable only in reference to
solid carbon for incomplete combustion and at low reaction temperatures. That’s
why soot and carbon black are formed during combustion by the disintegration of
organic molecules with a carbon skeleton, rather than from CO.

Consider now reaction with nitrogen, which constituting 78.1% by volume
of Earth’s atmosphere, and therefore inevitably participate in combustion.
Since nitrogen molecule N,, with dissociation energy of 226 kcal/mol, is very
stable, the reaction of N, and O, to form 2NO is endothermic and it could
occur only at high temperatures. The higher oxides (NO», N>O3, N>Oy4, N>Os)
are formed from nitrogen and oxygen with almost no change in energy
compared with the bonding energies of N, andO,. Therefore, oxygen packed
in compounds with nitrogen (CH3 — ONOs-nitroether, CH3(CsH,)(NO3); —
trinitrotoluene), is energetically almost equivalent to gaseous oxygen. Oxygen
that is built into an organic molecule but bonded to nitrogen creates a material
that releases a large amount of energy when the molecule is regrouped with
formation of N, and transformation of the oxygen into CO, and H,O mole-
cules. That is reason why compounds, in which oxygen is bound to nitrogen are
used as powders and explosives. The energy released during combustion or
explosion of powders differs only slightly from the energy of combustion of
organic substances in the same amount of oxygen as is bound to the nitrogen.

2.5 Adiabatic Flame Temperature

One of the most important calculations chemical thermodynamics allows us to
make is that of the adiabatic flame temperature. This is the temperature
achieved in a constant pressure reaction with no heat transfer. For example,
the adiabatic flame temperature is achieved in reaction in a vessel, which is
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insulated to heat transfer but operated at constant pressure. We must set Q, = 0
in Eq. (2.3.2) and it becomes the equation describing the adiabatic process
leading to the adiabatic flame temperature. This is the temperature achieved
in jet engine and rocket combustion chambers if the flow velocities are small
compared to sound velocity, neglecting by minor heat losses, which may slightly
low the flame temperature.

Consider as an example the constant pressure reaction of hydrogen and
oxygen to form water adiabatically. Let the initial state is at 200 K

1
H, +§Oz — H,O.

Equation (2.3.2) becomes

1
[H200 - Hg98]H2_ 5 [H200 - Hg%} 0,

0=(1) [HTz — Hy + (AH}))M} 3

H,0

Using numbers from the JANNAF Tables we obtain equation for the adiabatic
flame temperature T,

1
0 = [Hr, — Hjg]}, o —241.83 — [—2.77 - 52.87] :

Looking the table numbers for water and solving equation for [Hr, — Hy| .0
we obtain T, = 4900 K, which is much higher than T, = 3080 K, shown in
Table 2.3 and not realistic.

In a more simple way, the JANNAF Tables give the standard state specific
heat (on a molar basis) for the compound in question. Then, taking into account
that C,, is a monotonically increasing function of temperature, we can write

T
Hr, — Hg‘)&i = / Cp,i(T)dT
298

An upper limit estimate for the adiabatic flame temperature will therefore be
attained with a lower limit estimate for C,, and vice versa. Using trial and error
method, the adiabatic flame temperature can be found with the help of the
JANNAF Tables.

At this point we remind the meaning of a stoichiometric mixture, which is a
mixture of reactants that can, without violating the law of stoichiometry, react
to only products with the highest negative heats of formation in the chemical
system being considered. There should be no excess of fuel or oxidizer on the
right side of the reaction. In the hydrocarbon- oxygen mixture, for example, the
products with the highest negative heats of formation are CO, and H,O, but not
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Table 2.3 Flame temperatures of various stoichiometric mixtures;
initial temperature 298 K

Fuel Oxidizer Pressure T(K)
(bar)
Methane 6% 94% Air 1 1850
Methane 11.6% Air 1 2100
Methane Air 20 2270.
Methane Oxygen 1 3030
Methane Oxygen 20 3460
Propane 4.02% Air 1 2240
Propane 7.4% Oxygen 1 2500
Propane 19.3% Oxygen 1 3000
Carbon monoxide Air 1 2400
Carbon monoxide Oxygen 1 2977
Acetylen Air 1 2600
Acetylen Oxygen 1 3342
Butane Oxygen 1 3100
Hydrogen 20% Air 1 1910
Hydrogen 30% Air 1 2300
Hydrogen 57% Air 1 1850
Hydrogen Oxygen 1 3080

CO and OH. In the H-F system, HF has the highest negative heat of formation.
Therefore, the reactant mixtures

1
H, JrEOz,Hz + F,, CH4 + 20,

are stoichiometric mixture. These mixtures react toH,O, HF, and CO,, with no
fuel or oxidizer left over. Contrary, the following reactant mixtures are not
stoichiometric mixtures:

H, + O,, 2H, + F,, CH4 + 30, + N».

Here there is either excess fuel or oxidizer even though water, carbon dioxide and
hydrogen fluoride could be formed. Stoichiometric mixtures have nearly the
highest adiabatic flame temperatures possible for the chemical system under
consideration. The reason is that excess fuel or oxidizer acts as a diluent and
cannot pass to the high negative heat of formation substances. If f denotes the
ratio of mass of fuel to the mass of oxidizer in a reactive mixture, the equivalence
ratio is ¢ = f/f;, where f; is the stoichiometric mass ratio. If air is the oxidizer,
convention is that the nitrogen is included in the mass of the oxidizer, even though
it may no react. A typical plot of adiabatic flame temperature versus equivalence
ratio is shown in Fig. 2.1. The maximum temperature occurs near the stoichio-
metric mixture ratio, though the actual maximum is usually slightly shifted to the
fuel rich side of stoichiometric.
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Fig. 2.1 Typical adiabatic
flame temperature versus
equivalence ratio

2.6 The Equilibrium Constant

In all the reactions considered to this point the products have been specified;
they were consistent with the law of stoichiometry and were thermodynamically
possible products. However, the extremely high adiabatic flame temperatures
calculated in the previous section are unreasonable. The reason is that most
combustion systems (exception is reaction in lean mixtures, whose product
temperature is below approximately 1250 K) reach rather high temperature,
when there is a possibility of dissociation — breaking the molecule bonds of
normal stable combustion products such as CO,, H,O, O, and N, . For rich
mixtures CO also exists in the products and at high temperatures the molecules
dissociate to form H, O, OH, NO. In reality, for the hydrogen-oxygen system, a
mixture reacting adiabatically would produce several products besides H,O,
like H,, H, OH, O,, O and HO, (the hydroperoxl radical). The effects of
dissociation are always decrease flame temperatures since dissociation reactions
are endothermic and even a few percents dissociation can lower the flame
temperature substantially. Notice that actual adiabatic flame temperature of a
stoichiometric mixture of hydrogen and oxygen according to Table 2.3 is
3080 K, it is not 4900 K as it was calculated in the previous section. This
means that actual calculation of the flame temperature would require more
than mass balance but also the equilibrium relations among the combustion
products composition.

In order to make more accurate calculations we need to take all these species
into account. Thermodynamics also allows to calculate which species are present,
and in what abundance. At equilibrium the rate of the forward reaction equals
the rate of the backward reaction H, «+ 2H, O, « 20, H, + O, < 20H, etc.
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To describe the process at chemical equilibrium we consider the Gibbs free
energy, and assume that the reaction occurs at constant temperature and pres-
sure. First of all, we shall describe the method for expressing the reaction. If all
the terms are taken to one side, than written as symbolic equation, we have

> mA; =0, (2.6.1)

where A; are the chemical symbols of the reacting substances, and the coefficients
n; are positive or negative integers. For example, the reaction 2H; + O, = 2H,0,
we rewrite as 2H» 4+ O, — 2H,0 = 0, and the coefficients are ng, = 2, no, = 1,
ny,0 = 2.

Let Nj,N»,.... be the number of particles (atoms, molecules, etc.) of the
various species taking part in the reaction. In the process at constant temperature
and pressure the Gibbs free energy tends to minimum. Then the necessary
condition for G to be a minimum can be written as the vanishing of the total
derivative of G for given P and T with respect to one of the N; for example, Ny :

0G  0G IN; 0G ON;
—t——+=——-—+...=0. 2.6.2
ON; TN, 0N, T ON; 0N, @62
The changes in the numbers N; during the reaction are related by the reaction
Eq. (2.6.1). It is therefore clear that if N| changes by n;, each of the other N; will
change by n;, so that dN; = (n;/n;)dN;, and dN;/dN; = n;/n;. Therefore,
Eq. (2.6.2) can be written as

oG n;
ZaN =0 (2.6.3)

. oG . o . . .
Since N 1; according to definition of the chemical potential, and multi-

plying (2.6.3) by n;, we obtain
> ni-p =0 (2.6.4)

This is the required general condition for chemical equilibrium.

Let us apply this general condition of chemical equilibrium to reactions in a
gas mixture, assuming that the gas may be regarded as an ideal one. In Chap. 1
we obtained for the Gibbs free energy, the chemical potential and entropy of
ideal gas:

G =NRTInP + Nx(T) =H - TS,
pn = 0G/ON,
S=—NInP+ NcpInT + (¢ +cp)N = N(So(T) — In(P/P,)).

The chemical potential for each gas in the mixture is
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y = RTInP; + x;(T), (2.6.5)

where P; is the partial pressure of the ith gas component in the mixture; P; = ¢;P,
and P is the total pressure of the mixture; ¢; = N;/N is the concentration of

the i gas component in question; N = 3 Nj is the total number of molecules in
i

the mixture. Substituting expression (2.6.5) in (2.6.4) and we obtain
> nipy =RTY “nilnPy+ Y nixi =0, (2.6.6)
i i i

where Py are the partial pressures of the gases in the state of chemical
equilibrium.
We can rewrite this last condition as

[1P6 = X,(T), (2.6.7)

1

where

K, (T) = exp [f 3 (mixi) /RT} (2.6.8)

is called the chemical equilibrium constant.
Substituting in Eq. (2.6.7) Pyp; = c(;P, where cy; are the concentrations of the
gases in chemical equilibrium, we obtain

ol = Pizi:n‘Kp(T). (2.6.9)

1

Notice that the dependence of the gas reaction equilibrium constant on the
pressure is entirely determined by power of the total pressure — this is the factor

S
p o

The dependence of the gas reaction equilibrium constant on temperature
cannot be obtained as universal law, though it is not differ considerably from
the dependence of gases having constant specific heat. In the later case we
obtain for the equilibrium constant

Kp(T) = exp (Y (ni6)) - T exp(= Y (nieo)/T),  (2:6.10)

which is essentially an exponential function of temperature (last exponential
term in the right side).
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Expression (2.6.7) can be presented in more convenient for user form. Since
G = H — TS, we can write it as

M M M
G= ZniHT’i - TZniSi = Zni [HT,i — TS? + RTIn Pi}
i=1 i=1

i=1
M
=Y ni[G{ + RTInPj], (2.7.1)
i=1

where we defined the standard state free energy (G at one bar, but at any T of
interest)

G)(T) = H}, — TS!.

Recall that for ideal gases Hr; = HOT,i, and the entropies for ideal gases are

S; = S)(T) — Rln( Pi > (2.7.2)
Pref
with the standard state entropy given by
T
0_ 0
S = /(Cpl’i(T)/T)dT7 (2.7.3)

0

where we use expression for the specific heat at constant pressure,
Cp = T(0S/0T)p. The integral in (2.7.3) is given in the JANNAF Tables as
well as HOT.i- We take Pyer as 1 bar and always work in bars for it is used in the
JANNAF Tables. Then Eq. (2.6.7) can be presented in the form

AG®

H Py = K,(T) = exp [— ﬁ} . (2.7.4)

The change of G° for the formation of the reaction product from the reagents is
called the standard state free energy of formation and is also given in the
JANNAF Tables for any compound or atom. One must remember that it is
zero for a reference element. For example, for the equilibrium reaction

naA +ngB <~ n.C + npD

the equilibrium is given by

pic . pio AG°
Kp(T) =S—L —exp {— —] . (2.7.5)
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In terms of the concentrations of the gases, similar to (2.6.9) we have

ch 3 XnD P nc+np—na—ng
Kp(T) =L (— 2.7.6
P( ) X[r{l\A K XBnB (Pref) ’ ( )
where
na ng

Xa = , Xg = yen

na + ng + nc + np na +ng + nc + np
Notice that the sign of n¢ + np — npy — ng defines how equilibrium compo-
sition depends on pressure. With increase of the pressure the total number
of molecular compounds in the right hand sizes decreases. With increase of
the temperature molecules dissociate more, which means that molecules with
positive heat of formation are favored as the temperature rises.

In general the combustion products consist of more than just CO,, H,O, and
NO,. For rich mixtures CO also exists in the products and at high temperatures
the molecules may dissociate to form H, O, OH, NO via the following
reactions

H, - 2H, 0O, —=20, H;+ 0, —20H, O;+n; — 2NO.
The opposite direction reactions of recombination are also possible
2H — H,, 20 — 0,, 20H — H, +0,, 2NO — O, + N,.

At equilibrium the rate of the forward reaction equals the rate of the backward
reaction

H, < 2H, 0, <20, H,+ 0, 20H, O,+n; < 2NO.

At equilibrium the relative proportion of the species mole fraction is fixed
and the equilibrium composition for species is defined by the equilibrium
constant (2.7.6).

As an example consider distribution of the products in the reaction 1 mol of
CO; 0.5mol of Oy and 0.5 mol of N, react to form a mixture consisting of CO,,
CO, O;, N and NO. We want to determine the equilibrium composition of the
product mixture assuming that the equilibrium composition is at 1 bar and the
final temperature is 3000 K.

CO;, + 0.50; 4+ 0.5N; — aCO + bNO + cCO; 4+ dO, + eNs. (2.7.7)

The law of stoichiometry is insufficient to determine coefficients in (2.7.7).
From an atomic balance we have 3 equations for 5 unknowns a, b, c, d, e:
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(©) 1 =a+c,

(O) 3=a+b+2+2d

(N) 1 = b + 2e,so that 2 unknowns, say a and b need 2 equilibrium
equations to solve the problem. These equations are for equili-
brium reactions

CO; < CO+0.50, — Kp(3000K) = 0.3273, (2.7.8)

0.50, 4+ 0.5n; < NO — Kp(3000K) = 0.1222. (2.7.9)

where Kp; and Kp, are the equilibrium constants for standard reactions
(2.7.8-9), which are tabulated in the JANNAF as a function of temperature
for different equilibrium reactions.

From the expression for equilibrium constants

Xy - X2 X
Kpr = —0 202 _ 03273, and Kpy = 0.1222 = %01/2
XC()2 XO/Z 'XNz

The total number of components with the use of equations (C), (O),
(N)is N=a+b+c+d+e=a+b+(1—a)+051+a—b)+0.5(1 —b)
= 0.5(a +4), so that

2a X _(I4+a-b) _21—a
(4+a) "0 (d+a) T T@xay

Xco =

and we obtain two equations for a and b:

Xco-ng a [(l+a—b\'"?
Kpj=—— 9 - 03273 =——(— =~ 2.7.10
Pl Xco, l—a( 4+a ) ’ ( )
X 2b
szz%zo.lzzzz 5 (271D
Xo, - XN, [(1+a—Db)(1-Db)]

Solving last two equations together with the atom balance equations we obtain
a=0.3745, b =0.0675, ¢ =0.625, d = 0.6535, ¢ = 0.4663. If the products
are at high temperature (2000 K or larger) minor species will be present due to
the dissociation of the major species CO,, H,O, etc.



2.7 Chemical Equilibrium and Adiabatic Flame Temperature 49
Let us calculate as an example distribution of the products in the reaction

hydrogen-fluorine, assuming that the final pressure is 1 bar and final tempera-

ture 3500 K, so that final products include also hydrogen and fluorine atoms

H, + F» — nygHF + nygH + ngF. (2.7.12)

The law of stoichiometry is insufficient to determine the n; in (2.7.7). From an
atomic balance we have 2 equations

ngr + ng = 2, ngg + ng = 2.

We have 3 unknowns nyg, ny, ng so need one equilibrium equation to solve

the problem.
The equilibrium equation is for the reaction H + F < HF
Pur nggP n n n ngr
K,(T) = = —_— == 2.7.13
p( ) (PHP]:> n HHPI’IFP PHHI’I]: ( )

is not listed in the JANNAF, but we can combine the right hand part in the
combination of reactions

12 12
K, (T) = Pur _ Pyr P H/z PF/2 _ KprHF (2.7.14)
P PyPE P:{/zzPlF/2 2\ Py Pr KpruKprr o

which corresponds to the standard reactions tabulated in the JANNAF

1 1 1 1
—H —F HF -H H, -F F.
3 2+2 2= 5 2 — ) 2 —

For these reactions the JANNAF gives

P P1/2
K fHF — i — 10442217 K fH = H, _ 1070.2287
' (Pl{fPLﬁz ’ Py

P/’
K — 2 — 1024121.
pf,F ( PF

Substituting these numbers in (2.7.8) together with
n = ngg + nyg + ng = 2 4+ ny, N = ng, Ny = 2 — Ny

we come to the equation for ny:

2+ nH)z(2 —nn) 102238 — 213,
g
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From here,
ng = ng = 0.0187, ngr = 1.9813, Xy = Xg = 0.0926, Xyr = 0.9815.

It is imperative to realize that all conceivable reactions in the system must be in
equilibrium. For this reason, as in the examples above, we have complete liberty
in choosing the reactions to consider in making equilibrium calculations.

We now return to calculation of adiabatic flame temperature through use of
Eq. (2.3.2), with Q, = 0. Now we know how to calculate the nj, which in general
depend not only upon the pressure of interest, but also the adiabatic flame
temperature itself. Thatis, n; = n;j(P, T,) so that at a fixed pressure Eq. (2.3.2) is
the equation for T,. The procedure for adiabatic flame temperature calculations
is as following: write down the initial reaction equation with the products that
we assume to consider; reduce the number of unknown n; using condition of an
atomic balance; in general there are M-N unknowns for the stoichiometric
coefficients on the product side for M values of nj and N types in the reactants;
the equations for these M-N unknowns steam from the equilibrium laws (the
formation reactions) for the product species, which are not reference state
elements. The equilibrium equations may always be reduced to M-N equations
containing the unknowns. The adiabatic flame temperature may be found step-
by-step, with the known n;j and guessed T, and then repeating all steps of the
procedure. Note that dissociation in the products will result in a lower adiabatic
flame temperature since dissociation reactions are endothermic. We must check
also that partial pressure of excluded products is negligible compared to
included products. It is very tiresome calculations to be made by hand. Hand
calculations are not practical when many species are considered, one uses a
computer program to calculate the product equilibrium composition. There
are standard computer programs to calculate the product equilibrium compo-
sition. A popular program used for equilibrium calculations is STANJAN or
Equilibrium Combustion Solver Applet.

Problems

2.1. Inavessel of volume 1 m? there are 2 g of molecular H,, 6 g of molecular O,
and 30 g of N,. What are the mole fractions, mass fraction and concentra-
tions of the hydrogen, oxygen and nitrogen?

2.2. Evaporation of one atom of carbon requires 171 kcal/mol, dissociation of
oxygen molecule is 118 kcal/mol. What is the net energy in reaction of solid
carbon oxidation C(s) + 10, = CO, if bond energy of CO is 256 kcal/mol?
Result: 256-59-171 =26 kcal.

2.3. Calculate adiabatic flame temperature for the reaction H,; 4+ O, =
ni,0H20 + 1np,0, + npO. With reagents initially at 298 K and P=1 bar.
Result: T = 3200 K.
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2.4.

2.5.

2.6.

2.7.

2.8.

A steady flow 1 mol/s of CHs and 2mol/s of O, enters a reactor and
become H,O and CO,. Write equation of the reaction. What is the con-
centration of CO, and H,O vapor density at the exit if the density of gas
exiting the reactor is 1 kg/m™?

Calculate (1) partial pressures, (2) mole fractions, (3) concentrations,
(4) densities of the gaseous components in a vessel, which contains 0.2 kg
of H,, 3mol of CO, amount of H,O vapor enough to give partial pressure
of 1 bar (10° Pa). Pressure and temperature of the perfect gaseous mixture
in the vessel: P = 3 bar, T = 500 K.

Estimate heat of formation of methane, CH4 from known heats of
formation of CO,, AH?_CO2 = —94.0kcal/mol, and water vapor
AH?HZO = —57.8 kcal/mol from the reaction CH4 + 20, = CO, + 2H,0.
Estimate heat of formation of propane, Cs;Hg from known bond energy
of H», 104.2 kcal/mol, C — C, 85.0 Kcal/mol, C — H, 98.1 kcal/mol evapo-
ration energy of carbon from crystal to gaseous phase is 171.3 kcal/mol.
CO is oxidized to CO, in an excess of air in afterburner entering at
Ty =298 K. Assuming that air consists of 20% O, and 80% N, and
there is no dissociation find the required air/fuel ratio if the final tempera-
ture is 1000 K.






Chapter 3
Combustion Chemistry

3.1 Chemical Reactions

All of the chemical reactions shown as examples in previous chapter almost
never take place as written. The true path of products creation is usually
consists of many steps at the molecular or atomic level. In a chemical transfor-
mation the molecular bonds holding atoms in one kind of molecule are broken
and new bonds are formed with other molecules, which appear during the
reaction. The number of atoms does not change in a chemical reaction; they
are only regrouped in accordance with a specific release of energy. The con-
servation of the elementary composition can be written down in the form of a
balance equation for the number of atoms of each element

ZnikNi = A, (3.1.1)

where n;, is the number of atoms of the k-th element in the i-th molecule, N; is
the number of molecules of type i in the system, and Ay is the total number of
atoms of the given element in the mixture. The number of Eq. (3.1.1) corre-
sponds to the number of elements present in the system. The summation is
carried out over all types of molecules. Equation (3.1.1) are satisfied for any
state of the reacting mixture: before the onset of the reaction when the excess
energy is stored in chemical bonds, after the reaction is finished and complete
chemical equilibrium has been achieved, and at any intermediate time during
the reaction. The numbers Ay are the same for all states of the reacting mixture.

The rate of the reaction may be expressed in terms of the concentration of
any reacting substances or any products of the reaction as the rate of decrease
of the concentration of the reactants or as the rate of increase of a product of
reaction. If only one reaction occurs in a system, or reaction of arbitrary
complexity may be described as a one-step chemical reaction, then Eq. (3.1.1)
for the initial and final states can be written in the form of the stoichiometric
Eq. (2.6.1) with the stoichiometric coefficients of the reaction:

M M’
E l’liAi = E l’lej7
i=1 i=1

M.A. Liberman, Introduction to Physics and Chemistry of Combustion, 53
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where A; and A;: are the chemical symbols of the initial reagent i and of the
reaction product j and n; and n; are the stoichiometric coefficients, which are
interrelated by k conditions of the form

M M’
E ninjx = E njnji .
i=1 i=1

If the initial substances are taken in a proportion such that the chemical
transformation can, in principle, convert them fully into the reaction products,
then the mixture is referred to as stoichiometric. If one of the substances appears
in the initial mixture in an amount smaller than that required according to the
stoichiometric equation, then this substance is deficient.

From the standpoint of thermodynamics, it does not matter what is the true
reaction mechanism, because only the initial and final states are of interest. But
often we need the true reaction path to study flame phenomena. We also need
information on the rate in proceeding from an initial state to a final state. Such
rates of chemical reactions are provided by chemical kinetics. The determina-
tion of actual reaction paths involves very complex inference from usually
incomplete data and theoretical argument. From an engineering viewpoint,
complete knowledge of a reaction scheme is often not necessary, and useful
approximations can be made. We mostly shall use approximate approach of
one-step Arrhenius law for reaction, which yields valuable insight into flame
behavior.

The transition from the initial to the final state is characterized by the
chemical reaction rates for the various components of the reacting medium.
The reaction rate for one of the components is defined as follows:

1dN, o, 1dN)

W= 1! =
! Vv dt’ YTV dt

(3.1.2)
where N; and NJ( are the number of molecules (atoms) of the i-th reactant and
the j-th product in volume V at time t.

The relationship between the reaction rates for different substances is deter-
mined by the conservation of the elementary composition (Eq. (3.1.1)), which
implies that

—=dow, (3.1.3)

If the volume is constant in the course of a reaction, then the rates are defined as
the time derivatives of the volume concentrations, ¢; = N;/V and ¢ = NJ( /V:

dg; W — 1 dC],

o Vievao (3.1.4)
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The concentration of molecules in reacting gaseous mixtures, however, may
also change because of thermal expansion of the gas or gas dynamic processes.
In these cases the reaction rate must be calculated according to Eq. (3.1.2).

Atoms or molecules can react only when they collide, and the rate of atomic
or molecular collisions is proportional to the number densities (number per unit
volume) of the colliding species. If a reaction takes place as a result of the
collision of two molecules (bimolecular reaction) of substances A and A, then
the reaction rate is

_ d01 _ dCz — keie
dt a7
For example, in the reaction
O+ H — OH

the rate of reaction for the reactants must be proportional to cyco. We read the
reaction above as “one atom of oxygen collides with one atom of hydrogen to
form one molecule of OH.” We define the reaction rate, W, through a coeffi-
cient, k, called the specific reaction rate constant, by

W = kcyco.

For a general reaction, we multiply k by the product of the concentrations of the
reacting species. For example, for

H+H+H—-H +H (3.1.5)

W = kcj;. The reaction rate tells how often a reaction occurs and is used to tell
the time rate of concentration change of the reacting species. For example, in
the first reaction above, the units of k are given by the following equality:

dCo
—— = —(1)kcocyg = —W

72 = ~(1)keocn
with the minus sign being chosen because O is being destroyed. In the second
example, because H is both being destroyed by the reaction and created on the
right side, the concentration change of H is

(ﬁ—f = 3W+ W = —2W = —2kc,. (3.1.52)

The above two cases are examples of two-body and three-body reactions
respectively indicating a collision between either two atoms or three atoms
must take place before a reaction can occur. Notice, in order for the units to
be correct, the units of k depend upon the number of bodies colliding. Two- and
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three-body reactions are the most common ones encountered. The probability
that four or more bodies could get together is too low, especially in ideal gas
systems and they never been observed in experiments.

In general the law of mass action states that the rate of disappearance of a
chemical species is proportional to the concentration of the reacting chemical
species, each concentration raised to a power equal to the corresponding
stoichiometric coefficient, i.e.

M
wi=k]|[ ()", (3.1.6)
j=1

where the factor k, known as the specific reaction rate constant, is a function of
the gas temperature. The stoichiometric coefficient v; is called the order of the
reaction with respect to species j. In practice we use often the overall order of the

reaction, which is defined as ) v;. Thus, the rate of change of the concentration
j
of a given species i, in an actual reacting system is given by the equation

dN;
dt

M
(vi = vk JT(N))", (3.1.7)
=1

which means that v/ moles of Nj are formed for every v moles of N; consumed.

For the above example (3.1.5), this will be Eq. (3.1.5a), or d(H) /dt = —2k(H)3.
For a single-step reaction ) v; gives the overall order of the reaction.
J
The sum of the exponents on the concentrations in the reaction rate is called

the molecularity of the reaction, and it indicates the number of particles
entering the reaction. In general the molecularity of majority reactions is 2
or 3, however, for complex reactions the concept of molecularity has no sense,
and the overall order of the reaction can even be fractional one. For two-body
reactions the molecularity is two. Since ¢; = P;/RT = X;P/RT so that, for
fixed composition and temperature, ¢; is proportional to pressure. Whenever
we discuss the pressure dependence of reaction rates, it is assumed that T and
the X; are fixed. Consequently, two-body reactions have a rate proportional to
P2, and three-body reactions have a rate proportional to P3. As pressure
increases, therefore, three-body reactions increase in rate faster than do the
rates of two-body reactions. In general, those reactions involving the combi-
nation of active particles — radicals, ions, excited atoms and molecules — which
do not require that an activation barrier be overcome and which release
substantial amounts of energy cannot take place in bimolecular reactions
and require the participation of a third particle. When two active particles
collide the complex that is formed contains a large amount of excess energy,
which causes it to break down rapidly. In order for the complex to survive as a
stable chemical compound, the excess energy must be removed. Radiation
does not make a significant contribution here because the probability of a
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photon emission is rather small (the small parameters which appear in the
emission probability are e?//ic = 1/137, and the ratio of the size of the mole-
cule to the wavelength of the emitted light). One possibility remains: the
energy is removed by a third particle, which may have a low chemical activity.
This kind of process occurs, for example, in hydrogen-oxygen flames in which
active radicals (hydrogen atoms) recombine. Reactions involving stable che-
mical compounds may also occur in three-molecular collisions; however, since
the three-body collision rate is substantially below the binary collision rate,
even at rather high pressures, the main change will take place in bimolecular
reactions.

The temperature dependence of k follows from the fact that very few of the
collisions between reactive molecules A; and A, will lead to the formation of a
new molecule, that is, to a chemical reaction. In order for a reaction to occur,
the colliding molecules must have a sufficient kinetic energy in order to over-
come a potential barrier and to destroy or change the stable chemical bonds and
electronic structure of the reactants. This potential barrier is characterized by
the activation energy E and the temperature dependence of k owing to the
existence of the activation energy is described by the Arrhenius equation

k = ko exp(—E/RT). (3.1.8)

in which the constant ko 1is called the pre-exponential factor,
R =1.986cal/mol x deg is the universal gas constant, and T is the tempera-
ture in Kelvin. The activation energy, E, may be thought of as the minimum
energy required in a collision for the reaction to occur, or as the size of the
potential energy barrier that molecules have to overcome to be able to react.
The pre-exponential factor may have weak temperature dependence. The
law expressed by Eq. (3.1.8) is called the Arrhenius law.

The extremely strong temperature dependence of the reaction rate (3.1.8) is a
fundamental characteristic of chemical processes under nonisothermal condi-
tions, such as explosions and combustion. In gases the Arrhenius law is a
reflection of the fact that, according to a Maxwell-Boltzmann energy distribu-
tion, only a very small fraction of the reactive molecules that belong to the high
energy “tail” of the distribution can react. In the “tail”, for example, molecules
with energy of the order E can react. On the other hand, those molecules, which
are moving at the same speed in the same direction, will not participate in a
chemical reaction even though they may have a large kinetic energy. Thus, even
for highly energetic molecules, a chemical reaction is a rare process.

Most chemical reactions are of second order, taking place so that their rates
are dominated by collisions of two species. However, there are reactions that are
dominated by a decomposition processes, ¢.g. by loose bond braking step.
These reactions as well as isomerization reactions are the first order reactions.
The first order reactions occur as a result of a two-step process and therefore
their rate is also obey to the Arrhenius law.



58 3 Combustion Chemistry
For arbitrary second order reaction written as
A+ B — C+ D, for example, H+ O, - OH+ O

the rate of reaction for the reactants is proportional to cacg(cuco,)-

dA dC
W=—=—-k -
dt — AT T
The pre-exponential factor kg in the Eq. (3.1.8), which is the rate of collisions,
may have weak temperature dependence, which can be estimated from simple
kinetic theory as

[A] - [Bloas(87nkpT/p)"/?, (3.1.9)

where oap is the cross section for the collisions, p = mamp/(ma + mp) is the
reduced mass, and kg is the Boltzmann constant. The last term in (3.1.9) is the
thermal velocity of the molecules. The pre-exponential factor has a very mild
temperature dependency that is generally ignored compared to the exponential
dependence.

Most elementary binary reactions exhibit Arrhenius behavior over modest
ranges of temperature. However, for the large temperature ranges “non-Arrhenius”
behavior is more likely, especially for the processes with a small energy barrier.
Finally, it should be noticed that the units for the reaction rate constant ko when the
reaction order is n will be {[(concentration)"~'][time]} . For example, for the first
order reaction the units of the reaction rate constant are [sec™!], and for a second
order reaction [cm?®][moles] ' [sec™!].

One other type of reaction occurs with highly reactive species in enclosures. The
walls of the vessel may absorb some species. In order for this to occur, the species
must have diffused to the proximity of the wall and then collided with it. The time to
get near a wall is proportional to p, which, in turn, is proportional to P. Alterna-
tively, the rate at which molecules appear near the wall is proportional to 1/P. These
arguments support the contention that wall reaction rates are dependent upon
pressure to no larger than the first power. The consequence is that three reaction
types (wall, two-body, and three-body) depend upon pressure in different ways.

The reactions written above indicated only forward reaction — left to right
reaction. The reverse reaction can also occur. We denote the rate constants as kg
and ky, for the forward and reverse reactions, respectively. For example,

H+H+H<—>t2 H, +H
with

dj—:‘ = —2k¢c}; + 2Kpem,cn (3.1.10)
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Note the special case of equilibrium where dcy/dt =0, when from (3.1.10)
steams

, k(T P RT
e, KD _ prP _ gy, my = R
e ky(T) Py oOH

That is, since the functions of temperature are related through the equilibrium
constant and functions cannot change even when out of equilibrium only one of
the reaction rate constants is independent. If either the forward or the reverse
reaction rate constant is known the other is determined through thermody-
namic relation.

Practically all reactions are initiated by bimolecular collisions. However,
many of the bimolecular reactions exhibit first-order kinetics. As it was men-
tioned earlier, this is a result of two-step reaction sequence in which the reacting
molecule is activated by collision processes and then the activated species
decomposes to products. Another situation when a pseudo-first-order reaction
arises is one when one of the reactants (usually the oxidizer in a combustion
system — very fuel lean combustion with O,being in large excess) is in large
excess. In this case the concentration of another reagent does not change
appreciably, and with this accuracy the reaction appears as overall first order.

3.2 Non-branching Chain Reaction: The Hydrogen Chlorine

Most chemical reactions are complex and include series of elementary steps. A
solution requires the integration of an entire system of kinetic equations, which
consists of the kinetic equations for each type of molecule or atom that parti-
cipates in the reaction. Each of these equations must take into account the loss
and production of the given type of particle in all the elementary steps of the
chemical reaction. Analytic solutions of the system of kinetic equations for
complex reactions can only be obtained in the simplest cases. The situation is
still more complicated for non-isothermal processes when the system of kinetic
equations must be solved along with the energy balance equation. The widely
used approximation technique is the method of stationary concentrations. The
idea of this method lies in assuming that the concentration of the active inter-
mediate substances (ions, radicals) are constant; that is, their time derivatives in
the kinetic equations can be set equal to zero and the corresponding differential
equations are replaced by algebraic ones, so that the overall order of the system
is reduced. The method of stationary concentrations is based on the high
reactivity of the intermediate active substances. They react so rapidly with
other substances that over a time in which the concentrations of the principal
substances (reagents and reaction products) change by a small amount, the
difference in the rates of formation and consumption of the active intermediate
particles remains small compared with these rates.
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We shall consider the most important class of complex reactions — chain
reactions. In chain reactions active particles react with reagents or intermediate
substances to form both combustion products and new active particles; that is,
active particles are “regenerated” during the reactions. This occurs, for example
in the reaction of H, with bromine Br,. Since the Br; bond energy is 46 kcal/mol
and H, bond energy is 104 kcal/mol, the reaction is initiated by chain initiating
step which is dissociation of the Br, with formation of two active radicals
of Br

M + Br, — 2Br+ M
The propagation steps will be reactions

Br + H, — HBr + H,
H + Br, — HBr + Br,

H + HBr — H, + Br.

As an example of a chain reaction we shall consider the reaction of hydrogen
with chlorine. In principle, the reaction of hydrogen with chlorine can proceed
via simple binary collisions

H, + Cl, = 2HCl. (3.2.1)

However a chain process is much faster so that reaction (3.2.1) is of no
importance whatever. The end product, hydrogen chloride, is formed as a result
of a sequential alternation of reactions involving atomic chlorine and atomic
hydrogen as active centers. The first active centers are chlorine atoms formed by
dissociation of molecular chlorine by collisions of the type

Cl, +M = Cl + Cl + M(k)), (3.2.2)

where k; is the rate constant and M is some third particle. The formation of
atomic hydrogen in the reaction H, + M = H + H + M analogous to (3.2.2)
can be neglected in view of much greater stability of the H, molecular bond
(104 kcal/mol compared to 57 kcal/mol for Cl,). In the theory of chain reac-
tions, processes of the type (3.2.2), in which active centers are formed, are called
chain initiation reactions. The third particle M, which participates in the initia-
tion reaction, is needed to transfer energy to the Cl, molecule to break the
CI — CI bond.

Reaction (3.2.2) is reversible; that is, two chlorine atoms can recombine into
a molecule in a three-body collision:

Cl+Cl+M = Cl, + M, (K} (3.2.3)
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A reaction of this type, accompanied by the loss of free valence, is called a chain
termination reaction. In the above example of H,; — Br, reaction, the corre-
sponding chain termination reaction is 2Br + M = Br; + M. In the presence of
molecular hydrogen, however, the chlorine atoms may react in another way:

Cl+H, = HCIl + H, (k») (3.2.4)

Although the concentration of Cl atoms is very small and the number of
Cl + H, collisions is much smaller than the number of collisions between
chlorine molecules and hydrogen molecules, reaction (3.2.4) takes place much
more rapidly than the simple bi-molecular reaction H, + Cl, because of its low
activation energy (E=~5kcal/mol compared to roughly 40kcal/mol for the
reaction H, + Cl,). However, even this fact is insufficient to explain the rapidity
of the entire process. Although the chlorine atoms react rapidly, they are
formed very slowly. Reaction (3.2.4) shows that formation of the end product,
HCI, is accompanied by the appearance of a new active center, a hydrogen
atom, which reacts in the process

H + Cl, = HCI + CI, (k) (3.2.5)

even more rapidly than a chlorine atom reacts with hydrogen. In this way any
chlorine atom that participates in reaction (3.2.4), which is inevitably followed
by reaction (3.2.5), is recovered after the formation of two HCl molecules. This
is shown in the overall balance equation for reactions (3.2.4) and (3.2.5)

Cl+H, + H + Cl, = 2HCI + H + CL (3.2.6)

The regenerated chlorine atom again participates in reaction (3.2.4) and so on.
A small amount of chlorine atoms keeps the reaction going constantly and,
since these atoms are not in effect consumed, their number is roughly constant.
This mechanism ensures that the rate for the whole process is large. Reactions
such as (3.2.4) and (3.2.5), which conserve free valency, are known as chain
propagation reactions.

We shall now determine the concentration of chlorine atoms in the system
and derive a formula for the reaction rate using the method of stationary
concentrations setting

O — s - ks HCL) = 0 (3.27)
% = 2k, [CLy][M] — 2K} [CI]*[M] = 0, (3.2.8)

where symbol [...] means concentration of species.
The steady-state concentrations of the active centers (hydrogen and chlorine
atoms) from (3.2.7) and (3.2.8) are
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1/2 12
(H] = X2, (k‘) [ClL,]™"* and [CI] = <k1) [CL]'2 (3.2.9)
k3 k] kl

The overall rate of the process (see (3.2.4) and (3.2.5)) is

W= @ — Ko[CIJ[Ha] + ks[H][Cla],

which, after substitution of the steady-state concentrations for [H] and [CI]]
from (3.2.9), can be written as

Kk 12
W:2k2<k}> [CL,]"/?[Ha]. (3.2.10)

1

This equation shows that the reaction is of first order in hydrogen and of order
1/2 in chlorine, so that the overall order of the reaction s 1.5. A fractional power
of one of the reagent concentrations in a reaction rate formula is an indication
that the reaction is complex, usually a chain. In this case this means that the
reaction proceeds via a chlorine atom.

To evaluate magnitude of the rate of hydrogen chloride formation we notice
that the ratio k; /k’1 is the equilibrium constant for the reaction 2Cl « Cl,
(JANNAF tables)

K, =25- 10256756800/RT CmiS,
and kyis the constant for the bimolecular elementary process

k2 _ 10710676000/RT Cl’l’l3/S.

Substituting these values in Eq. (3.3.10), we obtain
W = 1036_34400/RT [C12]1/2 [HZ] )

For a temperature T = 600K and the initial concentrations of chlorine and
hydrogen [Hy], = [Cl], = 0.7 - 10! cm~* (pressure P = 1bar), this equation
gives an initial maximum reaction rate of Wy = 6.5- 10" cm~3s which is
about 10° times greater than the rate of the simple bimolecular reaction
H, + Cl, which is of the order of 1s. If a hydrogen-chlorine mixture were
kept at a constant temperature and there were no atoms present at the initial
moment, then the reaction rate would first rise to a value close to Wy and then
fall slowly, approaching zero, as the reagents were consumed. The initial rise in
the reaction rate takes place over the time required for production of a sufficient
equilibrium quantity of chlorine atoms.
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3.3 Oxidation of Nitrogen in Combustion

Another example of a non-branching chain reaction is the oxidation of nitro-
gen. The oxidation of nitrogen, accompanied by the formation of nitric oxide
NO, acquired special attention because of harmful effects of nitric oxide even at
very small concentrations. The formation of nitric oxide is unavoidable when
air, which contains 78% nitrogen, is used as an oxidant. Moreover, in order to
ensure complete combustion of fuels, the fuel-to-air ratio is adjusted so that a
slight excess of oxygen remains in the combustion products. At high concentra-
tions NO oxidizes further in the reaction 2NO + O, = 2NO,. The presence of
NO, is easily confirmed by the yellowish color it imparts to smoke. Nitrogen
dioxide NO; is easily absorbed by water or alkaline solutions. However the
oxidation reaction of 2NO + O, is a trimolecular reaction, which proceeds very
slow at low concentrations of NO. Therefore, the oxidation of nitrogen and an
understanding of the conditions under which this reaction is suppressed are of
particular importance.
When air is heated to several thousand degrees the chemical reaction

1

1
2N2—|—§Og+21.5 kcal/mol = NO (3.3.1)

takes place. It has been shown by Zel’dovich, Sadovnikov and Frank-Kamenetsky
that nitric oxide is produced in a non-branching chain reaction involving free
oxygen and nitrogen atoms as active centers:

O + N, < NO + N — 75kcal/mol, (ki, k}) (3.3.2)
and
N + O, <> NO + O + 32 kcal/mol, (ka, k) (3.3.3)

Here the heats of reaction have been calculated from the known dissociation
energies of N (226 kcal/mol), NO (151 kcal/mol), and O, (118 kcal/mol). The
rate of production of NO is limited by the first, endothermic stage (3.3.2). The
use of oxygen atom in reaction (3.3.2) is compensated by its regeneration in
reaction (3.3.3); the N atom formed in the first reaction immediately reacts with
molecular oxygen to yield another active oxygen atom. If it would be assumed
that the reaction occurs through collisions of N, and O, molecules, then the
calculated reaction rate was a thousand times smaller than the experimentally
observed value. The experimental heat of activation is roughly 135 kcal/mol.
The method of stationary concentrations implies that

_ @ — _I,[O][Na] + K, [NOJN] + ks [N][0] — K,[NOJ[O] = 0 (3.3.4)
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so that the concentration of N atoms can be expressed in terms of the steady-
state concentrations of oxygen atoms as

ki[N2] + k5[NOJ

N = N0+ k03]

(3.3.5)

Substituting this expression in the kinetic equation for nitric oxide

dﬂ:to] — ,[O][Na] + ka[NJ[0s] — K/ [NOJ[N] — K4[NOJ[O] ~ (3.3.6)
we obtain
d[NO] _ _ kika[No][0] — K{KH[NOJ* k' K, [NOJ?
T 2 ol0)] 1 K [;\1(2)] [O] ~ 2<k1 [N,] — 11<§[702]> [0] (3.3.7)

Since the constants k| and k) which determine the rate of the exothermic
reaction of an atom with a molecule, are of the same order of magnitude and
since the concentration of nitric oxide is much lower than the concentration of
molecular oxygen (the equilibrium concentrations of nitric oxide at tempera-
tures from 3000 K up to 10000 K and P = 1 atm do not exceed a few percent),
we neglect the term k| [NO] in the denominator of Eq. (3.3.7).

Using the principle of detailed balancing for the reactions (3.3.2), (3.3.3), and
0, < 20 (ks, k}), which yields

ki (NO)(N)
T Oy

_k  (NO)(O)
Ky (N)(02)

ks [OF

K s
1 k3 O]

7K3

(the conventional parentheses denote equilibrium concentrations), we can
reduce Eq. (3.3.7) to the form

d[NO]

3 = KINJ[0a] — [NOJ* = k{(NO)* — [NOJ*}, (3.3.8)

where
N :2k’1k’2K;/2 53
K1K2 k2[02]1/2 [02]1/2

,kKY? 11-10°
[02]1/2 [02]1/2

exp{—92000/RT}

exp{—135000/RT}

are taken from experiment (k’ and k in (cm?/sec) [0,] in cm ).
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Equation (3.3.8) for the reaction rate differs from the kinetic equation for the
bimolecular reaction of N, with O, in that the rate constants depend on the
concentration of one of the reagents, oxygen. This is a consequence of a chain
reaction. The experimental value of the activation energy for the production of
nitric oxide is 135 kcal/mol. As equation for k' shows, the temperature dependence
of this reaction is determined by the temperature variations of the equilibrium
constant K3, which varies with the temperature as exp(—61000/RT) (61 kcal/mol
is the effective energy of formation of an oxygen atom at temperatures of
2000-5000 K), and of the reaction rate k;. Thus, the activation energy for the
first step (3.3.2) in the oxidation of nitrogen equals E; = 135 — 61 = 74 kcal/mol,
which is the same as the heat of the endothermic reaction (the reverse reaction to
(3.3.2) occurs with practically zero activation energy).

3.4 Chain-Branching Reactions: Explosions

Compounds, which are highly stable at normal temperatures, usually emulate
the noble gases (helium, argon, etc.) in the configuration of their electrons. That
is, these highly inert gases have outer electron shells empirically filled by 2 and 8
electrons in the case of He and Ne, respectively. Compounds, which attempt to
mimic this situation are usually quite stable and are hard to break apart. An
example is a hydrogen molecule, H, which looks like He in the sense that each
hydrogen atom shares its electron with the other atom so that there are two
electrons in the configuration. Similarly, a water molecule, H,O, looks like Ne
where there are total of 8 electrons being shared, 6 from the outer shell in oxygen
and 2 from each of the hydrogen atoms.

Any atom or compound with an unfilled outer electron configuration is
highly reactive. Examples are the hydroxyl radical, OH, and the oxygen and
hydrogen atoms, O and H. Species such as H, O, OH and HO, are called
radicals. Radicals have unpaired valence electrons, which make them very
reactive and short lived. They try to partner with other radicals to form covalent
bonds. While an equilibrium calculation at usual temperatures shows that
radicals are only present in small amounts, they play a central role in chemical
kinetics reaction schemes. In chain branching reactions there is a net production
of radicals. Chain branching reactions lead to rapid production of radicals,
which causes the overall reaction to proceed extremely fast an explosively. The
reaction comes to completion through chain termination reactions, where the
radicals recombine to form final products.

Radicals usually have positive heats of formation, which means that energy
is required for their formation from the standard state elements. They soak up
collision energy in their formation and wish to give up this energy in attacking
other species in the path toward reaction completion. Hungry for electrons,
radicals are efficient intermediates in reaction schemes for taking the reaction
path forward. It should be pointed out that the above reasoning concerning the
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electron configuration is not always straightforward. For example, a complex
electron sharing occurs with CO, and it is not a radical, although it would
appear to be one. Radicals are extremely important in the kinetic schemes
relevant to atmospheric pollution. Examples of reactions producing nitric
oxide (NO) as a harmful air pollutant, which is called the thermal mechanism
(or Zel’dovich’s mechanism) of NO for formation, are

O+ N, - NO+ N, N+ O; — NO +O.

Some chemical reactions develop in time smoothly while others “explosively”
and are usually accompanied by some unexpected phenomena such as a flash,
acoustic effects, etc. The important features of explosions are that the rate of the
reaction varies extremely rapidly with temperature. Thus, for example, at room
temperature and atmospheric pressure hydrogen and oxygen hardly react over
a period of many years. However, if the pressure or temperature are raised
sufficiently high, or being kept at temperature just slightly higher 450 C and the
pressure in the vessel at a few torr, a violent exothermic reaction will be initiated
with the product, water being formed. The reaction is very fast, and though it is
difficult to define precisely, such a fast, exothermic reaction is called an explo-
sion. As the temperature is raised the reaction rate remains extremely small up
to some critical value, which depends on the experimental conditions. For a
stoichiometric mixture of hydrogen and oxygen, the so-called “detonating
mixture”, at atmospheric pressure the critical temperature is about 550 C. At
higher temperatures, even those only a few degrees above critical, the detonat-
ing mixture reacts very rapidly, the pressure increases suddenly, and the vessel
may be broken apart. Unlike an ordinary reaction, an explosive reaction is
characterized by the existence of a temperature at which the reaction rate
changes very rapidly, almost discontinuously. This temperature is called the
ignition (or self-ignition) temperature. An equally rapid change in the reaction
rate can be obtained by changing the pressure at a given temperature. At some
pressures the reaction either does not proceed or it proceeds very slowly, but
sometimes even a very small pressure change is sufficient to cause the reaction to
take place over a short time. In observing an explosive reaction the first
impression is that for temperatures and pressures below critical nothing is
happening in the mixture, but when the critical parameters are reached every-
thing reacts all at once. This is the reason for calling the reaction explosive.

3.5 Hydrogen-Oxygen Reactions: Explosion Limits

Explosions are conventionally classified into two different categories: chain-
branching explosions, in which the reaction rate increases spontaneously with-
out limit due to chain branching, and thermal explosions in which the reaction
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rate increases exponentially due to exothermic chemical reaction resulting in
heating of the reactants and an increase of the reaction rate constant.

To what extend a reaction is accelerated by the branching process can be
demonstrated by numerical example. Let a 1 cm? container consisting reactant
molecules at normal conditions, i.e. the number density is n = 10" cm~3, and
one active radical. The average collision frequency is nov, where o is the cross
section of collision, V is the average thermal velocity of molecules. For normal
conditions, and n = 10 cm 3, we have nov &~ 108 s~!. If the reaction in the
volume is chain-carrying, i.e., one active radical generates another active
radical, then the time required for all the molecules to react will be
10" /10% = 10''s & 30.000 years. If the reaction is chain-branching, i.e. one
active radical generates two new chain radicals, then the number of generation
needed for reproduction of the active radical up to 10" will be defined by
geometric progression

N _2N+1_1

== —10".
Z 2-1

i=0

Thus, the number of generation is N = 62, and the time of the reaction becomes
62-1078s ~ 1ps.

In the case of hydrogen and oxygen, the explosion can be spontanecous,
without requiring any ignition source, such as a spark. Though it might seem
reasonable that the reaction scheme

H, + H, + O, — H,O + H,0O

would explain the formation of water, it never occurs in reality. First of all, it
would require a three-body collision that has the three bodies perfectly aligned
in the proper orientation to form the two water molecules. Second, it would
require that all diatomic bonds be broken. Third, since this is a highly
exothermic reaction, where would the energy go? Note that though total
heat of the reaction 2H; + O, = 2H,0 is 116 kcal/mol, it require to broke
bonds of two hydrogen molecules (206 kcal/mol) and one oxygen molecule
(118 kcal/mol), which means that the activation energy for such reaction
should be very high and it will never proceed in this way. It is presumed
plausible that in a mixture of hydrogen and oxygen the bulk reaction
2H; + O, = 2H,0 contains a series of elementary steps involving a free
valence radicals — active centers: the OH radical, the hydrogen and oxygen
atoms. The minimum number of individual reactions, which can explain
realistic reaction of hydrogen-oxygen depends on temperature and pressure.
The global hydrogen-oxygen reaction proceeds via the following elementary
reactions, known as a reaction mechanism:
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H,+M—-H+H+M } chain initiation
H+0,+M — HO, +M

HO, + H, — H,O + OH

OH +H; - H,O+H

H+0, —-0OH+0O
H,+0—OH+H

H+OH+M — H,O0+M
H+H+M—-H,+M chain termination

O+0+M—-0,+M

chain propagation

chain branching

Some of these reactions are bimolecular reactions and their rates will scale with
pressure squared. Some of these reactions involve three particles collision and
will increase its rate in proportion to pressure cubed. Besides, at very low
pressure a radical formation will be terminated by wall destruction, and no
explosions may occur. The wall reactions scale with pressure to approximately
of the first power.

In experimental studies of the reaction of hydrogen with oxygen three
explosion limits have been observed. These limits can be conveniently repre-
sented in the form of a “pressure-temperature” diagram. The explosion limits of
a stoichiometric hydrogen-oxygen mixture are plotted in Fig. 3.1, which shows
kinetic curves for the combustion of a stoichiometric hydrogen-oxygen mixture.
If the initial pressure and temperature of the mixture correspond to a point lying
to the right of the curve ABCD, then ignition occurs. The segment AB corre-
sponds to the first explosion limit, the segment BC to the second, and the
segment CD to the third. The kinetic curves for the hydrogen-oxygen in the
explosion region have the following appearances: over a certain time interval t;,
known as the induction period (or delay time), there is practically no reaction
(the reaction cannot be observed) and the concentration is practically constant;
then the reaction takes place rapidly and ends in a very short time. Using the
reaction of hydrogen with oxygen as an example, we can note two characteristic
features of explosive reactions: the induction period and the existence of critical
conditions, that is, system parameters, which separate the explosion region
from the non-explosion region in which the reaction hardly occurs.

Let us now consider the oxidation of hydrogen, which is one of the most
widely studied chain reactions. The bulk reaction 2H, + O, = 2H,O contains a
series of elementary steps, which are chain initiation, chain propagation, chain
branching and chain termination, listed above. The chain initiation reaction is

H, +M=H+H+M. (3.5.1)

Consider the following reactions involving active centers (the OH radical, the
hydrogen (H) and oxygen (O) atoms), which play an important role:
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OH + H, = H,O + H (6 kcal/mol) (3.5.2)
H +O; = OH + O (17 kcal/mol) (3.5.3)
O +H, = OH + H (10 kcal/mol) (3.5.4)

Reactions (3.5.2) and (3.5.4) have activation energies of roughly 6 and 10 kcal/mol,
respectively, and therefore proceed much more rapidly than reaction (3.5.3)
whose activation energy is 17 kcal/mol. Therefore, reaction (3.5.3) is the limit-
ing step for the entire process and determines its overall rate. The hydrogen
atoms that participate in these reactions are the main active centers governing
the reaction. In the cycle of reactions (3.5.2)—(3.5.4) a hydrogen atom entering
reaction (3.5.3) is regenerated in the other reactions. A single H atom that enters
reaction (3.5.3) generates active radicals, which in its turn regenerate two
H atoms that is, chain branching occurs. Since the rate of reaction (3.5.3) is
much larger than the rate of the reactions in which active centers are created
(the dissociation of hydrogen molecules, H, = 2H requires 103 kcal/mol!), the
concentration of active centers in the branching chain reaction will be many
times larger than that of the equilibrium value. This is the fundamental differ-
ence between these reactions and non-branching chain reactions in which the
concentration of active particles cannot become larger than the equilibrium
level. From an energetic standpoint this means that the heat released during the
basic reaction 2H, + O, = 2H,0 + 116 kcal/mol goes almost entirely into the
dissociation of hydrogen molecules, H, = 2H — 103 kcal/mol.

If the initial temperature of the mixture corresponds to a point lying to the
right of the curve ABCD in Fig. 3.1, then ignition occurs, which results in
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thermal explosion. The self-acceleration of a branching chain reaction occurs
because the rate of loss of active particles is lower than their rate of formation.

At lower temperature and pressures below the pressure, corresponding
point B (below the first explosion limit in Fig. 3.1), active particles can diffuse
to and be destroyed at the vessel walls. In order to describe the phenomena,
reactions (3.5.2)—(3.5.4) must be supplemented by equations describing diffu-
sion, absorption and distortion of H, O, and OH, rate of which is proportional
to the first power of pressure. As the pressure increases the diffusion rate
decreases and the critical conditions may be reached. When the pressure is
raised further, the rate of production of active particles exceeds their rate of
loss owing to diffusion to the walls and an explosion occurs (above curve AB).
In the initial stage of the reaction, when the concentration of H atoms is rising,
little heat is released. The thermal yield of the reaction is released only when
the concentration of hydrogen atoms is close to the maximum and they begin
to recombine with a large thermal yield. In the initial stage of the reaction the
chemical energy of the reagents goes into chemical energy of the active
particles rather than into thermal energy, thereby causing the rapid progress
of this reaction.

At still higher pressures the mechanism for loss of active particles changes.
Three body reactions such as

H+0,+M=HO,+M (3.5.5)

begin to play an important role (this reaction competes with
H + O, = OH + 0O). Reaction (3.5.5) leads to formation of the HO; radical,
which is very inert from a chemical standpoint and is able to diffuse to the vessel
walls before it reacts. Thus, this reaction begins to play as a chain termination
reaction. It should be noted that the loss of the HO, radical depends strongly on
the material of which the wall is made. With some materials all radicals that
reach the wall are lost, while with others a substantial fraction is reflected back
into the vessel volume without change. With increasing pressure the frequency
of three body collisions according to reaction (3.5.5) increases more rapidly
than the frequency of binary collisions yielding reactions (3.5.2)—(3.5.4), and the
rate of loss of active centers exceeds their rate of production after a certain
pressure. There is no explosion to the left from curve BCD and this explains the
existence of the second explosion limit in Fig. 3.1.

As the pressure is raised further diffusion becomes difficult and before
radicals reach the walls, the HO, radicals begin to participate in another
phase of chain propagation and branching reactions of following types:

HO, + H, = H,O, + H — 15 kcal/mol (3.5.6)
HO; + H = OH + OH + 37 kcal/mol (3.5.7)
HO, + H = H,0 + O + 54 kcal/mol. (3.5.8)
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A substantial amount of heat is released in reactions (3.5.7) and (3.5.8) which
also leads to an increase in the reaction rate that, in turn, causes further heating
of the mixture. If the rate of heat release exceeds the rate of cooling owing to
heat transfer to the vessel walls, then a thermal explosion takes place. This is the
origin of the third explosion limit above curve CD.

These are the basic concepts involved in the H, — O, reaction, which may be
viewed as a model reaction for the study of chain reactions. At present the
mechanism of this reaction has been studied quite thoroughly for a wide range
of reaction conditions with detailed discussions given in a number of textbooks.
Most fuel and oxidizer combinations have more complicated chemical kinetics
as compared with the limits in the H, — O, system.

Up to this point in explaining the existence of critical conditions for explosive
reactions, we have mainly proceeded from the idea of branching chain reactions.
However, the process that occurs at the third explosion limit of a hydrogen-oxygen
explosive mixture is associated with heating of the reacting mixture by the energy
released as a result of chemical change and corresponds to thermal explosion.

Problems
3.1. Write the stoichiometric coefficients for the product in the reactions below:

H, + 30, = ?H,0 + O,

H, + 0.5F, = 7HF + 7H,,

CHj + 30, = 7CO, + 7H,0 + ?0,,
C,HsOH + 60, = 7H,0 + ?CO, + 7H,O0.

3.2. Determine the heat formation of gasecous methane CH4 if bond energies
C-C(85.5keal/mol), C-H(98.1 kcal/mol), C(s) = C(g) + 171.5kcal/mol,
H, = 2H + 103 kcal/mol.

3.3. Calculate distribution of the products in the reaction N, + 0.50, —
aN, + bO; 4+ cNO, if the equilibrium constant for final pressure 1atm
and final temperature 4000K for the equilibrium reaction
0.5N, +0.50, = NO is Kp = 10793241 ~ (.3.

3.4. Determine the heat formation of gaseous butane C4H if bond energies
C-C (85.5 kcal/mol) and C-H (98.1 kcal/mol), C(s) = C(g)+171.3 kcal/mol,
H, = 2H + 104.2 kcal /mol. Result: AHP . ; -~ —31.3kecal/mol.

3.5. Determine heat of formation of CO, from the known heat of formation
of CO -26.4kcal/mol, and the experimentally know heat of reaction
CO(g> + %02(g) = COz(g) —67.6kcal (298K).

3.6. Calculate distribution of the products in the reaction hydrogen-fluorine,
assuming that the final pressure is 1 bar and final temperature 3500 K:
Hz + Fz — I’IHFHF + I’IHH + HFF.
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3.7. Calculate

distribution

of

3 Combustion Chemistry

the products in the reaction

CO;, +0.50; + 0.5N; — aCO + bNO + cCO; + dO; + eN»,
that the final pressure is 1 bar and final temperature 3000 K. The equili-

brium constants for the standard reactions are:

CO, < CO + 0.50, — K(3000K) = 0.3273,
0.50; 4 0.5N, <> NO — K,(3000K) = 0.1222

assuming

3.8. Consider the rate of production for the hydrogen-bromine reaction, taking

into account chain character of the H, — Br, reaction:

Br, +M —2Br+M (k) }
Br+H, - HBr+H (k»)
Br, + H — HBr + Br (k3) }
HBr+H — H, + Br  (k4)
M+2Br—Br,+M (ks) }

What is the overall order of this reaction?

chain initiation

chain propagation

chain termination



Chapter 4
Self-Accelerating Reactions, Explosions

4.1 Self-Accelerating Reactions

Some chemical reactions develop in time very slowly while others develop
extremely fast — “explosively”, and such phenomena as a flash, strong sound,
etc. usually accompany them in the later case. The important features of
explosions are that the rate of the reaction varies extremely rapidly with
temperature. As it was discussed in previous chapter, very often the explosive
paths of a reaction is explained by its chain character, that is, by the dependence
ofits rate on the concentration of active centers (atoms, radicals) formed during
the reaction.

Chain reactions take place through the formation of active particles. During
a reaction the amount of these particles may increase for two reasons. First,
active particles may be formed as a result of thermal motion, independently of
the chain reaction, since reagent molecules may dissociate upon colliding with
one another; the rate for this process can be high enough only for high tem-
peratures. Second, branching of the chain may occur, that is, an elementary
process involving one active atom or radical that yields two atoms (or free
radicals). Branching always occurs due to the reaction energy. For example, the
reaction H 4+ H, = 3H is possible from the standpoint of the material balance.
However from the standpoint of energy this reaction it is not possible, but the
reaction H + 3H; + O, = 3H + 2H,O0, on the other hand, is possible. The rate
of formation of active particles in this fashion is proportional to their concen-
tration. The presence of a source of active particles is extremely important and
determines the main features of chain kinetics. The appearance of active parti-
cles can initiate branching that is formation of multiple numbers of active
particles if it is possible energetically. Besides, always there are processes,
which cause their loss. The rate of removal of active centers from the reaction
by collisions with stable molecules or by diffusion to the vessel walls also is
proportional to the concentration of active centers. When the rate of chain
branching becomes greater than the rate of chain termination, there is an
explosion conditions; when the contra conditions exist, the explosion is impos-
sible. Essentially, the same type of concept holds for thermal explosion (or
thermal ignition). When the rate of thermal energy release is greater than the
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rate of thermal energy loss, an explosive condition exists; when the contra
condition exists, the explosion is impossible.

Thus, the equation for the time variation of the concentration of active
centers can be written in the form

%:Wo—f—fn—gn, 4.1.1)

where Wy is the rate of creation of active centers and f and g are the rate
constants for chain branching and chain termination. Writing f — g = ¢ we
obtain

dn

=W 4.1.2
at 0o+ o¢on ( )

Note that the rate of creation of active centers, Wy is very small, almost equal to
zero, so that in experiment we can’t measure either change in the concentration of
active centers or heat of the reaction. A change in the external conditions
(temperature, pressure) causes changes in both fand g. Since no activation energy
is required for loss of an active center, the constant characterizing the formation
of new active centers by chain branching typically have much stronger tempera-
ture dependence than the rate of chain termination. Thus, the difference
f — g = ¢ changes sign as the temperature is raised. At low temperatures it is
negative and at high temperatures it is positive. An examination of Eq. (4.1.2) for
the reasonable initial condition n(t = 0) =0 shows that when ¢ <0 (at low
temperatures), the concentration of active centers approaches the limit
Wo/(—), still a small quantity, and dn/dt — 0. On the other hand, when
¢ >0, the rate of formation and the concentration of active centers rise continu-
ously. Thus, depending on the sign of @ the type of solution changes drastically.
The temperature at which @ equals zero is the critical temperature below which
an explosion is impossible. These qualitative considerations explain the existence
of an explosion region for an explosive mixture at fixed initial pressure when the
initial temperature passes through a critical value corresponding to ¢ =0 .
The solution of Eq. (4.1.2) satisfying the initial condition n(t =0) =0 is

_Wo et 4.1.3
n (p( )- (4.1.3)

The rate of formation of the end products, that is the reaction rate, is

B VfW()

W =v-(fn) (e® —1), (4.1.4)

where v is an integer of the order unity that tells how many molecules of the end
product are formed as the result of the reaction of one active center. When
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¢ > 0, i.e., chain branching occurs more rapidly than termination, n increases
with time exponentially as does the reaction rate. In the early stages of the
reaction, while there is a build up of active centers, the rate remains lower than
the limit of measurability since Wy, is very small for explosive reactions and the
change is hardly noticed. After a certain time the rate reaches a measurable
value and continues to rise without limit. This time corresponds to the induction
or delay period t;. Since Wy, is always much smaller than W ,;, for an explosive
reaction, exp(ot) is much greater than unity for t > t; and with sufficient
accuracy we can set

Wof
W A v—2 ot

The induction time is therefore equal to

1 Wmin(P
ti=—1 4.1.5
o) n{ Vng} ( )

The variation in the logarithmic term can be neglected, so that
ti = const/o.
For large ¢, whenf >>g, o =f— g~ f,

Wmin

1
W~ vWyexp(o), and t; = aln{v—wo

} ~ consty /.

A change in @ for constant Wy causes a sharp change in the induction period
and reaction rate. Thus, when ¢ is reduced there is a noticeable increase in t; and
the reaction rate curve is expanded in time. As ¢ is decreased, the self-acceleration
of the reaction becomes less and less distinct and, finally, when ¢ = 0, the kinetic
curve becomes a straight line given by the equation

W = vWf't.

Now, the induction time corresponding to detectable rate Wy, is reached after
a time

6= Wmin

l VfW() '

In this limiting case the reaction rate increases without bound until burn up of
the reactants begins to have an effect. If ¢ is decreased still further and becomes
negative ¢ <0, then the character of the reaction changes substantially. It
follows from Eq. (4.1.4) that for ¢ <0 the reaction rate will approach a limit
vfWy/|o]. Since this quantity is less than Wy, being extremely small, we
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conclude that when ¢ <0 the reaction does not proceed. For very small negative
¢, only a small change in the external conditions (pressure or temperature)
leading to a tiny increase in f is needed to cause ¢ to change sign and to make the
reaction undergo self-acceleration.

4.2 Thermal Self-Ignition

The self-acceleration of a chemical reaction may also be associated with the
build up of heat in the system. Two conditions must be fulfilled for this to occur:
first, the mixture must release a certain amount of energy as heat during the
reaction and, second, the reaction rate must rise with temperature. The over-
whelming majority of reactions between stable molecules satisfy the second
condition. These reactions do not proceed at low temperatures while at high
temperatures they proceed rapidly. If the first condition is satisfied, that is, the
reactions are exothermic, then the heat of reaction alone may cause the reaction
to speed up and lead to an explosion, unlike chain reactions in which the rate of
the initial thermal reaction Wy is very small.

Let us consider the simple case when the reaction rate depends on the
concentration of only one reacting component. The kinetic equation is

% = —W(a,t) = —kpa"e E/RT (4.2.1)
where n is the order of the reaction, for example, n = 2 for the bimolecular
reactions.

Let Q is the heat of the reaction, Ty is the initial temperature of the mixture
consisting of Ny moles; a = N/N is the concentration. From the first law of
thermodynamics we can write down condition for the enthalpy balance for
adiabatic process

CpNo(T — T()) = Q(No — N), or CP(T — To) = Q(a() — a), (422)

where N is the number of the reacted moles.
For the highest temperature Ty reached during complete combustion of the
reagent under adiabatic conditions in a vessel we obtain

cp(Ty — Tp) = Qay. (4.2.3)

If reaction proceeds in a vessel of constant volume then we obtain formulas
similar to (4.2.2) and (4.2.3) but with the specific heat at constant volume cy
instead of cp.
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Using (4.2.2) and (4.2.3) we can express concentration via temperature as

Ty —T

_— 424
e (4.2.4)

a = qq

and rewrite equation for (4.2.1) for the only variable, for example, for
temperature

dT “n n—
g = Koab ™ (To = To) (T = T)"e */8T = W (T) (4.2.5)

or for concentration

da _ —koa" ex {— E/RT,
de T TP T (Qao/eppeTo) (1 — a/a)

} =-Wy(a), (4.2.6)

where we used relation between adiabatic temperature and concentration for
isobaric process Ty, — To = Qay/cppy-

Equations (4.2.5) and (4.2.6) determine the time variations of the tempera-
ture, concentration and reaction rate. The reaction rate increases very rapidly
with the reduction in the amount of reactants that have been consumed, and
only when very little of the reactants are left does the reaction rate reach a
maximum and begins to fall. Such dependence of the reaction rate is typical
feature of explosive reactions that are catalyzed by the heat released during the
chemical change with the rate given by the Arrhenius law with large activation
energy.

For typical reactions, the activation energy is of the order of several tens of
kilocalories so that, E/RT>>1 over the entire temperature range of interest
(300-4000 K). Calculating the maximum of the functions W, (T) and W(a), we
find expressions for a, and T,, corresponding to maximum of the reaction rate
(for RTp/E<<1)

T./T, = 1 —n(RT,/E) 4.2.7)
a./ag = nRTE/E(Ty, — To). (4.2.8)

For RT},/E << 1 the maximum of the functions W;(T) and W»(a) at the points
for a, and T,, is very sharp. Using (4.2.7) and (4.2.8) we can obtain

2 n
W(.,T.) n RTj e-( *—) (4.2.9)
W(ap, To) e \E(T, — To)
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It is interesting to examine the effect of burn up of the reactant on the peak
value of the reaction rate. For this we use the ratio

W(aOa T*) N ao -n E(Tb _ TO) : (4210)

A numerical solution of Egs. (4.2.5) and (4.2.6) in Fig. 4.1 shows the
time variations of the temperature, concentration and reaction rate for
E/RT, = 12.5, T, = 2.5T), Ty = 800K, n = I. It is seen that from the begin-
ning of the reaction until the reagents are almost fully consumed, the entire
process has two characteristic stages, which are similar to the case of branching
chain reactions. From the beginning, the temperature of the mixture and
the concentration of the reagent change slowly over a comparatively long
time interval — the induction period. The second stage is a rapid heating of the
mixture accompanied by fast burn up of the reacting substance. If we estimate
the induction period for this example to be the time over which the reaction
reaches 5% of its maximum value, then the induction period occupies 85%
of the duration of the entire process. At higher activation energies there is a
still more distinct difference in duration of the induction stage, during which
almost none of the reactant is consumed, followed by practically instantaneous
burn up.

Taking this into account we can for a high activation energies use a model
with the time dependence of the reaction rate being approximated by a delta-
function as

T(K)

1600

Fig. 4.1 The time variations
of temperature (1), concen-
tration (2) and reaction rate (3)
in the adiabatic thermal
explosion. [From Zel’dovich
Ya. B., Barenblatt G. 1.,
Librovich V. B.,

Makhviladze G. M. “The
Mathematical Theory of \
Combustion and Explosion”,

Consultants Bureau, NY, 800 |_—
1985.] 0 40 80 kot
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Wi(t) = Apd(t — t;) (4.2.11)

where the normalizing constant A is determined from the condition that all the
fuel be used up in the reaction,

/ W(t)dt = A,, (4.2.12)
0

and the induction period t; can be defined as the time over which the reaction
rate reaches its maximum value.

The induction period can be calculated by integrating Eq. (4.2.5) with the
initial condition T(0) = T

Ty
ar =
Koal ! (Ty — To)' ™t = / me— (4.2.13)

To

For the reaction orders n > 1 the integral in (4.2.13) diverges as T — Ty,
This means that the final state, characterized by complete consumption of the
reagent, attained asymptotically over an infinite time. Therefore, the time for
completion of the reaction is usually estimated as the time over which the
concentration falls to an amount of the order of 1% of the initial value ay.
The integral in (4.2.13) can be calculated analytically using expression for the
exponential integral and its asymptotic for large argument. The result for the
adiabatic induction time is

tia = ! RT% exp(E/RT,), forn =1 (4.2.14)
la_kOE(Tb_TO) p 0/ - 5 e
1 RT}
tia = exp(E/RT,), forn = 2. (4.2.15)

koao E(Tb — T())

4.3 The Frank-Kamenetskii Transformation

The fact that the rate of a chemical reaction depends strongly on the tempera-
ture according to Arrhenius law for E/RT > > 1 makes possible to simplify all
calculations considerably, and to investigate analytically the basic properties of
explosions and combustion due to the function W(T) = Cexp(—E/RT) can be
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replaced by W/(T) = C'exp{(T — T;)/©} which is very close to the Arrhenius
temperature dependence over a temperature interval in the vicinity of some
given temperature T, for suitable values of the constants C' and ©. To make this
replacement, we expand the exponent in the Arrhenius formula in a Taylor
series to the first linear term near T,

_E =(T-T))
W(T) = Ce*R_ET ~ Ce REIGRT% 1 , (431)

which gives

C' = Ce ™ and © = RT2/E.

The functions W(T) and W/(T) and their first derivatives are equal at T = T.
This approximation for the Arrhenius’ law temperature dependence of the reac-
tion rate was proposed by D.A. Frank-Kamenetsky (the Frank-Kamenetsky
transformation) and it is widely used in combustion theory. Since the basic
equations of the temperature dependence of the reaction rate are nonlinear, it is
much easier to work with the function exp (Ax) than with exp (B/x), explicitly
introducing into the analysis the characteristic temperature interval © = RT% /E
and representing a small parameters in asymptotic solutions with a good accu-
racy. Formally, the characteristic temperature interval is the temperature range
over which the rate of a chemical reaction varies by a factor of e. Table below
shows the values of the Arrhenius law temperature dependence of the reaction
rate, W(T), and the corresponding approximation W’(T) for E/RT, = 2000K at
various temperatures (we use the values T; = 2000 K and E = 80000 kcal/mol,
which yield © = 100 K).

T 1000 1800 1900 2000 2100 2200 4000
T/T, 0.5 1-20/T, 1-0/T; 1 1+6/T, 1420/T; 2
W(T)/W(T;) 210° 1.1107" 349100 1 2.59 6.16 2.2 10*
W(T)/W(T,) 4.510° 13510 36710 1 2.72 7.39 4.85 10

As can be seen in the table, within a characteristic interval of T the error in
using the approximation is less than 5%. Though the relative error increases
rapidly for large differences between T and T} this difference, is not important
since the reaction rate at temperatures far from T, is very small and may be
neglected compared with the rates at temperatures near T;. The peak tem-
perature, which typically is the adiabatic flame temperature, is usually well
known.
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4.4 Semenov’s Theory of Thermal Explosions

N. N. Semenov (1927) first considered the progress of the reaction of a com-
bustible gaseous mixture that has initial temperature Ty in a vessel, which walls
kept at a fixed temperature T, throughout the process. We assume that at the
beginning the gas temperature is also Ty. The amount of heat release in the
reaction can be represented in simplified form as

q. = QW = Qa"Aexp(—E/RT). (4.4.1)

The rate of heat transfer to the vessel walls can be estimated, taking into account
that the heat flux through the surface element dS is dS g—I, and total heat flux
from the vessel of volume V and its surface S is

q_ = K% (T —To), (4.4.2)

where x is the coefficient of thermal conduction.
The temperature change for the system with simultaneous heat generation
and heat losses is defined by the overall energy conservation

dT
PV g = (4y —q-), (4.4.3)

where cy is the specific heat at constant volume.

Neglecting by burn up of the initial reactants we obtain the condition for
stationary state of the reaction by equating the heat production to the heat loss
(94 =q_ ) and determine the values of the steady-state temperature in the
vessel. The corresponding solutions are shown in Fig. 4.2, where q, and q-
are plotted as functions of the temperature. Note, that q, rises with the
temperature in the same way as the reaction rate (Arrhenius law, curve 1)
while the rate of heat loss rises linearly (curve 2).

Let the heat transfer be large enough so that the heat loss line intersects the
heat influx curve. Since the temperature of the mixture at the initial time is equal
to the wall temperature T, at first there is no heat loss. As soon as heat is
released in the reaction, the temperature of the mixture begins to rise. Then the
temperature difference T — T, between the gas and vessel walls rises and causes
the rate of heat loss to increase. At some gas temperature T = Ty the rates of
heat production and heat loss become equal (point F of Fig. 4.2) and the gas
will not be heated further. If by some reason the temperature becomes slightly
greater than Tg, then the temperature falls to Ty since at that point the heat loss
is more intense than the heat release. This indicates that the steady-state regime
corresponding to point F is stable. Thus, if the heat transfer is large enough that
the heat loss line intersects the heat production curve, then a gas initially at
temperature T, will be heated to temperature T, close to Ty and will react for a
long time at this temperature.
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Fig. 4.2 The dependence of qtq-
the rate of heat release
(curve 1) and the heat loss 2
(curves 2, 3) on the
temperature
3
Ty Tr Tx Tg T

The second intersection point, G, existing at the temperature T = Tg,
corresponds to the unstable regime. If the temperature is reduced below than
Tg, the rate of heat loss exceeds the rate of heat production and the temperature
falls to Tg. If the gas is heated to T>Tg, then the heat release rate will rise
further. For an initial gas temperature below T the gas cools to Ty and reacts
at a constant rate, while for an initial gas temperature above Tg the mixture
ignites and temperature will rise further. Ignition occurs only if we heat the
mixture to a temperature T>Tg much higher than the vessel temperature. A
mixture with an initial temperature T <Tg cannot ignite, which means that this
is not self-ignition.

Let us assume that the heat losses decreased, for example, owing to the
decrease in S/V for larger vessel, while the wall temperature Ty remains the
same. The heat release curve is the same but the slope of the heat loss line is
smaller. If the q, curve is above the q_ for all temperatures (the critical slope
corresponds to curve 3 in Fig. 4.2), then temperature of the reacting mixture will
rise from initial temperature Ty unboundedly. The reaction rate will also rise
unboundedly; the stable exothermal reaction regime cannot exist and self-
ignition will occur. Also if the initial pressure is increased, the heat release
curve shifts to higher values, which are proportional to p® o< P" according to
Eq. (4.4.1). If the value of pressure is such that q is everywhere greater than q_
then self-ignition will occur.

The same conclusion can be obtained by changing the wall temperature T
for the same vessel. In this case the slope of the heat loss line is unchanged but
the g_ line shifted parallel to itself in the direction of the temperature change
(Fig. 4.3). A steady regime corresponding to temperature T exists for a wall
temperature Ty; <T,, but for a wall temperature T, > Ty, , the lines q, and q_
do not intersect and an explosion occurs (Fig. 4.3).
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Fig. 4.3 The temperature q+,q-
dependences of the heat

release and loss rates for
various initial gas 8

temperatures

H
F

The highest wall temperature at which a stationary regime is possible corre-
sponds to Ty = Ty,; when the heat production curve is tangent to the heat loss
curve. From these considerations it is clear that the ability of a fuel mixture to
explode i.e. a self-ignition of the mixture depends on the shape and dimensions
of the vessel, the thermal conductivity of the gas, and so on, as well as on the rate
of the chemical reaction. The point H in the Figures 4.2 and 4.3 represents the
ignition temperature Ty = Tj,.

A fundamental feature of Semenov’s theory is that a steady-state approach is
used in the analysis of what might seem to be an essentially unsteady process.
The condition of an explosion (nonstationary regime) is formulated as the loss
of the steady-state regime, that is, as the impossibility of a balance between heat
production and heat losses. Semenov showed that, although the reaction takes
place at a higher temperature than the initial wall temperature, but the wall
temperature does determine many important characteristics of the process, such
as the condition for ignition, the reaction time, etc. If, for example, at a
temperature of 580 C self-ignition does not occur while at 600 C it does, this
does not mean that the reaction rate is high enough at 600 C to produce the
observable external manifestations of an explosion. Actually, at this initial
temperature the conditions are such that the reaction rate rises rapidly and
the high temperatures (above 2000 K) are reached at which the reaction rate is
high enough to produce effects accompanied an explosion. The initial tempera-
ture at which an explosion occurs is not some singular point where the reaction
rate experiences a discontinuity, but ignition is a consequence of the fact that,
beginning with this temperature, the heat loss cannot balance the heat produc-
tion. Contrary, for a chain explosion with chain termination in the vessel
volume, the critical ignition condition ¢ =0 is a consequence solely of the
properties of the mixture.
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4.5 Critical Conditions for a Thermal Explosion

We now apply method of the Frank-Kamenetskii transformation to analyze the
critical conditions for a thermal explosion. Consider the system parameters at the
boundary separating the two possible regimes of a stationary slow reaction and
an explosion. Substituting the expressions for q, and q-, and W in the heat
balance Eq. (4.4.3) and applying the Frank-Kamenetsky transformation near the
wall temperature T = T, which equals the initial gas temperature, we obtain

— =’ —v0 4.5.1
w7 (4.5.1)

where we introduced the dimensionless variables

T-T, t Ocyp 1 E
(__) 71 tia ) Ha Qag k() exp{RTo} ( )
and the parameter
Y = tia/ta, ta = cypV/KS, (4.5.3)

which is the ratio of the adiabatic induction time to the characteristic time of the
heat loss. The magnitude y = tj, /t, depends on the volume, surface area of the
vessel, the thermal conductivity of the mixture and the wall temperature Ty. If
the heat losses are small so that t,>> t;,, then y = t;,/t, < <1 and we can
neglect by the second term on the right side of Eq. (4.5.1). For small y the
characteristic heat transfer time is much greater than the characteristic heat
production time; the heat cannot be removed to the vessel walls and, therefore,
an explosion must occur. This means that for sufficiently small y the right hand
side of the Eq. (4.5.1) must be positive for arbitrary 0; that is d6/dt>0 for all t,
and the equation

e —v0=0 (4.5.4)

has no roots, so that the temperature increases unboundedly.

If v is such that the roots of Eq. (4.5.4) are real, then a stationary regime is
possible: the temperature initially rises to a value such that ¢ — y0 goes to zero
and then the reaction proceeds at a constant temperature.

The condition for a transition from a stationary burning regime to an
explosion is the same as we obtained above in the Semenov’s theory (sce
Figs. 4.2 and 4.3); this is the tangency of the curves exp 6 and y6. At the point
separating the two reaction regimes

d d
9 = _— 9 = —
e’ =v0, and dee dey& (4.5.5)
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that gives the ignition conditions in the form
y=e,and 6 = 1. (4.5.6)
The equality 6 = 1 , which can be rewritten in the form
T, —-Ty =0, (4.5.7)

defines the maximum pre-explosion heating of the mixture.
Writing the condition of tangency of q, (T) and q_(T) we obtain for the pre-
explosion temperature

1oy /1—aRD

T.=—
E

3

which coincides with (4.5.7) for RTy <<E.
Substituting the expression for y from Eq. (4.5.3) in the first of conditions
(4.5.6), we obtain

SOexp(E/RTy) _ (4.5.8)
\" koaSQ
This equation gives the relation between the initial temperature Ty, the reaction
energy Q, the concentration of the reactant ay, the volume and shape of the
vessel (V and S), the heat conductivity coefficient of the mixture, and the initial
pressure of the fuel mixture at the explosion limit (aj oc p" oc P").
The induction time of thermal explosion can be obtained integrating
Eq. (4.5.1) and neglecting by consumption of the reagents

[ o

0

The upper limit in the integral in (4.5.9) was set at infinity assuming that the
condition E(Ty, — Tp)/RT;>>1 holds. If in addition it is possible to neglect by
the heat losses, then the induction time calculated from (4.5.9) will coincide
with the adiabatic induction time, which was calculated before, Eqs. (4.2.12)
and (4.2.13).

4.6 Spark Ignition and Minimum Ignition Energy

Contrary to the spontancous ignition the spark is the most prevalent form of
forced ignition. In the automobile cylinder it initiates a flame that propagates
through the engine cylinder. Typically the spark is fired before the piston
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reaches top dead center and as flame is traveling the combustible mixture ahead
of the flame is compressed. Forced ignition can also be brought about by a
shock wave, which is strong enough to raise temperature of the mixture above
the ignition point. The most commonly used spark systems are those developed
from the electric discharge with the duration of about 0.01/100 ps.

Let us estimate minimum energy of a spark required for ignition, assuming
that the spark can be modeled as a point heat source, which releases a quantity
of heat. In this model the distribution of the heat is given by equation

T
ch%—t: K AT (4.6.1)

with the boundary conditions T(r = co) = Tj.
The input energy at any time must also obey the equality

Q/cpp = / T(x,y,z)d’x = 4n / (T(r) — To)r’dr. (4.6.2)
0

where Q is the energy released at constant pressure, or at constant volume.

Two Egs. (4.6.1) and (4.6.2) are equivalent to the Eq. (4.6.1) with the sources
of energy in the form of delta-function, q = Qd(r)é(t). The solution of
Eq. (4.6.1) is (see Sect. 7.3)

T(r,t) — Ty = r ),X = K/pcp (4.6.3)

8(mxt)*/? ( 4xt

It is seen that temperature is maximum at the point r = 0 and decreases with
time as 1/t%2, and simultaneously temperature of the surrounding gas is
gradually increasing. The condition for ignition can be specified assuming
that the cooling time associated with T(0) is greater than the reaction duration
time for a laminar flame. A simple estimate of the ignition condition can be
obtained considering stability of the solutions of stationary equations asso-
ciated with Eq. (4.6.1) with the energy source in the right hand part. If right
hand part is positive, then positive is time derivation of the temperature, which
can be view as instability and ignition. In such consideration cooling is asso-
ciated with energy loss due to thermal conduction. As larger temperature
gradient as larger thermal losses are. This leads to condition for ignition as
condition for the size of the spark where energy was released

ro>42Lg, (4.6.4)

where Ly¢ is the width of the laminar flame defined by thermal conduction of the
combustible mixture.
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Problems

4.1. Explain the explosion limits for stoichiometric hydrogen-oxygen reaction.

4.2. Analyze possible regimes of thermal explosion of exothermal reaction for a
mixture in container, using steady state Semenv’s approach.

4.3. Explain the difference between chain explosion and the thermal explosion.

4.4. Derive equation for concentration of the intermediate product, B in a
consecutive reactions of the first order given by the equation:
A(k;) = B(ky) — C+D.

4.5. Explain what is the order of the reaction dC,/dt = —kC.C, and how the
reaction rate depends on pressure?






Chapter 5
Velocity and Temperature of Laminar Flames

5.1 Reaction Waves Propagation Through a Combustible Mixture

Under ordinary conditions, i.e. atmospheric pressure and room temperature,
the rate of chemical reactions in most combustible mixtures is negligible. A
perfectly premixed fuel-oxidant mixture ignites only under conditions when
either there is a spark, which can heat considerably the mixture, or the walls of
the vessel can heat the mixture or some seed active centers are introduced. Let
these conditions are realized at a single place inside the vessel, for example, a
spark is used to produce local heating of the fuel mixture to create either a
sufficient number of active centers, or very high local temperature. After local
ignition a reaction wave starts moving through the mixture.

A self-sustained wave of the exothermic chemical reaction spreading through
a homogeneous combustible mixture is known to occur either as a subsonic
deflagration (premixed flame) or supersonic detonation waves. From the math-
ematical point of view, both deflagration and detonation appear to be stable
attractors each being linked to its own base of initial data. A detonation wave is
caused by rapid compression of the substance in a shock wave, which rapidly
compresses and heats the substance so the reaction can proceed at a high rate. In
turn, the heat released in the chemical reaction keeps the intensity of the shock
wave constant, thereby ensuring that it will propagate over large distances.
The second mode of propagation of a chemical reaction wave is at velocities
substantially below that of sound and is associated with molecular thermal
conductivity and diffusion. This is the flame propagation regime. During
thermal propagation of a wave, the heat released in the chemical reaction is
transmitted to neighboring parts of the unburned reactant gas by thermal
conductivity, heats this gas, and initiates the chemical reaction in the neighbor-
ing parts. In chain propagation, the reaction of new layers is driven by diffusion
of active centers. Also, it is possible that diffusion and thermal conductivity may
act together.

Typically, during the propagation of the reaction, the burning proceeds in a
layer, which is very thin compared to length scales of the problem, for example,
the size of the combustion chamber. This layer is known as the reaction zone or
the flame thickness. In the first approximation the propagation of a flame can

M.A. Liberman, Introduction to Physics and Chemistry of Combustion, 89
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thus be treated as propagation of a geometrical surface of negligible thickness,
which separates by unburned reagents and combustion products, and which is
moving relative to the unburned gas with a known velocity. This velocity is
called the normal propagation velocity of the flame or also referred to as the
laminar flame speed. The thermal theory of flame propagation was first
suggested by Mallard and Le Chatelier (1883), who postulated that the heat
transfer controls the flame propagation, and the flame consists of two zones
separated at the point where the next layer of combustible mixture ignites.
Father development of the theory of flame propagation is due to Lewis and
von Elbe (1934) and Zel’dovich and Frank-Kamentskii (1939).

The normal propagation velocity of a flame determines the volume of fuel
mixture consumed per unit time per unit surface of the flame surface has the
dimensions of linear velocity (cm/s). For a curved flame front, the normal
combustion velocity characterizes the velocity of the flame front relative to
the unburned mixture in the direction normal to the surface of the flame front.
The magnitude of the normal propagation velocity of a flame is determined by
the kinetics of the chemical reaction and by mass transport processes inside the
flame front: thermal conductivity and diffusion. Because of poor knowledge of
the reaction kinetic coefficients, for practical applications usually the magni-
tude of the normal flame velocity is taken from experimental measurements
rather than calculated theoretically. Such experimental measurements can be
easily performed with a quite high precision. When the tube is opened at both
ends, the velocity of combustion wave is in the range from a few cm/s to 10 m/s.
The normal flame velocity for most hydrocarbon-air mixtures is about 40 cm/s.

Considering a flame front as a geometrical surface of zero thickness it is
convenient to choose a coordinate system co-moving with the flame front, so
the flame front is at rest in this co-ordinate system. The unburned fuel mixture
moves into the flame front with velocity u, (upstream flow) and the combustion
products flow out of the flame front with velocity uy (downstream flow).
Clearly, the upstream velocity u, is equal to the normal velocity of the flame
relative to the motionless gas. The relationship between u, and uy for a plane
flame front steams from the condition of conservation of the total mass flux.
The total mass of gas entering the flame per unit area of the front must be equal
to the mass of combustion products leaving this surface downstream:

Pulln = Ppls, (5.1.1)

where p, and py, are the densities of the initial unburned mixture and combus-
tion products. Thus,

up = Py, (5.12)
Pb

Obviously the velocity uy, of the burned products is greater than u,, since the gas
is heated and expands during combustion, which means that the flame front
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propagating in the motionless gas mixture in a laboratory co-ordinate system
will inevitably involve gas in the motion. While gas is at rest ahead of the flame
front, the gas of the burned products will be involved in a motion. The overall
picture of the gas dynamics ahead and behind the flame depends on the
boundary conditions of the particular problem. For example, it is different
for a flame propagating through the tube with the closed or open ends. It is
important feature of the gaseous burning that the burning mixture undergoes
strong expansion. Because of the expansion the burning process becomes
strongly coupled to the gaseous flow; which leads to different flame instabilities,
generation of pressure waves, etc.

Since normal velocity of a flame is much smaller than sound velocity, the
pressure is practically constant over the gas volume. As we shall see, the
pressure varies as AP/P = M? | where M u,/as< <1 is the Mach number.
Thus, taking into account that pressure is constant, we can rewrite (5.1.1) as

Py _ T

; (5.1.3)
U Py My T

where T, and T} are the temperatures of the initial unburned mixture and the
adiabatic flame temperature — the temperature of combustion products, and
and p, are the molecular weight of the initial mixture and combustion products.
Since for ordinary combustion reactions ., = p, and the temperature changes by
a factor of 6/12, we find that p,/p, = up/u, ~ 6/12. The expansion coefficient,
© = p,/py is one of the most important flame parameters. It is convenient to
introduce the combustion mass flux p,u,, which is the product of the gas density
and velocity. This quantity has the dimensions g/cm?s and represents the mass of
material burned per square centimeter per second in the flame front. It is also
convenient to refer the rate of heat release to unit surface area of the flame. The
corresponding quantity has the dimensions cal/cm?s.

5.2 Velocity and Thickness of Laminar Flames

In this section we shall discuss the physical basis of the thermal flame propaga-
tion, which serves as the foundation of the concept of how reaction waves
propagate.

For the sake of simplicity we shall consider premixed flames propagating in
gaseous combustible mixture, which is the opposite case to diffusion flames.
This means that all components necessary for the reaction are present in the fuel
mixture from the very beginning and in order to start the reaction one has only
to heat the mixture. In the case of premixed flames the burning rate is not
controlled by the diffusion process, still even for premixed flames the fuel
diffusion is an important factor of propagation together with thermal conduc-
tion. Particularly, when the fuel diffusion is stronger than the thermal
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conduction, then the thermal-diffusion instability of a planar stationary flame
may develop. We shall consider mostly the situations of equally strong fuel
diffusion and thermal conduction, when the hydrodynamic flame properties
can be elucidated.

A remarkable feature of premixed combustion is a very strong dependence of
the reaction rate on temperature expressed by the Arrhenius law for the reaction
rate o exp(—E/RT), for high activation energy, E/RT > > 1. The activation
energy of many reactions is so large, that the reaction rate at the room tem-
perature may be taken zero. On the contrary, increase of the fuel temperature
even by a factor 2may lead to increase of the reaction rate by 10-12 orders of
magnitude. In the case of a strongly exothermic reaction when a considerable
amount of energy releases, relatively slight increase of the temperature at some
region ignites the reaction, which eventually extends over the whole gas. It is
obvious, that because of the strong dependence of the reaction rate on the
temperature, the chemical reaction will proceed nonuniformly inside a flame
front, and the reaction will be mainly concentrated in the portion of the flame
front adjacent to the hot combustion products. Where the temperature is lower
the reaction proceeds at a much lower rate and can generally be neglected.

In the flame the transport processes dominate because of the rapid drop in
the temperature and concentrations of the reactants through the flame front.
Once a reaction is ignited it can propagate in a self-supporting regime. The
burnt matter has larger temperature and thermal conduction transports energy
from the hot burned matter to the cold fuel: the temperature of the fuel close to
the burned matter increases, the reaction in this fuel develops faster until
another portion of the fuel is burned. The released energy is transported by
thermal conduction to the next fuel layer and so on, resulting in propagation of
the reaction front.

Flame velocity and thickness may be estimated on the basis of a simple
dimensional analysis. Let the burning process is characterized by some char-
acteristic time Ty, which is the time of the heat release, then the only combina-
tion of velocity dimension that may be constructed out of the thermal diffusivity
coefficient ./p, Cp and the reaction time T, is

[ a
Ur o 4 |— e, 5.1
f o Cot (5.2.1)

where A is the coefficient of thermal conduction and Cp is the specific heat of the
fuel at constant pressure. In a similar way, the dimensional analysis gives the
formula for the flame thickness. The distance heated by thermal conduction can

be evaluated as Ax = Ly =, /ﬁ‘tb, and the reaction wave velocity is of the

order of Uy = Ax/1yp, so that taking into account (5.2.1) we have

A

Li=———.
! p.CrUs

(5.2.2)
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The exact magnitude in these formulas depends on the definition since both a
thermal conduction and density are depending on the gas temperature. We can
choose the value & = A, (T}) as the definition for L. The first important conclu-
sion from these simple estimates is that as shorter the reaction time and stronger
the thermal conduction, as faster flame propagates and thinner the flame front.

Let us compare the flame velocity to the sound speed. From kinetic theory
the thermal diffusivity coefficient can be expressed through the sound speed a;
(that is about the thermal velocity of molecules) and the mean free time Tcoy,
which is the average time between molecules collisions, Ap,/Cp ~ a?‘ccou. Then
we obtain Ug/ag o< \/Teon/Th. Since only a very small fraction of colliding
molecules react because of the large potential barrier of a reaction (because of
a large activation energy), then T.o < <Tp and this means that flame velocity is
much smaller than the sound speed, Uy < <ag. Typical velocities of flame at the
normal laboratory conditions are given in Table 5.1.

Table 5.1 Velocities of flames at normal conditions (P = 1 atm, T, = 300 K)

Fuel Combustible mixture Ur(em/s) Tp(K) O =p,/pp
Methane CHy 6% CH4+94%Air 5 1850 6.3
Methane CHy 6.84% CHy4-Air 15 1900 6.3
Methane CHy 7.76% CHy-Air 27 2000 6.7
Methane CHy 9.5% CHy-Air 43 2250 7.5
Methane CHy 11.6% CHy4-Air 25 2100 7.5
Methane CHy 10%CH4-O, 80 2200 7.3
Methane CHy 25%CH,4-0, 304 3000 10
Methane CHy 40%CH4-0, 305 3000 12.7
Methane CHy 50%CHy-O, 112 2650 13.3
Propane C5Hg 2.86% C;Hg-Air 28 1870 6.4
Propane C3Hg 3.64% C3;Hg-Air 35 2170 7.5
Propane C3;Hg 4.02% C3;Hg-Air 40 2240 7.8
Propane C3Hg 5.5% CsHg-Air 17 2030 7.5
Propane C3Hg 5.9% C3Hg-Air 5.9 1830 6.9
Propane C3;Hg 7.4%C;3Hg -O, 240 2500 9
Propane C3Hg 19.3%C3Hg -O, 320 3000 13.6
Propane C3Hg 21.9%C3Hg -0, 235 2800 14.3
Propane C3;Hg 22.7%C3Hg -0, 190 2750 14.5
Ethane C,Hg CyHg+3.50, 44 3086 10.3
Butane C4H g C4H p+6.5 O, 45 3101 10.3
Benzene CgHg CeHe+7.5 O, 48 3136

Hydrogen H, 20% Hjy-Air 100 1910 5.7
Hydrogen H, 30% H,-Air 195 2300 6.5
Hydrogen H, 40% H,-Air 265 2240 6.5
Hydrogen H, 57% Hy-Air 190 1850 5.5
Hydrogen H, H>+0.50, 900 3080 7.8
Hydrogen H, H>+0.50,+0.5 N, 520

Acetylene CoH» C,H5+2.50, 1330 3342

Carbon Monoxide CO+0.50, 29 2977
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Let 1 will be molecule mean free path. The reaction time Ty is the product of
the average number of collisions Z experienced in that time by a reactive
molecule and the mean collision time: T, = Z(I/a,). Substituting this depen-
dence in the expression for flame velocity, we find

Ur ~ a/Z (5.2.3)
and the characteristic width of the flame to be
L~ 1VZ (5.2.4)

Equation (5.2.3) is similar to the Einstein’s expression for the mean diffusion
velocity in a given direction with Z being the total number of collisions experi-
enced by a particle during the diffusion time and Eq. (5.2.4) is similar to the
Einstein’s formula for the mean distance covered by a molecule after Z colli-
sions. It is clear from the molecular picture of flame propagation: a fuel
molecule undergoes Z collisions in the combustion zone and during this time
it covers a distance Ly at mean velocity Uy. The difference between a diffusion
process and the propagation of a flame is that the mean velocity of diffusing
particles falls with time (as 1/+/t) while the velocity of a flame is constant in time.
The point is that the motion of a flame does not involve displacement of the
molecules along the entire path followed by the flame front. A given molecule
moves within the combustion zone for only an extremely short time and under-
goes Z collisions on the average, after which it reacts and, thereby, creates the
conditions necessary for the next molecule to pass the same way.

Let us consider qualitatively propagation of the reaction wave from another
standpoint. In the co-moving co-ordinate system flame is at rest and we con-
sider the reaction zone as a surface located at x = 0 with fixed temperature Tj,.
Then, the temperature distribution is defined by equation of thermal
conduction

dT d’T

puC

with the boundary conditions T(—o0) = T, and T(0) = T,,. For simplicity, all
the material properties are assumed to be constant and independent of the
temperature. Obviously Eq. (5.2.5) is applicable only to the region x <0 where
there is no source of heat release and the reaction is very slow due to strong
dependence on temperature. For x>0 the combustion products are at a con-
stant temperature Ty,. The Eq. (5.2.5) can be integrated introducing new vari-
able z = dT/dx; the equation becomes

.y
~ pucydx’
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which is easily integrated, and the solution of (5.2.5) satisfying the boundary
conditions is

T =Ty + (Tp — Ty)e"¥/X, (5.2.6)

where x = A/Cpp is the thermal diffusivity (the ratio of the thermal conduc-
tivity A to the product of the density and specific heat at constant pressure).
The solution (5.2.6) shows that we can choose the distance over which the
heating rises by a factor of ¢ as the scale length for the heating zone with the
velocity of the flow entering the flame front being equal to the flame velocity Uy

L= X M
Ur  pCyUs

(5.2.7)

We now calculate this length for typical laboratory flames: a slowly burning
mixture (6% methane in air) and one of the fastest the hydrogen-oxygen flame —
stoichiometric (2H, 4+ O,) mixture. Taking velocities from Table 5.1, and
setting x = 0.3cm?/s, we obtain Ly = 0.06cm (CHy4) and L = 0.00033 cm
(2H3 4+ O3). In both cases the width of the heating zone — thickness of the
flame is quite small. The typical thickness of combustion zone ranges from
5-1072to5-10~*cm.

The reaction time is of the same order as the residence time of the reactive
mixture in the heating zone. An order of magnitude of the residence time of the
reactive mixture in the flame can be evaluated by dividing the width of the
heating zone by the flame speed: t;, = 4 - 1073s for CHyand t;, = 4 - 10~7s for
2H; + O,. This time is many times greater than the mean collision time of the
molecules in the gas. Because of the large activation energy a very large number
of molecular collisions takes place in a flame for each effective collision that
leads to a chemical reaction. We emphasize once again that the temperature and
composition of the mixture in a flame vary for other reasons besides the
chemical reaction. They also vary in the heating zone where there is no chemical
reaction: the temperature changes because of the thermal conductivity of the
gas and the composition may changes because of diffusion. In a flame the
chemical reaction takes place in a mixture which has already been heated and
whose composition has already been changed. Typical structure of a premixed
flame is shown in Fig. 5.1, compared to a structure of diffusion flame shown in
Fig. 5.2. In the later case the main chemical transformation is focused in a
narrow zone near the peak temperature. Diffusion continuously supplies
reagents to the reaction zone and redistributes them there. Completion of the
reaction and thermodynamic equilibrium is achieved asymptotically, where the
diffusive fluxes are practically become equal to zero.

Flame is not the only possible self-supporting regime of reaction propaga-
tion. A reaction can propagate also in a fast supersonic regime of detonation,
which will be discussed in Chap. 8. In case of a detonation the reaction is
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Fig. 5.1 Structure of the T T T T
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induced by a shock wave compressing and heating the fuel. The burning
mixture expands and acts like a piston pushing a leading shock and supporting
the detonation. Transitions from the slow deflagration regime of flame propa-
gation to a detonation regime are observed quite often in experiments. In
industrial combustion and for safety reasons this can be a very undesirable
phenomenon.

If initial temperature (or induction time) distribution is a non-uniform one,
then subsequent (though independent) development of the reaction in the
neighboring fuel layers may be interpreted as propagation of a reaction front
with the phase velocity depending on the initial temperature distribution. This is
specific regime known as spontaneous reaction (Ya. B. Zel’dovich, 1980).

We can equally consider another type of flames instead of chemical one,
where energy release may be supplied from other sources. An example is
thermonuclear burning of white dwarfs, which results in Supernova explosion.
In this case thermonuclear flame expands from the center of the star, and the
energy source is thermonuclear reactions. Another example is the laser radia-
tion absorbed by plasma layers close to the critical surface of a target used for
experiments on inertial confined fusion. For all these examples of “flame” the

Direction of flame propagation

Fuel concentration g Oxidizer concentration

Temperature

—/ Reactive-diffusion zone

Fig. 5.2 Structure of a diffusion flame
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released energy is transported by thermal conduction and the flame propagates
relatively slow in comparison with speed of sound. Therefore a flame may also
be defined as a subsonic regime of reaction propagation, called a deflagration.

5.3 Temperature and Concentration Distributions in Flames

We saw that due to velocity of a flame is much smaller than the velocity of
sound; the conservation of momentum flux yields pressure to be nearly con-
stant. Also, conservation of the energy yields constancy of the enthalpy, so that
we have

P, =Py, H, = Hy,. (5.3.1)
For a simple case of constant specific heats we obtain
H, =Hy + CpuTu = Hy = Hyo + Cprb, (532)

where cp,, and cpp, are specific heats of the fuel and combustion product at
constant pressure. Since Q = Hyy — Hyo is a heat released in the reaction, this
implies that the final temperature of the combustion products is determined
only by the initial enthalpy of the fuel mixture (Q = Hyg — Hpo).

1
Ty = 2T, + —Q. (5.3.3)
Cpb Cpb
With account of (5.1.3) we also obtain
Pu %%—U( Q>
M 1+ , 534
pr (e —1) puTu 534

where v, and ~ is adiabatic constants for fuel and combustion products.

Structure of a laminar flame is described by a system of thermal conductivity
and diffusion equations. We shall examine the simplest case of a plane flame
front and a chemical reaction described by a single stoichiometric equation. In a
coordinate system co-moving with the flame front we have:

d
&JT :QW(ai,T), (535)

—Ji=——W(a;,T) (5.3.6)
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Here Q is the heat of reaction, a; denotes the relative mass concentrations of the
reagents, and W(a;, T) is the rate of the reaction. The chemical reaction rate is
calculated relative to one mole of the substance denoted by the subscript 1. We
shall assume that this substance is deficient in the initial mixture. The fluxes of
heat and mass are made up of convective and molecular transport terms:

T
Jr= —Kd——i— puc, T, (5.3.7)
dx
dai
i=—-pDi—— ai, 3.
J p ix + pua (5.3.8)

where D; is the diffusion coefficient. Using the equation of continuity of the
mass flux, pu = const, the system (5.3.7) and (5.3.8) can be rewritten as

dT d _dT
PUCH = = ik &+QW(ai,T), (5.3.9)
dai d dai Vi
P o Py, V@, (5.3.10)

We assume for simplicity that the diffusion coefficients are the same form both
sides of the flame, for example, a mixture of gases has similar molecular weight.
In addition, we assume that the Lewis number (the ratio of the thermal diffu-
sivity to the diffusion coefficients) Le = D/x = 1 over the entire temperature
interval, which is true for many gases, i.e. A = pc,D;.

Multiplying the diffusion Eq. (5.3.10) for the concentration a; by 1/v;, and
the diffusion equation for a; by 1/vj, and subtracting one from the other, we
obtain a linear diffusion equation (without term with rate function) for the
linear combination (a;/v;) — (a;j/v;) of the densities. Its solution with the con-
ditions in the initial fuel mixture, can be written in the form

ajp — 4 _ ajo 7aj

5.3.11
T (5:3.11)

where the subscript 0 denotes the concentrations of the components in the initial
mixture.

Thus, the concentrations of all the reagents can be calculated using (5.3.11) if
the concentration distribution of one of them is known. Therefore, the Egs.
(5.3.9) and (5.3.10) can be written as two equations for only one reagent (we
omit the subscript),
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dT d.dT
— =\ W(a, T 5.3.12
pucp dX dX dX + Q (aa )7 ( )
da d da
pu&—&pD&—W(a,T), (5.3.13)
in which the reaction rate is written as a function of the temperature and of only
one of the concentrations with the aid of (5.3.11).
Multiplying the diffusion Eq. (5.3.13) by the constant Q, adding it to the
thermal conductivity equation, and taking into account that y = D, we obtain

T
equation for enthalpy H = Qa + [¢,dT
0

dH_d (“H>, (5.3.14)

Ua T dx e dx

which does not include the reaction rate. The total enthalpy of the system is the
sum of the chemical and thermal energy at constant pressure per unit mass of
gas. The only solution of Eq. (5.3.14) that is bounded for all x is

H = const, (5.3.15)

where the constant is defined by the initial fuel mixture conditions:

Ty
const = H) = Qa  + / ¢ T. (5.3.16)
0

At the beginning of this section we have already received the same result,
Egs. (5.3.2). The idea that the sum of the chemical and thermal energy is constant
in a flame was first proposed as a hypothesis (B. Lewis and G. von Elbe, 1934)
for a chain reaction initiated by the diffusion of active centers. However, as we
have shown, the constancy of the total enthalpy in a stationary flow depends on
the relationship between the coefficients of diffusion and thermal conductivity in
the medium, rather than on the mechanism of the reaction.

For constant specific heat, the constancy of the total enthalpy within the
flame can be written in the form

Qa +c¢,T = Qag +cpTo = ¢, Ty, (5.3.17)
that is, the temperature and concentration distributions are similar:

ao—a_ T—T()
a _Tb—TO'

(5.3.18)
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The temperature distribution and concentration distributions of the other
reactants, as well as the concentrations of the combustion products are similar
in exactly the same way since concentration of one of the reagent is linearly
related to others by Eq. (5.3.11). The similarity also exists when the rate of a
simple reaction depends on the concentrations of the end products as in a
reversible reaction or autocatalysis by the end products. When the reaction is
complex, stoichiometric relations do not relate the concentrations of intermedi-
ate products and these similarities do not exist. However, even in this case, when
all the transport coefficients are equal (D; = ), the total enthalpy of the system
is still constant, but this fact can no longer be used to derive unique temperature
dependence for each of the substances involved in the reaction.

The simplest case, in which the propagation of a flame is described by the
system of Eqs. (5.3.9) and (5.3.10), is that when the reaction rate depends on the
concentration of only one of the reacting substances. This situation is often
encountered during the propagation of flames in fuel mixtures whose composi-
tion deviates strongly from stoichiometric. In such mixtures the reaction rate is
limited by the concentration of one substance that is deficient. When the
diffusion and thermal conductivity coefficients for this substance are equal,
its concentration and the temperature have similar distributions. The deficient
substance may be viewed as the carrier of chemical energy since the ultimate
temperature reached by the mixture during combustion depends on its
concentration.

As we already saw, the conservation of enthalpy

To Ty
Hy = an+/cpT = / cp T (5.3.19)
0 0

implies that the final temperature of the combustion products is determined
only by the initial enthalpy of the fuel mixture Eq. (5.3.3). When D # x within
the flame the sum of the chemical and heat energies is not conserved, but it is
possible to predict the direction of the shift with the aid of some general
considerations. Thus in a lean mixture of hydrogen with air the diffusion
coefficient of the hydrogen (the carrier of chemical energy) is an order of
magnitude greater than the thermal conductivity of the mixture. Hence, diffu-
sion brings hydrogen from the gas layer into the heating zone more rapidly than
the gas is heated by molecular thermal conductivity. As a result, in a hydrogen-
air mixture (i.e., when D > ) the total enthalpy has a minimum in the heating
zone. On the other hand, in a lean mixture of a high-molecular-weight hydro-
carbon (for example, benzene and air), the thermal conductivity exceeds the
diffusion coefficient of benzene vapor (D > x) and heating of the mixture in the
heating zone is more intense than diffusion of benzene into the reaction zone.
Therefore, the total enthalpy has a maximum in the heating zone. Typical
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Fig. 5.3 Schematic a H
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distributions of reagent concentration, temperature, and total enthalpy in a
flame for various relationships between the coefficients of diffusion and thermal
conductivity are shown in Fig. 5.3.

5.4 Normal Velocity of Flame Propagation.
Zel’dovich — Frank-Kamentskii Theory

In a simple case, when the diffusion and thermal conductivity coefficients are
equal and the concentration and temperature are expressed by the linear rela-
tion between them, we can reduce the two differential equations for the fuel
balance and energy to a single differential equation. To do this let us express the
concentration in terms of the temperature in the formula for the chemical
reaction rate and write the reaction rate W(a, T) as a function of only the
temperature W[a(T), T] = W(T). Then we arrive to the energy equation
alone:

dT d(dT

This is the second order equation for function T(x), where the mass velocity of
combustion pu enters, which means that the normal flame velocity is an
eigenvalue of the problem which must be found in solving the problem.

Here we shall obtain an approximate solution for the flame using the fact of
very strong dependence of the reaction rate on temperature, that is a rapid
chemical reaction takes place over a narrow range of temperatures close to the
final temperature achieved in the flame. The heat released in the reaction is
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mainly carried from the reaction zone to the heating zone by thermal conduc-
tion for heating the unburned mixture from the initial temperature to the
temperature of the reaction zone. In the narrow chemical reaction zone the
derivative of the temperature changes from a finite value on the side facing the
reactive mixture to zero on the side facing the combustion products where
thermal and chemical equilibrium is reached. This rapid change in the tempera-
ture gradient over a short distance means that the contribution of the thermal
conductivity is large. Because of this, the contribution of the convective heat
flux may be neglected compared to that of the thermal conductivity in the heat
conduction equation for the reaction zone where the temperature drop is small.
Hence, in the reaction zone we can take the “truncated” equation without the
convective heat flux

d /. dT

o (k&> + QW(T) = 0. (54.2)

This equation can be integrated using the independent variable T and setting
MT/dx =z

d.dT =zdz
zE +2QW(T) =0 (5.4.4)
T =0. 4.

In the reaction products a = 0 and the temperature is nearly constant, being
equal to the combustion temperature Ty, so that the boundary conditions
behind the flame are

T
T2, 0 (5.4.5)
dx

Integrating Eq. (5.4.4) with respect to the variable temperature T up to Ty, (the
thermal conductivity is constant over the reaction zone, A = Ay, = const), we
obtain the thermal flux from the reaction zone into the heating zone

dT
7\.[) d—X

Ty

Ty
= 27\.bQ/ W(T)dT. (5.4.6)
T

The integration in Eq. (5.4.6) can be extended to the initial temperature Ty = T,
since at low temperatures the reaction rate is negligibly small and the integral
can be regarded as equal to zero in the low temperature region: the heat release
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function will contribute to the integral only at high temperatures. The actual
integration region is on the order of the characteristic temperature interval (for
an Arrhenius heat release function). The function W(T) includes the concentra-
tion dependence a(T), so that W(T},) = 0. The amount of heat released per unit
time by the chemical reaction and removed by thermal conductivity is equal to
the chemical energy stored in the flowing fuel mixture (in co-moving with the
flame coordinate system the flame is at rest while the fuel mixture moves at a
speed equal to the normal propagation velocity of the flame). Thus, we can
write

Ty
27»bQ/ W(T)dT = pyc,unQay. (5.4.7)
To

This equation gives formula for the normal propagation velocity of a laminar
flame

(5.4.8)

We used here subscript “0” for the variables in the unburned mixture.

Formula (5.4.8) shows that the flame speed depends on the integral of the
heat release function and is, therefore, related to the order of the chemical
reaction, its activation energy, and other kinetic and physical-chemical char-
acteristics of the fuel mixture. The only assumption used in deriving it was that
about strong temperature dependence of the rate of heat release, which is true
for large activation energy.

Since W depends strongly on the temperature according to the Arrhenius
law, the integral in Eq. (5.4.8) can be estimated as the product of the maximum
value W = Wy« and the effective width of the temperature interval equal to
RT% J/E =ZTy, where Z = RT,/E< <1 is the Zel’dovich number. We thus

obtain putting ag = 1
1 20 Wnax ZT
Ur = u, ~ b T max® 7h (5.4.9)
PoCp Q

Introducing the reaction time Tg as the time over which all the heat contained in
the initial mixture is released at the maximum heat production rate, with the aid
of the heat balance equation

QWmaXTR = PonTb7 (5410)
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we obtain

20 Z 1 B
PoCp o TR

(5.4.11)

The relationship Uy = u, o< \/xp/Tr Was obtained earlier, see Eq. (5.2.1) from
dimensional considerations.

It is useful to obtain expression for the normal velocity of a laminar flame in
a slightly different fashion. Integrating (5.4.2) we obtain similar to Eq. (5.4.6)

dT
y Wit
®dx

Ty
= 27\.bQ/ W(T)dT. (5.4.12)
T, J

At the same time integrating Eq. (5.4.1) in the thermal conduction zone, where
the reaction term can be dropped, we consider integral of the equation

dT d dT
which is
dT
A— = pcpuT + const. (5.4.14)

dx

With the boundary condition T = Ty and dT/dx = 0 at x = —oco , we obtain
dT
kd—x = pCpu(T — To) (5415)

The continuity of the heat flux leads to the equation similar to (5.4.12)

Ty
pepu(T — Ty) = 27\.Q/ W(T)dT, (5.4.16)
T

where T is the temperature at the end of the thermal conduction zone.

Taking into account that for large activation energy maximum reaction is
very close to T = T}, and the reaction zone is very narrow, we can take T = Ty, in
the left-hand part of (5.4.16). To estimate integral in the right-hand part of
(5.4.16) we expand in the power series argument at the Arrhenius exponent in
the expression for W(T) = A exp(—E/RT).
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E T, —T
exp(—E/RT) ~ exp [— RT, (1 + bTb )}

= exp ( Rin> - exp <%(Tb - T))

Then integral in the right part can be easily calculated, and the result is
Ty E
W(T dTNA—e p<> (5.4.17)

Finally, substituting (5.4.17) to (5.4.16) we obtain for the normal flame velocity

2. _A-RTj . e~E/2RT,

Up=uy ~ (| 2" 27b
f pocp E(Tp — To)

(5.4.18)

If we allow to remove the restricting assumptions for Lewis number not to be
equal to unity and allow arbitrary for the ratio of number of moles of reactant
and products (n,/np), then the result for a first order reaction becomes

2hcpy T A - R’T?
Ur=u, = \/ crb TO M (Le) 5 ———0 - e F/2RTy, (5.4.19)
polep)” Tomp E*(Ty — To)

and for a second order reaction

2hc2pp T 2 A-RT}
Ur = up = \/ L (n—> (Le) b e BPRT (5420
pofcr)” To E*(Ty, — To)

where cpy, is specific heat at T = Ty, and (cp) is the average specific heat in the
interval between Ty and Tj,.

The structure of the reaction zone is a consequence of the nonlinearity of the
rate of heat release, which is zero everywhere except of a narrow region near the
final temperature. It is precisely this circumstance, which makes it possible both
to find the temperature distribution inside the flame and to find the conditions
for yet another parameter of the equation — the flame velocity.

The constant characteristic velocity of the normal flame propagation is
associated with the structure of the zone in which the chemical transformation
takes place. The temperature distribution within this zone in the used approx-
imation of this section, and the resulting rate of change of the fuel mixture into
combustion products are independent on the velocity of the flame. The reaction
zone thus “dictates” its condition, the magnitude of the heat flux that goes into
heating the fuel mixture, which in turn determines the flame propagation
velocity.
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5.5 Consequences of the Formula for Normal Flame Velocity

It might seem surprising that the heat of reaction Q of the mixture appears
in the denominator of the formula (5.4.8) for the flame velocity. This seems
to be obvious that as the heat of reaction is increased the flame velocity
rises too. The paradox is explained by the fact that a rise in Q also causes a
rise in the combustion temperature, so that the increase in the integral of
the reaction rate even larger than the increase in Q in the denominator. It
should be noticed also that the initial fuel concentration enters formula
(5.4.8) both in the denominator as well as through the fact that as ag
increases, T}, increases and the rate of reaction also becomes larger in the
integration region.

Since the density is proportional to the pressure and the reaction rate
depends on the pressure exponentially as P" (where n is the order of the
reaction), we find that

u o P2 L (5.5.1)

Thus, for bimolecular reactions the flame velocity is independent of the pres-
sure, and it rises with pressure for trimolecular reactions, and for the first order
reactions it falls with pressure.

For the second order reactions the rate of chemical change is determined by
the number of binary collisions between reactive molecules, which is indepen-
dent of the pressure. The mean free path and the collision time decrease in
inverse proportion to the pressure while the speed of the molecules is inde-
pendent of the pressure. This conclusion steams also from the Eq. (5.2.3),
which says that the flame velocity is proportional to a5 and, thus, is indepen-
dent of P. Furthermore, it can be stated that the propagation of a flame in
which the chemical change involves an arbitrary number of bimolecular reac-
tions will be self-similar as the pressure is changed. This is because as the
pressure is increased, all the spatial scales (the dimensions of the heating and
chemical reaction zones) and temporal scales (mean collision times of the
molecule, chemical reaction time) are decreased in proportion to 1/P while
the number of collisions, the thermal velocity of the molecules, and the flame
velocity are unchanged. This similarity is destroyed in the case of monomole-
cular or three-molecular reactions for which it is necessary to take into
account the characteristic decay time of the molecule or the lifetimes of
metastable chemical complexes. On the other hand, the combustion mass
flux pyu, increases with pressure. Since pyun P"/2, this means that the
reaction rate increases with pressure. According to experimental data, the
dependence on pressure of the flame velocity varies from u, oc P07
(poun o< P*%) for slowly burning mixtures (hydrocarbons) to u, o P%°
(poun o P%) for rapidly burning mixtures (rich carbon monoxide-oxygen
mixtures, hydrogen-oxygen mixtures).
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Problems

5.1.

5.2.

5.3.

5.4.

5.5.

Estimate width of a flame propagating in 6% CHy+-air (x = A/pC,, = 0.3 cm?/s;
Up = Scm/s) and in 2 Hy+0O,, (x = 0.3cm? /s, Ur = 1000 cm/s).

Proof that the velocity of a reaction propagating due to thermal conduc-
tion or diffusion is less than the sound speed.

Assuming that for a given combustion mixture the characteristic
time of the reaction is Tr = 3-107 " exp((180kcal/mol)/RT)s, and
X = 0.3(T/298 K)"” cm? /s calculate the values of the laminar flame velo-
city and its thickness, if the adiabatic flame temperature is 2500 K.

How the laminar flame velocity depends on initial temperature and pres-
sure of the combustible mixture? Explain.

For a flame propagating in the two-dimensional channel the quenching
width of the channel can be defined as the distance between the walls such
that the rate of heat production is equal to the rate of heat loss to the walls.
Assuming that the reaction rate, heat of reaction and thermal conduction
is known derive formula for the minimal width of 2D channel at which the
flame can propagate. How the quenching width depends on the flame
velocity?






Chapter 6
Introduction to Hydrodynamics of Ideal Fluids

The combustion of a gas mixture is necessarily accompanied by motion of the
gas. The process of combustion, flame propagation, detonation and explosion,
are therefore not only a chemical phenomena but also one of gas dynamics. The
goal of this chapter is to provide the basic knowledge in gas dynamics, which is
necessary to study dynamics of combustion processes. Those who had taken
course in fluid mechanics may find in this chapter some materials, which are
missed in university courses.

6.1 The Fluid Dynamics

Fluid dynamics concerns itself with the study of the motion of fluids. When we are
talking about fluids we keep in mind liquids or gases. Since the phenomena
considered in fluid dynamics are macroscopic, a fluid is regarded as a continuous
medium. This means that any small volume element in the fluid is always supposed
so large that it still contains a very great number of molecules. Accordingly, when
we speak of infinitely small elements of volume, we shall always mean those, which
are “physically” infinitely small, i.e. very small compared with the volume of the
body under consideration, but large compared with the distances between the
molecules. The expressions fluid particle and point in a fluid are to be understood
in a similar sense. If, for example, we speak of the displacement of some fluid
particle, we mean the displacement of a volume element containing many mole-
cules, though still regarded as a point.

The mathematical description of the state of a moving fluid is effected by
means of functions, which give the distribution of the fluid velocity u = u(r, t)
and of any two thermodynamic quantities pertaining to the fluid, for instance
the pressure P(r, t) and the density p(r, t). All the thermodynamic quantities are
determined by the values of any two of them, together with the equation of
state. Therefore, if we are given five quantities, namely the three components of
the velocity u(r, t), the pressure P(r,t) and the density p(r,t), the state of the
moving fluid is completely determined.

M.A. Liberman, Introduction to Physics and Chemistry of Combustion, 109
DOI: 10.1007/978-3-540-78759-4_6, © Springer-Verlag Berlin Heidelberg 2008
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The situation is opposite to that we deal in mechanics when we can describe
motion of a single particle if we do know how the radius vector changes in time
r = r(t). When the problem of interest involves many particles, we, in principle,
can also introduce a radius vector r; = ri(t) for each particle. However, for a
large number of particles not only analytical but also numerical solution of the
problem becomes hopeless. For example, 1cm? of a gas under the normal
conditions (room temperature, atmospheric pressure) contains 10'° particles.
There is no and there will not be computers in the nearest future which can
calculate such huge number of equations of motions. Besides, for any practical
applications it is sufficient to know only averaged magnitudes characterizing
macroscopic properties of the particles flow.

Thus, in fluid dynamics approach we need to know the velocity of the flow
u = u(r, t), the density p = p(r,t), the pressure P = P(r,t), etc. in some fixed
reference frame. All these quantities are, in general, functions of the coordinates
r = (X,y,z) and of the time 7. We emphasize that any function, for example
u(r,t), is the velocity of the fluid at a given point r = (x,y,z) in space and at a
given time t, i.e. it refers to fixed points in space and not to specific particles of
the fluid. In the course of time, the latter move in space.

We first introduce the notion of a fluid element, with a size of an element
much smaller than the typical length scale of the flow Ly << Ly, so that any
part of the fluid element has the same velocity, density, pressure, etc. as the
other parts of the element. From the microscopic point of view a fluid element
contains huge number of particles (atoms or molecules). This means that the
size of the fluid element is much larger than the mean free path — the average
distance that molecules or atoms pass between collisions. We also assume that
the fluid or gas is in local thermodynamic equilibrium for every fluid element.
Otherwise we cannot define the thermodynamic parameters of a fluid element p,
P, T, etc.

The velocity of the fluid element with coordinate r = r(t) can be calculated as

dr

u:E.

(6.1.1)
In general, thermodynamic function of this fluid element, for example, density
changes in time and it is also function of space coordinates, which can be written
as p = p(r(t),t). This means that the time derivative of density consists of two
parts; one is related to the partial time derivative of density, and another is due
to space coordinate time dependence

dp Op dr dp 0Op dr ap

— = — =4 . = -Vp. 1.2

dt ot Tt dr ot tat VPT gtV 6.1.2)
The combination % +u -V is called the substantive derivative. If we have a
vector value u = (uy; uy;u,), then the substantive derivative for any component
of the vector is
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duy  Ouyx
K—W+(U~V)ux, (613)

and for the whole vector value it becomes

du Ou
=V, (6.1.4)

where

0 8>u x@u Ou Ou 6.1.5)

(u-Viu= ux£+uy—+uz— =U—+Uuy—+Uu,—.
19 ady 0z 19 ay 0z

6.2 The Equation of Continuity

The complete set of hydrodynamic equations corresponds to the conservation
laws of mass, momentum and energy together with the equation of state
describing thermodynamic properties of a fluid. In hydrodynamics we assume
that all thermodynamic properties of the fluid under consideration are known.
In this chapter we will discuss the hydrodynamic equations of an ideal fluid
neglecting the transport phenomena related to the thermal motion of particles
such as viscosity, thermal conduction, etc.

We shall now derive the fundamental equations of fluid dynamics. Let us
begin with the equation, which expresses the conservation of matter. Consider
first a simple example of a tank with two tubes of cross sections S; and S, as
shown in Fig. 6.1. A fluid of density p; flows into the tank through the first tube
with a uniform velocity Uj, and it moves out through the second tube with
another uniform velocity U, and with another density p,.

The fluid mass that enters the tank in a time interval dt is p;S;U;dt and the
mass of the fluid leaving the tank is p,S,U,dt, so that the resulting change of
mass in the tank is

dM = (p;Si1U; — p,S,Uy)dt

Fig. 6.1 A fluid flows i flux out
through the tank
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or

CL—I\:I = piSi1U; — p,SaUs.

Obviously, if the fluid is an incompressible one, which means that its density
does not change, p; = p, = const, flowing in a tube of a changing cross section,
then the fluid velocity is related to the cross section as U;S; = U,S,. Which
means that the larger the cross section of a tube, the slower the velocity of the
flow being inversely proportional to the cross section area.

Consider a volume V, which is fixed in the laboratory reference frame with
the fluid flowing in and out of the volume (Fig. 6.2). The mass of fluid in this
volume is [ pdV, where p is the fluid density, and the integration is taken over
the volume V(. The mass of fluid flowing in unit time through an element
dS = ndS of the surface bounding this volume is pudS, with the magnitude of
the vector dS = ndS being equal to the area of the surface element and directed
along the normal vector.

The total mass in the volume is the integral

M = J pdV. (6.2.1)
Vo

The change per unit time in the mass of fluid in the volume Vj is

oM (09p
5= J 54V (6.2.2)

0

Thus, the law of mass conservation may be written by equating the two
expressions

(Change of mass per unit time) = —(Total mass flux outwards). (6.2.3)

The mass flux through an elementary surface area dS = ndS is

u - dSdt
pizp

o u-ds. (6.2.4)

Fig. 6.2 Calculation of mass
flux through volume Vy; n is

a normal unit vector to the /)/ \\\/_/’ x7" dS=ndS
volume surface
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The total flux is given by the surface integral, which can be transformed into a
volume integral with the help of the Gauss theorem:

(Total mass flux outwards) = J pu-dS = J V- (pu)dV.  (6.2.5)
So Vo

Then the conservation of mass Eq. (6.2.3) takes the form

0
Ja_‘t’dv _ J - (pu)dV. (6.2.6)
Vo Vo
or
J@+v-(u) dv =0 (6.2.7)
BN p =0. 2.

Vo

Since the Eq. (6.2.7) must hold for any volume, the integrand in (6.2.7) must
vanish, and we come to the equation of mass conservation, which is called
the equation of continuity:

ap B
a0 TV (pw) =0. (6.2.8)

Using V - (pu) = pV -u+u- Vp, we can rewrite (6.2.8) as

0
grs—i—pv-u—ku-Vp:O. (6.2.9)

The vector j = pu is called the mass flux density. Its direction is that of the
motion of the fluid, while its magnitude equals the mass of fluid flowing in unit
time through unit area perpendicular to the velocity.

6.3 The Euler Equation

The Newton law for a fluid element of a small fixed mass dM = pdV is

du
M — = oF. 3.1
) it ) (6.3.1)

The force acting on an elementary surface dS = ndS is the product of pressure
and surface area dS = ndS

d 8Fpressure = —PndS = —PdS. (6.3.2)
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We take the negative sign in (6.3.2), since the pressure force acts inward, while
the normal vector n and the elementary surface area dS conventionally point
outwards. The total force acting on the volume is equal to the surface integral of
(6.3.2), which can be transformed into the integral over the volume:

d 6Fpressure = %Pds = — J VPdV ~ —VP3V. (633)
S Ia\%

Hence we see that the fluid surrounding any volume element 6V exerts on that
element a force —VP = —gradP. In other words, we can say that a force —VP
acts on unit volume of the fluid. In general, the gravity force acting on the fluid
element is

d OFgravity = pgoV. (6.3.4)

Substituting the obtained expressions for the forces into (6.3.1), we come to the
equation

pSV% _ (_UP+ pg) 5V, (6.3.5)

The derivative du/dt must be expressed in terms of quantities referring to points
fixed in space. Notice that the change in the velocity of the given fluid particle
during the time dt consists of two parts, namely the change during dt in the
velocity at a point fixed in space, and the difference between the velocities (at the
same instant) at two points dr apart, where dr is the distance moved by the given
fluid particle during the time dt. The first part is (Ju/0t)dt where the derivative
Ou/0t is taken for constant x,y,z i.e. at the given point in space. The second part
is (dr - V)u. Thus, taking into account the expression for the substantive deri-
vative we find

p% +p(u-V)u=-VP + pg. (6.3.6)
This is the equation of motion of the fluid, which is called Euler equation
(L. Euler, 1755).

In deriving the equations of motion we have taken no account of processes of
energy dissipation, which may be consequence of internal friction (viscosity) in
the fluid and heat exchange between different parts. Such fluids are said to be
ideal. Below in this section we will be dealing mainly with ideal fluids and gases.
The absence of heat exchange between different parts of the fluid means that the
process is adiabatic throughout the fluid. Thus the motion of an ideal fluid must
necessarily be adiabatic and the entropy of any particle of fluid remains con-
stant. Thus the condition for adiabatic motion is
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dS/dt =0, (6.3.7)

where the total derivative with respect to time denotes the rate of change of
entropy for a given fluid particle as it moves. So that the equation describing
adiabatic motion of an ideal fluid is

9
5t V)s=0. (6.3.8)

Using the continuity equation, we can rewrite it as “continuity equation” for
entropy:

M + V- (pSu) =0. (6.3.9)
ot
The product (pSu) is the entropy flux density.

If the entropy is constant throughout the volume of the fluid at some initial
instant, it retains everywhere the same constant at all times and for any sub-
sequent motion of the fluid. In this case a motion is called isentropic and the
adiabatic equation is simply

S = constant. (6.3.10)

Using the thermodynamic relation dH = TdS + VdP, where H is enthalpy per
unit mass of fluid, V = 1/p is the specific volume, and T is the temperature, we
obtain for S=const

dH = VdP = dP/p

and therefore
1
BVP = VH. (6.3.11)

Taking into account Eq. (6.3.11), equation of motion takes the form

% +(u-V)u=-VH (6.3.12)

(for the sake of simplicity, we did not consider gravity force in the last
equation).
With help of known formula of vector analysis,

%V(uz) =uxVxu+(u-Viu (6.3.13)
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we can rewrite the (6.3.12) as

%uxquV<H+%u2). (6.3.14)

Acting by operation (V x) to both sides of the last equation, we obtain the Euler
equation for isentropic flow, which involves only velocities

OV ) = Vx (wx ¥ xu), (6.3.15)

The equations of motion have to be supplemented by the boundary condi-
tions that must be satisfied at the surfaces bounding the fluid. For an ideal fluid,
the boundary condition is simply that the fluid cannot penetrate a solid surface.
This means that the component of the fluid velocity normal to the bounding
surface must vanish if that surface is at rest:

(u-n) =u, =0. (6.3.16)

In the case of a moving surface, u, must be equal to the corresponding compo-
nent of the velocity of the surface. At a boundary between two ideal fluids, the
condition is that the pressure and the velocity component normal to the surface
of separation must be the same for both fluids, and each of these velocity
components must be equal to the corresponding component of the velocity of
the surface.

A complete system of equations of fluid dynamics should be five in number.
For an ideal fluid these are the Euler equations, the continuity equation, and
the adiabatic equation.

6.4 Conservation of Energy

Similar to the derivation of the continuity equation we consider a volume,
which is fixed in the laboratory reference frame. Let us choose some volume
element fixed in space. The total energy E in the volume is given by the integral
of the thermal energy per unit volume pe, where ¢ is the thermal (internal)
energy per unit mass, and the kinetic energy per unit volume pu®/2

E= J <p8+ pu;>dV. (6.4.1)

Vo

The equation of energy conservation is
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(change of energy per unit time)
(642
= —(energy flux outwards) + (work of external forces per unit time).

The change of energy per unit time in a fixed volume is

OE o) u?

Vo

and the energy flux may be calculated similar to the mass flux. Using transfor-
mation from integral over the surface into a volume integral with the help of the
Gauss theorem (compare with Eq. (6.2.5)) we obtain:

2 2
J (p8+ p%)wds - Jv- <pu{a+”ﬂ>dv. (6.4.4)
S

0 0

The external forces acting on the fluid are the pressure force applied to the fluid
surface of the volume and the gravity force that acts on all fluid particles inside
the volume. The work of the pressure force per unit time performed on the fluid
is the product of the elementary force and the fluid velocity: —PdS - u. The total
work of the pressure force per unit time is the surface integral of the elementary
work

J (—Pu) -dS = — J V - (uP)dV. (6.4.5)
So Vo

The elementary work of the gravity force per unit time is pg - udV and the total
work is

J pg-udV. (6.4.6)
Vo

Similar to the derivation of continuity equation, substituting all the terms into
(6.4.2) we obtain equation of energy conservation for an ideal fluid

0 u? P u’
a(ps—i—p?)—kv-(pu[sﬁ-g—k?})—pg~u. (6.4.7)

The term with the partial derivative 9/t can be transformed as

a\P2) T2 o TP e
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Using the continuity equation for dp/dt, and the equation of motion
(Euler equation for du/0t), we rewrite this as

D% — L2 (pu) — pu- (u- V)u—u- VP (6.4.8)
at\P7 )= auView—p ' -

The second term in the right hand side of (6.4.8) we shall transform using vector

1
analysis formula EV(uz) =uxVxu+ (u-V)u (see Eq. (6.3.13)), so that it
will be
1
pu-(u-Vyu= Fpu- V(u?).

Let us consider this equation without gravity force and transform it using the
- . . . 1
continuity equation and the thermodynamic relation dH = TdS + BdP
u-VP =pVH — pTVS.

So that (6.4.8) becomes

o[ u? 1, 1,
8t<p2> ——pu-V<2u +H) —3u V- (pu) + pTu- VS. (6.4.9)

In order to transform the derivative d(pe)/0t, we use the thermodynamic
relation

de = TdS — PdV = TdS + %dp‘
Since € + PV = ¢ + P/p = H is the enthalpy per unit mass, we obtain
d(ep) = edp + pde = edp + pTdS + gdp = Hdp + pTdS, (6.4.10)
and for 0(pe)/Ot we obtain
ap oS

d(pe)
S =Ho TS (6.4.11)

Using for the terms in the right hand side of this equation the continuity
equation for time variation of density and adiabatic motion equation for an

ideal fluid, % + (u-V)S =0, we can write (6.4.11) as

d(pe)
ot

= —HV - (pu) — pTu- VS. (6.4.12)
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Combining (6.4.9) and (6.4.12), we find the change in the energy

9 u—2+a—f v12+H—12+HV() (6.4.13)
B p2 pe ) = —pu 2u 2u pu), 4.

or

o[ u? 1
i <p7 + ps) =-V. {pu <§u2 + H)] (6.4.14)

Let us integrate the last equation over some volume V:

0 u? 1,
Ej(p?—&-ps)dV——JV- [pu(iu +H):|dv.
v

v

Transforming the volume integral on the right side into a surface integral with
help of Gauss theorem, we can rewrite this equation as

0 u’ 1,
5J Pt pE dV:—fpu sw+H)-ds. (6.4.15)
S

A%

The left-hand side in Eq. (6.4.15) is the rate of change of the energy of the fluid
in some given volume, while the right-hand side is the amount of energy flowing
out of this volume per unit time. Hence we see that the expression

pu (; w H> (6.4.16)

is nothing but the energy flux density vector. Its magnitude is the amount of
energy transporting in unit time through unit area perpendicular to the direc-
tion of the velocity.

The expression (6.4.16) shows that any unit mass of fluid carries with it
during its motion an amount of energy (H + u?/2). The fact that the enthalpy
(H) appears here, and not the internal energy (¢) has a simple physical signifi-
cance. Putting H = ¢ + P/p, we can write the flux of energy through a closed

surface in the form
1,
— @ pu Eu +¢)-dS— ¢ Pu-dS. (6.4.17)

S S

The first term is the sum of kinetic and internal energy transported through the
surface in unit time by the mass of fluid, and the second term is the work done
by pressure forces on the fluid within the surface.
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Summarizing, we write down the total set of hydrodynamic equations for an
ideal fluid

% +V-(pu) =0, (Continuity)
Ju
P +pu-V)u=-VP+ pg (Euler)

0] u? P v’
at<p8+p2>+v-<pu[8+p+2]>—pg-u (Energy)

As has been said in earlier, the state of a moving fluid is determined by five
quantities: three components of the velocity and by two thermodynamic func-
tions, for example, the pressure and the density. Accordingly, a complete system
of equations of fluid dynamics should be five in number. For an ideal fluid these
are the equation of continuity, the Euler equations, and the equation of energy,
which in the case of ideal fluid is the adiabatic equation.

6.5 The Equation of State

The set of hydrodynamic equations includes two scalar equations (continuity
and energy) and one vector equation (Euler), which makes totally five partial
differential equations. These equations involve three unknown scalar functions:
density p, pressure P, internal energy €, and one vector function u, which imply
total 6 unknown functions. The missing equation is not a hydrodynamic
equation, but it is the equation of state describing thermodynamic properties
of a fluid (or gas). It is supposed in fluid mechanics that thermodynamic
properties of the fluid are known. In general, the equation of state can be
written as an algebraic equation

P =P(p,e). (6.5.1)

More often it is convenient to introduce temperature T of the substance and
present the equation of state in the form

P ="P(p,T), e=¢(p,T). (6.5.2)
For example, the equation of state for an ideal gas is

P = (y - 1)CypT, e =GC[T, (6.5.3)
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where y = Cp/Cly is the adiabatic exponent of the gas, and Cp and Cy are the
specific heat at constant pressure and constant volume, respectively. As a rule,
both these values can be considered as constants for a perfect gas. Particularly
vy = 5/3 for a one-atomic gas and y = 7/5 for a two-atomic gas. Since the Earth
atmosphere consists mostly of nitrogen and oxygen molecules, then for the air
one can also take y ~ 7/5.

Two Egs. (6.5.3) can be combined into one that does not contain
temperature

€= ;E (6.5.4)
y—1p

Sometimes we do not need to use the complete set of the hydrodynamic

equations. For example, for certain flows it is possible to specify in advance

an unambiguous relation between pressure and density P = P(p). The most

typical examples are considered below.

Adiabatic Flow of an Ideal Gas The adiabatic flow takes place, when
exchange of internal energy between fluid (gas) elements due to the random
thermal motion of fluid particles is negligible. The approximation of negligible
thermal motion implies that viscosity, thermal conduction, diffusion, etc. are
zero. For the adiabatic approximation pressure is related to density as
P/p? = const. The adiabatic approximation is applicable when we consider
sound waves.

Isothermal Flow The isothermal flow corresponds to the case when temperature
is constant everywhere, for example, when thermal conduction is very large.
The equation of state is P/p = const.

Incompressible Fluids In many cases of the density of the gas flow may be
supposed invariable, i.e. constant throughout its motion. This is approxima-
tion of incompressible flow. The condition of incompressible flows is justified
when variations of density are much smaller than the density itself, i.e.
Ap/p<<1. The equations of fluid dynamics are considerably simplified for
an incompressible fluid. The equation of continuity for constant density
becomes

Vou=0. (6.5.5)

The Euler equation is not much simplified if we put p = constant, except that p
can be taken under the gradient operator:

Ou P
S vu=—v(T) e (6.56)



122 6 Introduction to Hydrodynamics of Ideal Fluids

Since the density is no longer an unknown function, the equations in fluid
dynamics for an incompressible fluid can be taken to be equations involving the
velocity only. These may be the equation of continuity (6.5.5) and Eq. (6.3.15):

%(qu):Vx(uxqu). (6.5.7)

As a matter of fact, an incompressible flow may be a particular case of
adiabatic or isothermal flows.

Let us consider the conditions under which the fluid may be regarded as
incompressible. When the pressure changes adiabatically by AP the density
variation may be expressed through the pressure variation as

P\ ! 1
Ap = <Z—> AP = — AP, (6.5.8)
P/ ad S

where ag is the sound speed. Let us estimate the pressure variations AP using
the Euler equation. For characteristic length scale and velocity of the flow
being L and U, we have and VP o AP/L, i.e. AP o pU?. Substituting this
estimate in (6.5.8) we obtain AP « pU? ApaZ, i.e. condition of small density
variation is

2
A U e (6.5.9)
pooaz ’

S
which means that condition for incompressible flow is that the fluid velocity is
small compared with that of sound speed, U? <<a?.

In fact condition U? << a2 is sufficient only for steady flow. In non-steady
flow, a further condition must be fulfilled. Let L and t be a length scale and time
over which the fluid velocity undergoes significant changes. Estimating in the
Euler equation terms du/dt o< u/t and (1/p)VP o AP/pL, we find, in order of
magnitude, u/t ~ AP/Lp, or AP = Lup/t, and the corresponding change in
p then can be estimated as Ap ~ Lup/a2t. Comparing the terms dp/0t ~ Ap/t
and pV -u = pu/L in the equation of continuity, we find that the derivative
0p/0t may be neglected if Ap/t<<pu/L, or

L/ast<<1. (6.5.10)

The condition (6.5.10) has an obvious meaning: the time L/a required for
sound to pass the distance L must be small compared with the time t during
which the flow changes appreciably, so that sound propagates through the flow
“instantaneously”.
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6.6 Hydrostatics

The simplest solutions of the hydrodynamic equations correspond to the case of
a fluid at rest. In this case u = 0, all time derivatives are zero, % (...)=0, and
the continuity equations of mass and energy conservation are satisfied
identically

9

5 TV (w=0 = 0=0.

The Euler equation now expresses balance of the pressure force and the gravity
force on any fluid element, and describes the mechanical equilibrium of the fluid

p%—k plu-Vju=0, = VP=pg, (6.6.1)
If there is no external force, the equation of equilibrium is simply VP = 0, i.e.;
the pressure is the same at every point in the fluid.

If in addition the fluid (gas) can be regarded as incompressible, then the
Eq. (6.6.1) can be integrated immediately. For the z-axis directed upward, and
gravity acceleration, g = (0; 0; —g) the equation of hydrostatics becomes

oP 0P dp
= =0, —=— 6.6.2
& dy pg, (6.6.2)

which expresses balance of the pressure force and the gravity force on any fluid
element, so that

P = —pgz + const. (6.6.3)

Constant is defined here from the boundary conditions. For example, if the
fluid at rest has a free surface at height z = h, where an external pressure P = Py,
then, P = Py + pg(h — z).

Let us find pressure distributions for the case of constant gravity acceleration
in the models of an adiabatic, isothermal and incompressible gas. Let the
pressure and the density at z=0 are Py and p,. Substituting the relation
between pressure and density for an adiabatic gas, P =Py(p/p,)’,
T= To(p/po)yfl into Eq. (6.6.2) we come to the differential equation

Y?] 772
p d/p p d/p Pog
po/ dz \py po/ dz \py YPg

Integrating this equation, we obtain the density, pressure and temperature
distributions
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Y

1 , v
v — 1pog )vl <p>” ( v — 1pog )Yl
=po(1-1—=F% )" p=pPy() =Py(1 -0 )"
P = Po ( v Py 0 oo 0 v P,
T:To(l _v_1%z>,
Y
It is seen that, the characteristic length scale of the adiabatic atmosphere is

)

L x .
Pog

Assuming air to be an ideal gas with the adiabatic exponent y = 7/5, we find the
air density, pressure and temperature changes with height. Taking the air
density, pressure and temperature at the surface of the Earth, p, = 1.3kg/ m’,
Py = 10° Pa, Ty = 300K and the gravity acceleration, g = 9.8 m/ s , we obtain
the temperature decrease with height, dT/dz ~ —1072 K /m. According to this
estimate at the top of Everest (z = 8.7 km), the temperature is about —50° when
it is 40° at the sea level, and the level of snow at 0° in mountains starts at height
of about 3 km. By this reason snow is always at the peaks of high mountains, for
example, at Mont-Blanc, which is about Skm. We see that the adiabatic
approximation is a quite a good model for the Earth atmosphere.

In the case of an isothermal gas P = P pﬂ’ and integrating the equation of

0
hydrostatics we find the distributions of density and pressure

p_poexp<—%)fz) P:wap(—'ifogz).

For incompressible gas density is constant, p = p,, and pressure changes as
P =Py — pygz.

Let us consider equilibrium of a very large mass of gas like a star atmosphere,
which is kept by the gravitational forces. The Newtonian gravitational poten-
tial, ¢ satisfies the equation

Ad = 47nGp, (6.6.4)

where G is the Newtonian constant of gravitation, the gravitational accelera-
tion is —V ¢, and the force acting on a mass p is —pV¢. Then the condition of
equilibrium is

VP = —pV. (6.6.5)
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For large masses of a gas or liquid, the approximation of incompressibility
cannot be used, the density p cannot be supposed constant. Dividing both sides
(6.6.5) by p, taking the divergence of both sides, and using Eq. (6.6.4), we obtain

v(% vp> = —47Gp. (6.6.6)

It must be emphasized that the present discussion concerns only mechanical
equilibrium; Eq. (6.6.6) does not presuppose the existence of complete thermal
equilibrium. If the body is not rotating, its shape is spherical when in equili-
brium, and the density and pressure distributions will be spherically symme-
trical. In spherical polar coordinates then Eq. (6.6.6) takes the form

1d/r’dP

——|——) = —4nGp.

r2dr (p dr) P

If fluid is not only in mechanical equilibrium but also in thermal equilibrium,
then the temperature is the same at every point. For constant temperature,
introducing the Gibbs free energy G per unit mass we have

dG = —SdT + VdP = VdP = %dP,

Since g = —V o, the equation of equilibrium (6.6.1) takes the form
Vo =g. (6.6.7)

For a constant vector g directed along the negative z-axis we can write
g = —V(gz), and (6.6.7) becomes

® + gz = constant. (6.6.8)

This is condition for thermodynamic equilibrium of a system in an external
gravity field.

A simple consequence of Eq. (6.6.1) is that if a fluid is in mechanical
equilibrium in a gravitational field, the pressure can be function only of the
altitude z. Indeed, if the pressure were different at different points with the same
altitude, motion would result. From (6.6.1) it follows that the density is also a
function of z only, as well as the temperature is therefore a function of z only.
Thus, in mechanical equilibrium in a gravitational field, the pressure, density
and temperature distributions depend only on the altitude. If, for example, the
temperature is different at different points with the same altitude, then mechan-
ical equilibrium is not possible.
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6.7 A Stationary Flow. The Bernoulli Equation

The equations of fluid dynamics are much simplified in the case of steady flow
with the velocity being constant in time. This means that u is a function of the
coordinates only, so that du/dt = 0. We shall transform the Euler equation

Ou 1

— -V)u=—--VP

It + (u )u 5 +g
with the help of the vector formula

1 1
(u-V)quVu2—u><[qu]:EVuz—uxm,

where we introduced the definition of a flow vorticity as
o =[V xu. (6.7.1)

For an adiabatic flow, Eq. (6.3.14), obtained in Sect. 6.3 then reduces to
%V(uz) —uxVxu=-V(H+ ), (6.7.2)
or, using definition (6.7.1), we can write this equation as
uxm:vG&+H+¢> (6.7.3)

We now introduce the concept of streamlines, which are lines such that the
tangent to a streamline at any point gives the direction of the velocity at that
point. The streamlines show direction of the fluid velocity, so that a streamline
is a continuous line, the tangent of which at any point is in the direction of the
velocity at this point T = u/u. According to the definition, the streamlines are
determined by the system of differential equations:

dx _dy _dz

= (6.7.4)
Uy Uy U

The definition of a streamline is illustrated in Fig. 6.3, which also gives a typical
sketch of the streamlines of a flow past a fixed cylinder. According to the
definition, two streamlines cannot intersect, otherwise at the point of intersec-
tion the velocity would be directed in two different ways simultaneously. The
only exception is the stagnation points of a flow, where the flow velocity is zero.
A single streamline shows only the velocity direction in a flow, but provides no
information about the velocity value. However, when several streamlines are
drawn, then the distance between the streamlines tells us about the velocity
value: the smaller the distance, the larger the velocity.
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If we choose a closed loop and draw all streamlines through all points of this
loop, then we get a stream-tube (Fig. 6.4). When we consider a flow in a real tube
then the tube plays the role of a stream tube too. The particle path shows motion
of a fluid element in a flow.

In steady flow the streamlines do not vary with time, and coincide with the
paths of the fluid particles. In non-steady flow this coincidence no longer
occurs: the tangents to the streamlines give the directions of the velocities of
fluid particles at various points in space at a given instant, whereas the tangents
to the paths give the directions of the velocities of given fluid particles at various
times.

Equation (6.7.3) can be integrated along a streamline. To do this we form the
scalar product of Eq. (6.7.3) with the unit vector along a streamline ®; = u/u,
which is tangent to the streamline at each point. The projection of the gradient
on any direction is the derivative in that direction, so that VH is 9H/0r;. The
vector u x @ is perpendicular to u, and its projection on the direction of T = u/u
is zero. Thus we obtain from (6.7.3)

a 2
a (% YH <I>> — 0. (6.7.5)

It follows from this equation that expression in bracket is constant along a
streamline:

1
Euz + H + ® = constant. (6.7.6)

Fig. 6.4 A stream tube
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Equation (6.7.6) is called the Bernoulli equation (D. Bernoulli, 1738). It is
important to note that the constant is different for different streamlines. The
Bernoulli integral expresses conservation of energy for a fluid element with
the first term of Eq. (6.7.6) representing kinetic energy, the second term corre-
sponding to internal energy and the last term describing potential energy of an
element in a gravitational field.

Let us take the direction of gravity as the z-axis, with z directed upwards.
Then the cosine of the angle between the directions of g and 7 is equal to the
derivative dz/d7, so that the projection of g on T; is (—gdz/d7)). Accordingly,
we now have

0 [(u?
61_1<2+H+gl> —O,

and the Bernoulli equation states that along a streamline

1
Euz + H + gz = constant. (6.7.7)

Consider examples illustrating application of the Bernoulli equation. Let us
calculate pressure at the stagnation point in a flow around an obstacle shown in
Fig. 6.5, where the fluid velocity u = 0.

Far ahead of the obstacle the flow is uniform with the flow velocity Uy and
pressure Py, and we suppose that influence of gravity is negligible. Let us assume
here that inner energy is constant so that H = P/p and consider the Bernoulli
integral that starts at infinity and ends at the stagnation point S:

2P 1 P, P
Yol e=o 2+ -2 =% = constant
2. p 2 PP
Thus, pressure at the stagnation point exceeds pressure in the flow ahead of the
obstacle:
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1
AP =P, —P; = EpUg. (6.7.8)

A simple consequence of the Bernoulli integral is the lifting force acting on an
asymmetric airfoil in a channel, shown in Fig. 6.6. Far ahead of the airfoil the
flow is uniform with velocity Uy and pressure Py. Because of the asymmetric
shape of the airfoil the effective cross-section (1) above the airfoil decreases, the
fluid velocity increases in comparison with Uy and pressure decreases P; <P,.

On the contrary, the cross-section (2) increases in the flow below the airfoil,
so that fluid velocity decreases and pressure increases in comparison with the
initial one P, >Py. As a result pressure below the airfoil is larger than pressure
above it, and the resulting pressure force acts upwards.

6.8 The Conservation of Velocity Circulation

Let us consider a closed contour drawn in the fluid at some instant. We suppose
it to be a “fluid contour”, i.e. composed of the fluid particles that lie on it. In the
course of time these particles move about, and the contour moves with them.
The integral

= 7{u -dl, (6.8.1)

being calculated conventionally in the counter-clockwise direction taken along
some closed contour C, is called the velocity circulation.
Let us calculate the time derivative

d
aj{u ~dl. (6.8.2)

We have written here the total derivative with respect to time, since we
are seeking the change in the circulation round a “fluid contour” as it moves
about, and not round a contour fixed in space. To avoid confusion, we shall
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temporarily denote differentiation with respect to the coordinates by the sym-
bol 9, retaining the symbol d for differentiation with respect to time. Next, we
notice that an element dI of the length of the contour can be written as the
difference or = r, — r; between the position vectors r of the points at the ends of
the element. Thus we write the velocity circulation as ¢ u - 8r. In differentiating
this integral with respect to time, it must be kept in mind that not only the
velocity but also the shape of contour changes. Hence, on taking the time
differentiation under the integral, we must differentiate not only u but also or:

d du dor

Since the velocity u is the time derivative of the position vector r, we have

dor dr 1,
H'E—u@a—u-ﬁu—6<§u) (6.8.4)

Thus, the second integral vanishes, since the integral of a total differential along
a closed contour is zero, and we obtain from (6.8.3):

d du

Substituting for isentropic flow du/dt = —VH (Eq. (6.3.12)) using the Stokes
formula, and taking into account that V x (VH) = 0, we obtain:

du du
a-?Sr:jI{Vx(a)-dS:j{(VxVH)-dS:O. (6.8.6)

Thus, we found that:

d
2 ]{ u-dl =0, (6.8.7)
or
%u -dl = constant. (6.8.8)

This is the Kelvin’s theorem (1869) or it is also known as the law of conservation
of circulation, which says that in an ideal fluid the velocity circulation round a
closed “fluid” contour is constant in time. It should be emphasized that this
result has been obtained by using the Euler equation in the form of Eq. (6.3.12),
and therefore involves the assumption that the flow is isentropic. The theorem
does not hold for flows, which are not isentropic.
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Applying Kelvin’s theorem to an infinitesimal closed contour 8C and trans-
forming the integral according to Stokes’ theorem, we obtain

%u -dl = ]{V x u-dS ==08S - (V x u) = constant, (6.8.9)

where dS is a fluid surface element spanning the contour 8C. The vector
o = V x uis called the vorticity of the fluid flow at a given point. The constancy
of the product (6.8.9) can be intuitively interpreted as meaning that the vorticity
moves with the fluid.

Calculations above gives us the qualitative idea whether a flow goes with
rotation of fluid elements or not, with the corresponding characteristic of a flow
being vorticity, ® = V x u. Flows with non-zero circulation are called rota-
tional flows, and flows with zero circulation are called irrotational.

The circulation theorem holds also for adiabatic flows and remains valid if
fluid elements experience any other potential force as well. On the contrary, a
non-potential force like the Coriolis force, a viscous force, etc. breaks down the
conservation of circulation: these forces may produce circulation in an initially
irrotational flow. Viscous forces may also lead to dissipation of vorticity.

6.9 Potential Flow

There is an important consequence of the law of conservation of circulation. Let
us at first suppose that the flow is steady, and consider a streamline where
o = V X uis zero at some point. We draw an arbitrary infinitely small closed
contour to encircle the streamline at that point. In the course of time, this
contour moves with the fluid, but always encircles the same streamline. Since
the product 8S - (V x u) must remain constant (Sect. 6.8), it follows that
o = V X u must be zero at every point on the streamline. Thus we came to
the conclusion: if at any point on a streamline the vorticity is zero, the same is
true at all other points on that streamline. If the flow is not steady, the same
result holds, except that instead of a streamline we must consider the path
described in the course of time by some particular fluid particle. We recall
that in non-steady flow these paths do not in general coincide with the stream-
lines. A flow for which ® = V x u = 0 in all space is called a potential flow or
irrotational flow, as opposed to rotational flow, in which the circulation of the
velocity is not everywhere zero.

To avoid misunderstanding, we may mention here that this result has no
meaning in turbulent flow. We may also remark that a non-zero vorticity may
occur on a streamline after the passage of a shock wave and a flame front. We
shall see that this is because the flow is no longer isentropic (see Sect. 6.10). Also
the proof given above that @ = V x u= 0 all along a streamline is, strictly
speaking, invalid for a line which lies in the surface of a solid body past which
the flow takes place, since in the presence of this surface it is not possible to draw
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Fig. 6.7 Stream-lines of stationary flow ahead and behind the body

a closed contour in the fluid encircling such a streamline. A stationary flow
ahead and behind the body is shown in Fig. 6.7. The equations of motion of an
ideal fluid therefore admit solutions for which separation occurs at the surface
of the body: the streamlines, having followed the surface for some distance,
become separated from it at some point and continue into the fluid. The
resulting flow pattern is characterized by the presence of a “surface of tangential
discontinuity” proceeding from the body. On this surface the fluid velocity,
which is everywhere tangential to the surface, has a discontinuity. From math-
ematical point of view, the discontinuity in the tangential velocity corresponds
to a surface on which the circulation of the velocity is non-zero.

Any realistic fluid has a certain viscosity, even if the viscosity is small and has
practically no effect on the motion of most of the fluid, but, no matter how small
it is, it will be important in a thin layer of fluid adjoining the body (boundary
layer). In the general case of flow past bodies will result in development of
turbulence.

An important case of potential flow occurs for small oscillations of a body
immersed in fluid. If the amplitude of the oscillations is small compared with the
linear dimension of the body (a << L), the flow past the body will be potential
flow. To show this, we estimate the order of magnitude of the various terms in
the Euler equation

%4‘ (u-V)u=—VH. (6.9.1)

The velocity u changes markedly, by an amount of the same order as the
velocity U of the oscillating body, over a distance of the order of the dimension
L of the body. Hence the derivatives of u with respect to the coordinates are of
the order of U/L. The order of magnitude of u itself at fairly small distances
from the body is determined by the magnitude of U. Thus we have
(u-V)u =~ U?/L. The derivative du/dt is of the order of U, where ® o U/a
is the frequency of the oscillations, so that du/dt oc U?/a. It follows that the
term (u-V)uoc U>/L is small compared with du/dt o U>/a and can be
neglected if a <<1, that so that the equation of motion of the fluid becomes



6.9 Potential Flow 133

Ju
— = —VH. 6.9.2
it (6.9.2)
The fact that for small oscillations we can neglect by nonlinear term in the Euler
equation will be used below, when we will consider gravity and sound waves and
problems of stability against small disturbances.

Applying the operation [V x| of both sides of (6.9.2), we obtain

%[V x u] = 0, and, consequently, [V X u] = constant.

In oscillatory motion, however, the time average of the velocity is zero, and
therefore [V x u] = constant implies that [V x u] = 0. Thus, the motion of a
Sfluid executing small oscillations is potential flow to a first approximation.

We recall that the derivation of the law of conservation of circulation, and
therefore all its consequences, were based on the assumption that the flow is
isentropic. If the flow is not isentropic, the law does not hold, and therefore,
even if we have potential flow at some instant, the vorticity will in general be
non-zero at subsequent instants. Thus only isentropic flow can in fact be
potential flow. In rotational flow the velocity circulation is not in general
zero. In this case there may be closed streamlines, but it must be emphasized
that the presence of closed streamlines is not a necessary property of rotational
flow.

Like any vector field having zero circulation, [V X u] = 0, the velocity in
potential flow can be expressed as the gradient of some scalar function. This
scalar is called the velocity potential. Let us denote it by

u=Vo. (6.9.3)
Writing the Euler equation in the form (6.9.1), using formula from vector

analysis

1
(u-V)uZEVuz—ux[qu],

and substituting u = V¢, we obtain the following equation

0 u? op u?
a(V¢)+V<7+H)V<a+7+H>O. (6.9.4)
Integration of this equation gives
b u?
—+—+H=A(t 6.9.5

where f(t) is an arbitrary function of time. This equation is a first integral of the
equations of potential flow. The function f(t) in Eq. (6.9.5) can be put equal to
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zero without loss of generality, because the potential is not uniquely defined:
since the velocity is the space derivative of ¢, we can add to ¢ any function of the
time.

For steady flow, taking the potential ¢ to be independent of time: 9 /It = 0,
we have, f(t) = const and (6.9.5) becomes the Bernoulli equation for a station-
ary flow

u?

> + H = constant. (6.9.6)

It must be emphasized here that there is an important difference between the
Bernoulli equation for potential flow and that for other flows. In the general
case, the “constant” on the right-hand side is a constant along any given
streamline, but is different for different streamlines. In potential flow, however,
it is constant throughout the fluid. This enhances the importance of the
Bernoulli equation in the study of potential flow.

6.10 Linear Waves and Instabilities

Not every flow allowed by equations of fluid dynamics may exist in reality.
Some flow created with especially elaborated initial conditions, may be
destroyed by hydrodynamic instabilities. Therefore, one of the very important
subjects of fluid dynamics is investigation of stability of a solution against
infinitely small disturbances imposed on the solution. The basic idea of a stable
or unstable configuration may be understood considering a simple example of a
small ball at the top of a hill and at the bottom of a well (Fig. 6.8). In both cases
the balls are in equilibrium: the net forces acting on the balls are zero and they
can remain in their present positions forever. However, if we slightly shift the
balls, then the ball at the bottom will return to its previous position, while the
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Fig. 6.8 The stable configuration of a ball in a well and the unstable configuration of a ball on
a hill
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ball at the top of the hill will leave its position going down. In the last case the
initial configuration will be destroyed completely.

Let us consider stability of a flow of an ideal incompressible fluid. Suppose
the velocity and pressure distributions, u = uy(r, t), P = Py(r, t), are solutions of
the fluid equations:

V-uy =0, (6.10.1)

ou 1
8_t0 + (- V)ug = — Evpo +g. (6.10.2)

In order to investigate stability of the flow given by the solution u = uy(r, t),
P = Py(r, t) we must study whether the flow being slightly disturbed will return
to its initial configuration, or small disturbances will grow, and the initial
configuration of the flow will be destroyed.

Let us assume that some small external disturbances perturb the initial flow
leading to new velocity and pressure distributions

u=nug+ii(r,t), P = Py + P(r, 1), (6.10.3)

where @i and P are small perturbations, such that t <<u,, P <<Py. These new
velocities and pressure for the perturbed flow must also satisfy the equations of
fluid dynamics

V- (ug+ii) =0, (6.10.4)

%(uo +1) + [(up + 1) - V](up + 1) = —%V(Po +P) +g (6.10.5)

Extracting Egs. (6.10.1) and (6.10.2) for the initial flow out of Egs. (6.10.4) and
(6.10.5) we come to the set of equations for small perturbations @t and P

V-i=0, (6.10.6)

ot 1

a0 W V)i (- V) + (@ V)i = —vi), (6.10.7)

where the coordinate and time dependence of the unperturbed flow, u = uy(r, t)
and P = Py(r, t) is supposed to be known.

The nonlinear term (i1 - V)i is of the second order and it is small in compar-
ison with the linear term (ug - V), which of the first order in @. Therefore,
neglecting by (@ - V)i we obtain the linearized equation of momentum transfer
in an incompressible ideal fluid
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%+ (up - V)i + (it - V)ug = _%vf). (6.10.8)

Stability analysis implies investigation of perturbation dynamics on the basis
of the linearized Egs. (6.10.6) and (6.10.8). If solution of these equations is
found, and the time dependence of small perturbations @ = @(r, t) shows that
amplitude grows with no limit, then we can say that the initial flow u = uy(r, t),
P = Py(r, t) is unstable. If the perturbation amplitude decreases with time, then
the initial flow is stable.

In the case of stationary unperturbed flows, when velocity and pressure,
u =ug(r), P =Py(r), are time independent, the time dependence of perturba-
tions takes the form

a(r, t) = a(r) exp(—iQt), (6.10.9)

where Q is some complex number. Now, the unperturbed flow is unstable, if the
imaginary part of the frequency is positive c = ImQ >0, while in the opposite
case of a negative imaginary part ImQ <0 the initial flow is stable. At the same
time the real part of Q may be zero or non-zero. The imaginary part of Q
is called the instability growth rate, while the real part is called frequency. If
the flow is unstable then the amplitude of small perturbations grows
exponentially

ii(r,t) = i(r) exp(ot — iot) = @(r) exp(ot)[cos(wt) — isin(wt)]  (6.10.10)

Since stability problems are linear, it is often convenient to work with complex
functions exp(—imt) = cos(wt) — isin(wt). If the instability growth rate is zero
o = 0, while the frequency is non-zero ® = Ref2 # 0, then the perturbation
amplitude oscillates in time

a(r,t) = a(r) exp(—iot) = ii(r)[cos(ot) — isin(ot)]. (6.10.11)

In case of uniform unperturbed fluid a solution for small perturbations takes
the form

i(r, t) = dexp(ik - r — iot). (6.10.12)

In this case the solution represents linear waves propagating in a fluid, with k
being the wave number inversely proportional to the perturbation wavelength
k = 27/A. Another important value that specifies propagation of waves is the
phase velocity U, = o/k, which is the propagation velocity of harmonic wave
with a frequency ® and a wave number k. In the next sections we will consider
several examples of linear waves and instabilities: gravitational waves on the
liquid surface, the Rayleigh-Taylor instability and sound waves.
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6.11 The Gravity Waves

The free surface of a liquid in equilibrium in a gravitational field is a plane
surface. If, under the action of some external perturbation, the surface is moved
from its equilibrium position at some point, motion will occur in the liquid. This
motion will propagate over the whole surface in the form of waves, which are
called gravity waves, since they are due to the action of the gravitational field.
Suppose that some external force has created a hump on the fluid surface.
Pressure below the hump is larger than the ambient pressure, which makes
the fluid flow out of the hump. As a result the hump goes down and overshoots
the stationary planar level because of inertia creating a well on the fluid surface
with reduced pressure below the well. The fluid is pushed towards the well until
a hump is created once more by inertia: the fluid level oscillates. Interaction of
neighboring fluid elements makes these oscillations propagate in a form of a
wave. Gravity waves, which appear on the surface of the liquid also affect the
interior, but as less as greater depths.

We shall here consider gravity waves in which the velocity of the moving fluid
is so small that we may neglect the term (u - V)uin comparison with du/dtin the
Euler equation. The physical meaning of this is easily seen. During a time
interval of the order of the period T of the oscillations of the fluid particles in
the wave, these particles travel a distance of the order of the amplitude « of the
wave. Their velocity u is therefore of the order of a/T. It varies noticeably over
time intervals of the order of T and distances of the order of the wavelength A in
the direction of propagation. Hence the time derivative of the velocity is of the
order of u/T, and the space derivatives are of the order of u/A. Thus,
Ou/ot=~u/T,u~a/T, V~1/A and the condition (u-V)u<<du/ot is
equivalent to

I ra\2 a
X(T) <m. = a<<h, (6.11.1)

i.e. the amplitude of the oscillations in the wave must be small compared with
the wavelength.

Thus, the term (u- V)u in the equation of motion may be neglected, as we
have seen the motion of a fluid executing small oscillations is potential flow. Let
us take the z-axis directed upward and the xy-plane (plane z = 0) is the equili-
brium surface of the liquid. Assuming the fluid incompressible, we can therefore
use Eq. (6.9.6), which with account gravity potential and the velocity potential
u = V¢ takes the form:

op 1 , P

—+= — =f(t 6.11.2

ot (VO T+ =10), (6.112)
The term u?/2 = (V¢)2/2 in the Eq. (6.11.2) may be neglected, since it contains
the square of the velocity. We have seen also in Sect. 6.9 that the function f(t) in
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the Eq. (6.11.2) can be put equal to zero, because the potential is defined with an
arbitrary additive constant. Thus, we obtain from (6.11.2)
9
P=—-p——pgz 6.11.3

P5 ~ PEZ ( )
According to what was said in Sect. 6.9, there is no vorticity in the fluid under
consideration and small deviations of the fluid surface from the initial level
produce no vorticity either. Therefore, the perturbed motion is potential, and
using continuity equation V-u=0 we obtain equation for the velocity
potential

Vu=V-(Vd)=Vd=Ap=0. (6.11.4)

The Laplace Eq. (6.11.4) must be supplemented by boundary conditions on
the free surface and at the bottom of the fluid. The boundary conditions on the
free surface are the continuity condition related to the mass conservation and
the condition of pressure balance. In the unperturbed state we suppose that the
fluid is at rest, u = 0, and the pressure balance follows from the Bernoulli
equation Py + pgz = const = Pyypy,.

Let us denote by ¢ the z coordinate of a point on the surface. { is a function of
x,y and t. In equilibrium {(x, y, t) = 0 so that { gives the vertical displacement of
the surface in its oscillations (see Fig. 6.9). Let a constant external (atmosphere)
pressure Py acts on the surface. Then at the surface the Eq. (6.11.3) gives

¢
Po = —po-—pel(x,y). (6.11.5)
The constant Py, can be eliminated by redefining the potential ¢, adding to it
a quantity Pyt/p, independent of the coordinates. We then obtain the condition

at the surface in the form

0

(_¢) +gl(x,y) = 0. (6.11.6)
o), .

We can come to the same condition (6.11.6) considering the pressure balance

at the free surface of the liquid. Let us consider forces acting on a surface element

z=((x,y)
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Fig. 6.10 The pressure balance at the free surface

of a small mass dm = pdSd1. These are the pressure acting on the upper surface
OFu = Po6S, the force acting at the lower surface of the element 8F;, = P;,8S
and the gravity, gom (Fig. 6.10). According to the Newton law we have

p3S51 % = (Py — Pi)ndS + gpdSs1.

For the infinitely small width of the element, 51 — 0, we obtain the condition of
pressure balance, Py = Py,. Since pressure of the gas above the fluid interface is
not perturbed the condition of the pressure balance is equivalent to the condi-
tion of zero perturbed pressure just below the fluid surface.

According to the continuity condition, the fluid particles at the surface
moves together with the fluid, that is the normal velocity of the fluid close to
the surface must be equal to the normal velocity of the surface element,
Usurface = (N - “)Z:C(x,y)’ where the vector normal to the surface has the
components

n

_ R
I+ 1wy

In the simplest case of a planar fluid surface oscillating up and down the
continuity boundary condition is simply u, = 9z/0t. In the case of small ampli-
tude linear gravitational waves the continuity condition has the same form in
spite of ripples on the water surface. Indeed, both terms in the left and the right
sides in (6.11.6) are of the first order, and account of non-zero curvature of the
fluid surface will bring nonlinear terms, which are of the second order in
a/A<<1. Indeed, for the normal component of velocity of a fluid particle
close to the surface we have with accuracy of the first order terms
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1 o
Uy =n-ul,_ (nu, + ngiy) = ———— uZ|Z:C—&uX|Z:C AUy,

1+ (9C/0x)?

That is, since the amplitude of the wave oscillations is small, the displacement
{ is small, and we can suppose, to the same degree of approximation, that the
vertical component of the velocity of points on the surface is simply the time
derivative of . Writing z-component of velocity with the help of velocity
potential we come to the continuity condition

Uy = Uy, = % = <é(;i)> 7§. (6.11.7)

Taking time derivative of (6.11.6) and substituting (6.11.7) we obtain

9 120\
(E + QW)M_ 0. (6.11.8)

Two Egs. (6.11.4) and (6.11.8) completely specify the problem for gravitational
waves of small amplitudes at the surface, if depth is large compared to the
wavelength of the waves. If bottom is not too far, the equations must be
complemented by boundary conditions at the bottom, which is condition that
normal component of the velocity vanishes at the bottom, i.e. u, = 9¢/0z =0
atz = —h.

Let us consider waves on the surface of a liquid whose area is unlimited,
propagating along the x-axis and uniform in the y-direction, and suppose the
wavelength is small in comparison with the depth of the liquid, which means
that we shall consider the liquid as infinitely deep. In such a wave, all quantities
are independent of y. We shall seek a solution, which is a simple periodic
function of time and of the coordinate x, i.e. the velocity potential is

d(z,x,t) = f(2)Y(x,t) = f(z) cos(kx — ot), (6.11.9)
where ® = 27/T is the circular frequency (or simply the frequency) of the wave,
and k = 2x/\ is the wave number with A being the wavelength.

Then, substituting (6.11.9) in (6.11.4), we obtain

d’f
Vip=Adp = [F — sz] cos(kx — wt) = 0. (6.11.10)
Z

The general solution to Eq. (6.11.10) is

d(x,2z,t) = [A exp(kz) + Az exp(—kz)] cos(kx — ot), (6.11.11)
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where A| and A, are constants depending on boundary conditions. The solu-
tion, which is limited as z — —o0, i.e. into interior of the liquid, is

d(x,2,t) = A" cos(kx — mt). (6.11.12)

Substituting this solution into the boundary condition on the free surface
(6.11.8), we obtain equation, which gives the relation between the wave number
and the frequency of a gravity wave — dispersion relation.

b 10°¢ o’
<E+ém>zo_ <k_E>A1 cos(kx — ot) = 0. (6.11.13)

Thus, the dispersion relation for the gravitational waves is
o’ = kg. (6.11.14)

The problem can be generalized for the case of gravity waves separating two

liquids, the upper liquid being unbounded from above, and the lower liquid

being unbounded below, with the density of the lower liquid p and of the upper

liquid p’, with p>p’. In this case the dispersion relation is

o = p—p
p+p

ke, (6.11.15)

which is obviously transformed in (6.11.14) when p’ — 0.
Let us consider also the velocity distribution in the moving liquid. Taking the
space derivatives of ¢, given by (6.11.12), we have

u, = A /dx = —A ke sin(kx — ot),

(6.11.16)
u, = 0¢/9z = A ke cos(kx — ot).
We see that at any given point in space (i.e. for given x, z) the velocity vector
rotates uniformly in the x,z-plane, with its magnitude remaining constant, and
the velocity diminishes exponentially as we go deeper into the liquid. The fluid
particles move along circles with the radius, which diminishes exponentially
with increasing depth.

6.12 The Rayleigh-Taylor Instability

In the previous section we considered the gravity waves at the interface between
two fluids of different density, when the fluid of higher density is below,
while the fluid of less density is above. Particular case of such configuration is
the gravity waves at the surface of water, when the density of air is negligible
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compared with the density of water, p’ <<p, so that we can put p’ = 0. What
happens if the lower density fluid supports from below the heavy fluid in a
gravitational field? This configuration corresponds to many physical problems,
in particular, related to problem of energy cumulating. For example, this is the
configuration of a matter accelerated by high temperature gases from strong
explosion. Similar problem is the plasma compressed or confined by the pres-
sure of magnetic field. In the last case the magnetic field can be viewed as
massless fluid.

Obviously the interface between two fluids cannot be ideally planar; there are
always infinitely small disturbances at the surface z = {(x, y, t) arising due to a
noise. Let us consider development of small perturbations in the case of a semi-
infinite fluid of density p supported by a low-density gas, which density is
negligibly small. From the mathematical point of view the problem is almost
identical to the problem of gravity waves with the only exception that the
gravity acceleration now directed not from the light to the heavy fluid as on
Fig. 6.9, but in the opposite direction. This means that we can use formulas
derived in previous section, but must change the sign of gravity acceleration in
all formulas. In particular, we obtain formula the dispersion relation

o’ = —gk, (6.12.1)

which means that frequency is pure imaginary: o = +iy/gk, and the amplitude
of small oscillations, {(x, y,t) = A exp(ikx — iot), growth exponentially fast the
positive imaginary ® as exp(\/g_kt). This instability of the interface surface
separating two liquids of different densities is called the Rayleigh-Taylor
instability; its growth rate is

o =1im = +/gk. (6.12.2)

The Rayleigh-Taylor instability always develops when a heavy liquid is
supported in a gravitational field by a lower density liquid, or if a heavy liquid
is accelerated by a liquid of smaller density. In general, the condition of the
instability is

g Vp<0. (6.12.3)

In usual life we can see manifestation of the Rayleigh-Taylor instability when
we turn over the glass of water. The water flows out of the glass even though the
atmospheric pressure is more than enough for keeping the water in the glass.
This is manifestation of the Rayleigh-Taylor instability that makes the water
surface unstable and very fast results in a water jet flowing from the glass. Of
course, the final result — water jet flowing from the glass is the nonlinear stage of
the instability. It is well know that if we put a sheet of paper attached to the glass
of water, and then carefully turn over the glass, the paper remains attached to
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the glass and water will not flow out. The role of the paper is that it damps small
initial perturbations on the water surface and stops the instability.

So far we considered perturbations of small amplitude. With the growth of
the perturbation’s amplitude, when perturbation amplitudes become larger and
the condition of linearity breaks down, the problem becomes nonlinear. The
nonlinear effects as well as other physical effects that are not taken into con-
sideration in scope of ideal fluid approximation, limit the growth of the initial
disturbances. Also there are different factors, which may limit from below the
growth of short wavelength perturbations. For example, this is the surface
tension; another factors are dissipations, surface curvature, etc. Interesting
example of the Rayleigh-Taylor instability is the gas bubbles rising to the
water surface. It is evident from what was said above, that the gas layer or a
large bubble under the water surface is unstable. Manifestation of the instability
in this case is a gas bubble rising to the water surface. Of course, the instability in
that case is complicated by influence of the surface tension and the surface
curvature. However, using dimensional considerations we can obtain a simple
estimate for the velocity of the rising bubble. From the parameters of the
problem: the gravity acceleration g, the density of the fluid p (we assume that
the density of the gas is negligible compared to the fluid density and put it equal
to zero) and the bubble radius, we can form only one combination of the
velocity dimension: Upypple o< +/gR. This means that as larger the bubble is, as
the faster it flows up to the surface. Though, the obtained estimate for the
bubble velocity agrees with experimental observations, its application is limited:
bubbles of very large radius are broken into bubbles of smaller radius, while
bubble of very small radius will collapse due to the surface tension faster than it
flows up.

6.13 Sound Waves

We proceed now to the study oscillatory motion with small amplitude in a
compressible fluid. Such a small amplitude oscillatory motion is called sound
waves. When propagating in a gas or fluid, a sound wave causes alternate
compression and rarefaction at each point in the fluid. Since the oscillations
are supposed to be small, the characteristic velocity of the fluid particles is small
also. The relative changes in the fluid density and pressure are supposed to be
small also. We write the variables for pressure, P and density p in the form

P=Py+P, p=rpg+p (6.13.1)

where Py and p, are the constant equilibrium pressure and density, and P’ and p’

are their small variations in the sound wave (P’ <<Py, and p’ <<p,).
Substituting p = p, + p’ in the equation of continuity and neglecting small

quantities of the second order (we consider P, p’and u being small quantities of
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the first order; we shall verify from the obtained solution that u is indeed small
quantity of the same order as P/, p’), we obtain

op’
cu=0. 6.13.2
6t+p0v u=20 (6.13.2)

The term (u- V)u in Euler equation may be neglected since it is of the second
order. Substituting expressions for pressure and density in the form (6.13.1) and
neglecting small quantities of the second order, we obtain in the same first order
approximation

ou 1
—+—VP =0. 6.13.3
ot + o v 0 ( )

The condition that the linearized Egs. (6.13.2) and (6.13.3) should be applic-
able to the propagation of sound waves is that the velocity of the fluid particles
in the wave should be small compared with the velocity of sound: u<<as.
Below we shall see that this condition can be obtained, for example, from the
requirement that p’ <<p,.

Equations (6.13.2) and (6.13.3) contain the unknown u, P’, p’. To eliminate
one of them we notice that a sound wave in an ideal fluid is adiabatic, like any
other motion in an ideal fluid. Hence the small change P’ in the pressure is
related to the small change p’ in the density by

p— () oy (6.13.4)
po/

where a; = /(0P/0p); is the sound velocity.
Substituting for p’ according to this equation in the linearized Eq. (6.13.2),
we find

oP' opP oP' )
Vu=—+ V- u=0. 6.13.5
at P (8p0> . U= TPt v o 0 ( )

The two Eqgs. (6.13.3) and (6.13.5) for contain u and P’ giving a complete
description of the sound wave.

As it was discussed above, the flow with small oscillations is potential. In
order to express all the unknowns in terms of one of them, it is convenient to
introduce the velocity potential by putting u = V. Then, Eq. (6.13.3) can be
written as

B 1 op 1
el —_VP = —~+—P') =0 13.
at(v¢)+p0v 0, or V(8t+p0 ) 0 (6.13.6)

From the last equation we have
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)

P = _p
pOata

(6.13.7)
where we omit constant integrating Eq. (6.13.6) since the velocity potential can
be taken with arbitrary additive function ¢, such that V¢, = 0.

Substituting P’ from (6.13.7) and u = V¢ in the Eq. (6.13.5) we obtain

2
% —alAp =0. (6.13.8)

Applying the gradient operator to (6.13.8), we find that each of the three
components of the velocity u satisfies the equation having the same form.
Also differentiating (6.13.8) with respect to time we see that the pressure P’
and therefore p’ also satisfies the equation having the same form, which is a
wave equation.

For a plane wave propagating along only one coordinate (x) and when and
the flow is completely homogeneous in the yz-plane, the wave Eq. (6.13.8)
becomes

o &
a—j’—afa—gzo. (6.13.9)

Solution of this equation can be obtained replacing independed variables x
and t by the new variables ¢ =x —ast and n = x + agt. In these variables
(6.13.9) becomes

o
=0 6.13.10
s = (6.13.10)
which is easily integrated
¢ = Fi(x — agt) + Fa(x + ast), (6.13.11)

where F; and F, are arbitrary functions of their arguments.

To be definite, we shall take the density as p’ = Fi(x — ast) + Fa(x + ast).
Let, for example, F,=0, so that p’ = F;(x — ast). The meaning of this solution
is evident. In any plane x =constant the density varies with time, and at any
given time it is different for different x, but it is the same for coordinates and
times such that x — a,t = constant, or for coordinates x = constant + ast. This
means that, if at some instant and at some point the fluid density has a certain
value, then after a time t the same value of the density is found at a distance ast
along the x-axis from the original point. The same is true of all the other
quantities in the wave. Thus the pattern of motion is propagated through the
medium in the x-direction with a velocity ag, which is called the velocity of
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sound. The functional dependence of the type F = F;(x — ast) represents what
is called a traveling plane wave propagating in the positive direction of the
x-axis. It is evident that another function F = F,(x + ast) represents a traveling
plane wave propagating in the opposite direction.

Of the three components of the velocity u = V¢ in a plane wave, only
uy = O¢/0x is not zero. Thus the fluid velocity in a sound wave is in the
direction of the wave propagation, therefore, sound waves in a fluid are
longitudinal.

In a travelling plane wave, the velocity u, = u is related to the pressure P’
and the density p’ in a simple manner. Putting ¢ = F(x — ast), we find
u=0¢/0x =F(x —at) and P = —p 0/t = pyasF'(x —ast) = pyasu,
where F’ means a derivative of function F. Thus, we find

u =P’ /pa;. (6.13.12)

Substituting in (6.13.12) expression for P’ from (6.13.6) P’ = ag p’, we find the
relation between the velocity and the density variation in the sound wave:

u=asp’/p, (6.13.13)

which confirm the condition made at the beginning that P, p’and u are small
quantities of the same first order.
Let us calculate the velocity of sound in an ideal gas. The equation of state

. . P . . .
for ideal gas is PV = E = RT/u, where R is the universal gas constant and p is

the molecular weight. Substituting expression for pressure from the equation of
state in the formula for sound velocity, a; = /(0P/0p),, and taking into
account that the adiabatic compressibility is related to isothermal compressi-
bility by the following thermodynamic formula

OP cp <8P> <8P)
) =2 () =y (2 6.13.14
<8p>s cv \0p/ 1 ! o)t ( )

where y = cp/cy is adiabatic constant, we obtain for the velocity of sound in
ideal gas

as = /YRT/p. (6.13.15)

Since adiabatic constant usually depends only slightly on the temperature, the
velocity of sound in the gas may be supposed proportional to the square root of
the temperature, and for a given temperature it does not depend on the pressure.
It should be noticed that the velocity of sound in the gas is of the same order as
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the mean thermal velocity of molecules in the gas; the magnitude of the
adiabatic constant is y = 5/3 and 7/5 for mono-atomic and two-atomic gases,
respectively.

In an important case of monochromatic waves all quantities are harmonic
functions of the time. Importance of the monochromatic waves is due to any
wave can be represented as a sum of superposed monochromatic plane waves
with various wave vectors and frequencies. This decomposition of a wave into
monochromatic waves is simply an expansion as a Fourier series or integral,
which is called also spectral resolution. It is convenient to write such functions
as the real part of a complex quantity. For example, we put for the velocity
potential

¢ = Re{dy(x,y,2) - e}, (6.13.16)

where o = 27/T is the frequency of the wave, and here T is period.
Then the function ¢ (x,y,z) satisfies the equation

0)2
Ady + g = 0. (6.13.17)

Let us consider a monochromatic traveling plane wave, propagating in the
positive direction of the x-axis, so that all quantities are functions of argument
(x — ast) only, and the potential of the form (6.13.16) obtained by solving the
Eq. (6.13.17) is

¢ = Re{A exp[—io(t — x/ay)]}, (6.13.18)
where A is the complex amplitude.
Writing this as A = ae™ with real constants a and o, we obtain the solution
with a being amplitude of the wave, and « being the phase:

¢ = acos(ox/ag — ot + o). (6.13.19)

Let us denote by n a unit vector in the direction of wave propagation. The
vector

k=—n=2"n (6.13.20)

is called the wave vector, and its magnitude k = |k| the wave number; here A
is the wavelength. In terms of the wave number the expression (6.13.18) can be
written as

¢ = Re{A exp[—i(ot — kr)]}. (6.13.21)
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6.14 One-Dimensional Traveling Waves

In the previous section discussing sound waves, we assumed that the amplitude
of oscillations is small, so that the equations of motion were linear. A particular
solution of these equations was a plane wave, that is any function of (x + at),
corresponding to a traveling wave whose distribution of density, velocity, etc.,
along the direction of propagation, moves with velocity a,, remaining
unchanged. Since u, p and P in such a wave are functions of the same quantity
(x £ ast), they can be expressed as functions of one another, in which the
coordinates and time do not explicitly appear, P = P(p), so on.

When the wave amplitude is not small, these simple relations do not hold.
However, a general solution of the exact equations of motion can be obtained in
the form of a traveling plane wave, which is a generalization of the solution
F(x £ ast) of the approximate equations valid for small amplitudes. In the
absence of shock waves the flow is adiabatic. If the gas is homogeneous at
some initial instant, then its entropy is constant at all times. The pressure is thus
a function of the density only P = P(p), and we assume also that the velocity
can be expressed as a function of the density u = u(p).

In a plane wave, propagating in the x-direction, all quantities depend on x
and t only, the velocity is ux = u, uy = u, = 0. So that the continuity and the
Euler equations are

dp  9(pu)
TRl (6.14.1)

ou ou 10P

Using the fact that uis a function of p or P only, we can write these equations as

dp  d(pu)dp

a5 + dp % 0, (6.14.3)
oJu 1 0P\ du
E“r (u-i-a%)&—o. (6.14.4)

From the relation: dp = (0p/0t)dt + (9p/0x)dx follows that

(Op/0)  (0x
(Op/0x) <E> . (14

Then, using the relation (6.14.5), we obtain from (6.14.3)

ox\ _ (9p/0t) _d(pu) _ du
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and from (6.14.4) follows

ox\ _ (0u/ot) 1dP
(E) ~owo = e (6.14.7)

u
Since the value of p uniquely determines that of u, the derivatives for constant p

and constant u are the same, i.e. (9x/0t),= (0x/0t),, so that from (6.14.6) and
(6.14.7) we obtain

du 1dP_1dPdp 1 ,dp

i ) 6.14.8
pdp pdu pdpdu pas du ( )
From (6.14.8) follows
du dg Jas J 1
— =4 u=+|=dp=+ |—dP. 6.14.9
dp p p P asp ( )

The Eq. (6.14.9) gives the general relation between the velocity and the density
or pressure in the wave. In a wave of small amplitude, when p = p, + p’, and
p' <<py, (6.14.9) gives in the first approximation u = agp’/py, i.e. the usual
formula for sound wave (Sect. 6.13). Combining (6.14.9) and (6.14.7) we
obtain

ox 1dP 1 0P dp I ./, p
—_— = —_—— —_—_— — ¢ :I:— = :l: s s
<8t)u u+pdu u+p8p8u u+pas< o u =+ ag(u)

which is integrated and gives
x = [u+tas(u)] - t+f(u), (6.14.10)

where f(u) is an arbitrary function of the velocity, and as(u)is given by (6.14.9).

This general solution was first obtained by B. Riemann (1880). It determines
the velocity (and therefore all other quantities) as an implicit function of x and t,
i.e. the wave profile at every instant. According to (6.14.10) the point where the
velocity has a given value moves with constant velocity, which means that in this
sense, the solution obtained is a traveling wave. The two signs in (6.14.10)
correspond to waves propagating in the positive or negative x-directions rela-
tive to the gas. The flow described by the solution (6.14.9) and (6.14.10) is called
a simple wave.

Let us write out the relations for a simple wave explicitly for an ideal gas. We
recall that for adiabatic process, pT'/(=Y) = constant. Since sound velocity is
proportional to /T, we have P/pY = const and p = py(as/ aso)z/ =1 Substitut-
ing this in (6.14.9) we obtain
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u=+ Eljdas— (ay — ay). (6.14.11)

v—1

Integration constant in (6.14.11) corresponds to ag = ay at the point in the
wave for which u = 0. Correspondingly, using (6.14.11), we can write down

-1

as:asoivz u, (6.14.12)
2/(y=1)
vy—1u
= l+—— 6.14.13
(11 0) (6.14.13)
2y/(y=1)
y —1lu
— ) 6.14.14
( 2 as(]) ( )
Since as >0, we conclude that u < Ll ag). It is convenient to present (6.14.10) in
the form
1
u_F[x— <Y; u:tasg) -t}, (6.14.15)

where F is another arbitrary function.

Itis seen from (6.14.12) that the velocity in a direction opposite to that of the
propagation of the wave (relative to the gas itself) is of limited magnitude. For a
wave propagating in the positive x-direction we have

Cu< _Yzasol , (6.14.16)

A simple wave described by formulae (6.14.12), (6.14.13), and (6.14.14) is
essentially different from the limiting case of waves of small amplitude. The
velocity of a point in the wave profile is

U=uxa,. (6.14.17)

It may be viewed as a superposition of the propagation of a disturbance relative
to the gas with the velocity of sound and the movement of the gas itself with
velocity u. The velocity u is now a function of the density, and therefore is
different for different points in the profile. Thus, in the general case of a plane
wave with arbitrary amplitude, there is no definite constant “wave velocity”.
Since the velocities of different points in the wave profile are different, the
profile changes its shape in the course of time.
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Let us consider a wave propagating in the positive x-direction, for which
U = u + a,. The derivative of u + ag with respect to the density is

dp p dp p dp p dP 2

d(utay) a; da; _1d(pay) _a;d(pa) _pa3 (%) >0, (6.14.18)

where we used formula (6.14.9): du/dp = a,/p.
Let’s take x-derivative of general solution (6.14.10) with sign plus, we obtain

td(u—kas)@_

—1. 14.19
dp  ox (6.14.19)

From (6.14.18) steams that for t >0 also dp/9x >0, and it is easy to see that also
OP/0x>0 and Ou/0x>0. However, for full time derivative we have, using
continuous equation

dp 0p op ou
dat ot Yax T T Paxe
which means that dp/dt<0 and dP/dt<0, and also du/dt<0.

This means that density and pressure are decreasing in every fluid elements of
fluid in course of its move in space accompanying by rarefaction. Such motion
is called rarefaction wave. In the form x/t =u+ as the solution (6.14.10)
represents the rarefaction wave, which moves with velocity x/t relative to the
laboratory system, and the head of the rarefaction wave moves with the local
sound velocity x/t — u = a, relative to the gas.

Contrary to the rarefaction wave for a wave propagating in the negative
x-direction the velocity of propagation of a given point in the wave profile
increases with the density. If ayy is the velocity of sound for the equilibrium
density py, then in compressed region, p > p, and a5 > ay, while in rarefactions
p<py and a5 <ay.

The inequality of the velocity of different points in the wave profile causes its
shape to change in the course of time: the points of compression move forward
and those of rarefaction are left behind as it is shown in Fig. 6.11. Finally, the
profile may become such that the function p(x) for given t is no longer one-
valued, when three different values of p correspond to the same value of x
(Fig. 6.11c), i.e. the wave profile is turned-over. This is, of course, physically
impossible. In reality, discontinuities are formed where p(x) is not one-valued,
and p(x) is consequently one-valued everywhere except at the discontinuities
themselves. The wave profile then has the form shown by the dashed line in
Fig. 6.11c. When the discontinuity is formed, the wave ceases to be a simple
wave. The cause of this can be briefly stated thus: when surfaces of discontinuity
are present, the wave is reflected from them, and therefore ceases to be a wave
traveling in one direction. The assumption on which the whole derivation is
based, namely that there is a one-to-one relation between the various quantities,
consequently ceases to be valid in general.
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Fig. 6.11 Formation of Ap i
discontinuity in a simple
wave
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The presence of discontinuities (shock waves) results in the dissipation of
energy. The formation of discontinuities therefore leads to a marked damping
of the wave. When the discontinuity is formed, the highest part of the wave
profile is cut off. In the course of time, as the profile is bent over, its height
becomes less, and the profile is smoothed to one with smaller amplitude, i.c. the
wave is damped. It is clear from the above that discontinuities must ultimately
be formed in every simple wave, which contains regions where the density
decreases in the direction of propagation.

6.15 Flow in a Pipe Ahead of the Moving Piston

Although the wave is no longer a simple one when a discontinuity has been
formed, the time and place of formation of the discontinuity can be determined
analytically. We saw that the occurrence of discontinuities is mathematically
due to the fact that, in a simple wave the quantitiecs P, p and u become
many-valued functions of x at times greater than a certain value ty, whereas
for t<ty they are one-valued functions. Therefore, the time t, is the time of
formation of the discontinuity. It is evident from geometrical considerations
that, at the instant ty, the curve u = u(x) as a function of x becomes vertical at
some point X = Xq, which is the point where the function is subsequently
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many-valued. Analytically, this means that the derivative (Ju/0x),, becomes
infinite, and (0x/0u), becomes zero. It is also clear that, at the instant to, the
curve u = u(x) must lie on both sides of the vertical tangent, since otherwise
u(x) would already be many-valued. In other words, the point x = xo must be,
not an extremum of the function x(u), but a point of inflexion, and therefore the
second derivative (9°x/0u?), must also vanish. Thus the place and time of
formation of the shock wave are determined by two equations

(0x/0u), =0, (0*x/0u?), = 0. (6.15.1)
For an ideal gas, we found

1
[

u+aso} -t f(u). (6.15.2)

Then, the Egs. (6.15.1) give

2
:——f/ f” == . 1 .
t= -l rw=0 (6.15.3)

From this condition we can obtain explicit expressions for the time and place of
formation of the discontinuity.

Let us use the above general theoretical consideration for a flow in a semi-
infinite cylindrical pipe (x>0) formed ahead of a moving piston. We assume
that the piston is pushed into the pipe, and begins to move at time t = 0 with
velocity U, = at. In this case we find from (6.15.2) at the surface of the piston
(x=0)

f(u) = f(at) = —apt — %atz, (6.15.4)
and from (6.15.2) we obtain

1 ,
wt = f(u) = UMY ) (6.15.5)

X—(aso-i-y

Itis seen from (6.15.5) that the gas velocity monotonically decreases in a simple
compression wave formed ahead of the piston and it vanishes ahead of the
wave, at x = agt. The time and location of the breakdown of the compression
wave are defined by the two conditions (6.15.3). In fact, the shock wave is
formed at the boundary where the simple wave adjoins a gas at rest. Here also
the curve u = u(x) must become vertical, i.e. the derivative (0x/0u), must
vanish at the time when the discontinuity occurs. However, in this case the
second condition is simply that the velocity vanish at the boundary of the gas at
rest, so that (9x/0u), = 0 for u = 0. From (6.15.5) we have f'(u = 0) = —ay/a,
and substituting this in (6.15.3) we obtain time and location for the shock wave
formation
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2 a 2 al
- m?o X = Bt = (6.15.6)

tsh
Note that discontinuity that must appear in a sound wave leads to a strong
damping of the wave. It must be remarked, however, that this happens only for
a sufficiently strong sound wave. Before nonlinear effects can develop, the usual
effects of viscosity and thermal conduction will damp amplitude of a weak
sound eliminating appearance of higher order effects in the amplitude. In the
case of a strong sound wave and with account of damping due to viscosity, the
time of the discontinuity formation is

tsh = CXP(Htsh)» (6157)

M
nUo(y + 1)

where the sound wave is u = Uy sin(wt), ® and A are of frequency and wave-
length, and p v/kz. It is seen that solution to (6.15.7) exists only for large
enough amplitudes of the sound wave, if Uy >pel/n(y + 1).

Problems

6.1. Determine the shape of the surface of an incompressible fluid subject to a
gravitational field, contained in a cylindrical vessel, which rotates about its
vertical axis with a constant angular velocity (2.

6.2 Calculate and draw streamlines of the flows with the velocity components:

(a) ux =Uy/L,uy = Ux/L; b) uy = UL xL

Xy T TRy

(b) ux = Uexp(—kx) cos(ky), uy = Uexp(—kx) sin(ky).

Are these flows incompressible? Irrotational? Find the velocity potential
and the stream function.

6.3. Use the Bernoulli equation to find the time dependence of water level in the
tank h(t) shown in the figure.

—
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6.4.

6.5.

An infinitely light gas supports from below a layer of a heavy fluid.
Thickness of the fluid layer is L, the upper surface of the fluid is free.
Find the dispersion relation of the Rayleigh-Taylor instability at the low
surface of the layer. Is the instability growth rate reduced in comparison
with the maximal possible growth rate of the Rayleigh-Taylor instability
Omax = \/g_k?

Find position and time of the shock wave formed ahead of the piston,
which starts moving with acceleration at t = 0.






Chapter 7
Energy Dissipation in Gases and Liquids

In Chap. 6 we considered dynamics of ideal gases and fluids assuming that there
is no energy dissipation. In reality gases have non-zero viscosity and thermal
conduction. In this chapter we shall consider the effect of energy dissipation,
which is the result of the thermodynamic irreversibility of the motion. This
irreversibility always occurs due to internal friction (viscosity) and irreversible
energy diffusion — thermal conduction.

7.1 Viscous Fluids

In order to obtain the equations describing the motion of a viscous fluid, we
have to include additional terms in the equation of motion. The equation of
continuity, as it is seen from its derivation, is equally valid for any fluid, whether
viscous or not. Euler’s equation, on the other hand, requires modification. The
equations of motion of a viscous fluid can be obtained by adding the expression
which gives the irreversible “viscous” transfer of momentum in the fluid to the
right-hand side of Euler’s equation obtained for ideal fluid (we will not be
considering gravity here)

du oy; oui\ .
P = p(ﬁ”“a_m) = —VP + (viscous force) (7.1.1)

Processes of internal friction occur in a fluid only when different fluid
particles move with different velocities, so that there is a relative motion
between various parts of the fluid. The viscous force is actually a friction
force on the surface separating fluid layers. The physical reason for the viscous
force is random thermal motion of fluid particles accompanied by particles
exchange between two neighboring layers. Thus, the friction force between the
layers must depend on the space derivatives of the velocity. Since the viscous
force is a surface force, it is convenient to introduce the force per unit surface
area called viscous stress, o. If the friction force acting along the element
surfaces in x-direction, so the x-component of the stress is

M.A. Liberman, Introduction to Physics and Chemistry of Combustion, 157
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ou

X 7.1.2
n By (7.1.2)

Cc = Ffriction/slayer =

The viscous force acting on the fluid element is

0 Juy
oS ~ — —— 1 3Sd
y> dy (n 3Y> Y

0 Ouy
_8_y<n 6y)6v’ (7.1.3)

Juy
dy

P

(viscous force) = [ n
y+3y

and the equation of momentum transfer for this simplified case of motion along
x-axis takes the form

duy oP 0 Ouy
povV T —§8V+8—y (n 8y)6V

or

duy oP 0 Ouy
o oy (1)

Here m is the viscosity coefficient. The viscosity coefficient depends on a parti-
cular fluid or gas. Typically, the viscosity coefficients are very small for gases, for
example, for air n = 1.8 - 10~%g/scm, for hydrogen n =9.5-103g/scm, for
oxygen n = 2.1 - 10~*g/scm, for nitrogen n = 1.84 - 10~*g/s cm. For fluids the
viscosity coefficients are larger: for water n = 0.01g/scm, for gasoline
n=6.5-10"2g/scm, for glycerin = 8.5g/scm.

In general case, the quantity ¢ = oj; is tensor, which is called the stress
tensor. Its form can be established in a very general form. If the velocity
gradients are small, we may suppose that the momentum transfer due to
viscosity represents a linear function of the first order space derivatives of the
velocity. The stress tensor obviously must vanish when the whole fluid under-
goes to a uniform rotation, since there is no internal friction for such motion,
and there should not be terms independent on velocity derivatives, since the
stress tensor must vanish for uniform motion with a constant velocity. There-
fore the stress tensor may contain only symmetrical combinations of the deri-
vatives Ou;/0xx. It can be shown that the most general tensor of rank two
satisfying the above conditions is

oy Oug 2 oy; au;
Oik —ﬂ(axk + axi _581](8_)(1) +<81ka_xi7 (714)

with coefficients >0 and (>0 which are called the first and the second
coefficients of viscosity, and d;x being the unit tensor:



7.2 Energy Dissipation in Viscous Fluids 159

—_ O O

1 0
k=10 1
0 0

Thus, we came to the general form of the momentum equation with the viscous
force

du; OP 0 <8ui Ouy 26 8uj> 0 ( Ju;

pH - Ox; +pgit 8xk OXy + 0x; ik Oxj x; 0xj

). (7.1.5)

This is the most general form of the equations of motion of a viscous fluid. The
quantities n and ¢ are functions of pressure and temperature, and therefore are
not constant throughout the fluid, so that n and ¢ cannot be taken outside the
gradient operator. However, in most cases, the viscosity coefficients do not
change noticeably in the fluid, and they may be regarded as constant. Under
these assumptions the Eq. (7.1.5) can be considerably simplified, written in
vector form, known as the Navier-Stokes equation

1
pat p(u-Vu= —VP+pg+nV2u+(C+§n)V(V~u). (7.1.6)
The Navier-Stokes equation becomes considerably simpler if the fluid may be
regarded as incompressible, so that V - u = 0; the last term on the right side of
(7.1.6) vanishes, and we obtain

Ou

1 N2
8t+( -Vu= pVP+qu+g. (7.1.7)

We see that the viscosity of an incompressible fluid is determined by only one
coefficient, and the stress tensor takes the simple form

(7.1.8)

cik = —Pdik +n (8u, 8uk>

ox | Ox

Frequently used the ratio v =mn/p, which is called the kinematic viscosity
(contrary to the dynamic viscosity coefficients). The kinematic viscosity coeffi-
cients at T=20 C are: for air v = 0.15 cm?/s, for glycerin v = 6.8 cm?/s, for
water v = 0.01 cm?/s.

7.2 Energy Dissipation in Viscous Fluids

The presence of viscosity results in the dissipation of energy, which is finally
transformed into heat. For the considerably simplified case of an incompres-
sible fluid, the total kinetic energy is
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1
Ekin :Ep/ude. (7.2.1)

Taking the time derivative of (7.2.1), writing 9(3 pu®) = pu;(du;/0t) and sub-
stituting for du; /0t the expression for it from the Navier-Stokes equation:

aui _ 1 0P u 8ui laGik
k@xk p Ixy

o pdxi

(7.2.2)

we obtain for the incompressible fluid (V - u = 0):

0 1 2\ 1 > P R ‘Bui
at <2pu)— v {pu(zu —|—p) u c] leaxk’ (7.2.3)

The expression in brackets in the right side of (7.2.3) is the energy flux density in
the fluid, where the first term is the energy flux due to the actual transfer of fluid
mass, and the second term is the energy flux due to processes of internal friction.
The presence of viscosity results in a momentum flux. A transfer of momentum,
however, always involves a transfer of energy. Integrating (7.2.3) over volume
V, we obtain

O (L 2)av — LIS o D )
at/(2pu>dV ?{{pu(zu —i—p) u G:| ds /le8Xde. (7.2.4)

The first term on the right gives the rate of change of the kinetic energy of the fluid
in volume V owing to the energy flux through the surface bounding V. The
integral in the second term is consequently the decrease per unit time in the
kinetic energy owing to dissipation. If the integration is extended to the whole
volume of the fluid, the surface integral vanishes since the velocity vanishes at
infinity, and taking into consideration that cj is symmetrical tensor, we find the
energy dissipated per unit time in the whole fluid

0 1 (9111 8uk
aEkm = —E/ Oik (8xk + 8X1>dv (725)

Substituting in (7.2.5) expression for the tensor oy given by (7.1.8), we obtain
for the energy dissipation in an incompressible fluid

0 1 o duy\?
aEkm = _En/clk <8—Xk+8—XI) dv. (7.2.6)

The dissipation leads to a decrease in the mechanical energy, i.e. gEkm<0.
Since the integral in (7.2.6) is positive, we conclude that the viscosity coefficient
1 is always positive too.
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Finally, some words should be said about boundary conditions for a viscous
fluid, which are somewhat different from the boundary conditions for an ideal
fluid. Let us consider boundary conditions at a rigid wall. A fluid cannot
penetrate into a rigid wall, therefore the normal velocity component should
vanish at a wall both for ideal and viscous fluids, u, = u-n = 0. However,
unlike an ideal fluid, a viscous fluid flow cannot slip along a wall since the
friction force stops fluid elements close to the wall. Therefore, in the case of a
viscous fluid the tangential components of the velocity along a wall are also zero
u; = 0. Combining both of these conditions we can formulate the boundary
condition at a rigid wall: velocity of a viscous fluid is zero at the wall, u ;44 oy = 0.

7.3 Thermal Conduction

A complete system of equations of fluid dynamics must contain five equations.
For a fluid in which processes of thermal conduction and internal friction occur,
one of these equations is the equation of continuity, the Euler equations are
replaced by the Navier-Stokes equations. While for an ideal fluid the fifth
equation is the equation of conservation of entropy, in a viscous fluid this
equation does not hold since irreversible processes of energy dissipation occur
init. So far we have considered flows in fluids and gases of constant density that
are not affected by energy release and heat transfer. However, if some part of a
gasis heated, then density of the gas drops in comparison with the surroundings
and the buoyant force pushes the heated gas of the smaller density upwards,
leading to the effect called convection. In this chapter we shall consider the
processes of heat transfer and flows caused by density difference.

7.3.1 The Equation of Thermal Conduction

We now shall take into account the transport processes related to viscosity and
thermal conduction:

(73 <9 (s Gy
= (pe+=zpu” | +V: |pule+—+-u =
3t<p 2" P p 2 (7.3.1)

= —{(thermal conduction) + (Viscous losses)}

The first term on the left side of (7.3.1) is the rate of change of energy in unit
volume of the fluid, and the second term is the energy flux due to the hydro-
dynamic flow and to work of pressure forces on the fluid. Two terms on the
right are the energy flux due to random thermal motion of fluid particles. In a
viscous fluid the law of conservation of energy holds: the change per unit time in
the total energy of the fluid in any volume must be equal to the total flux of
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energy through the surface bounding that volume. The energy flux density,
however, now has a different form. Besides the second term on the left
of (7.3.1) — the flux pu(H + u?/2) due to the simple transfer of mass by the
motion of the fluid, there is also a flux due to processes of internal friction,
which is given by the vector u - ¢, with components u;cjc. In addition, if the
temperature of the fluid is not constant throughout its volume, there will be a
transfer of heat, which is called thermal conduction. This signifies the direct
molecular transfer of energy from points where the temperature is high to those
where it is low. It does not involve macroscopic motion, and occurs even in a
fluid at rest. We denote the heat flux density due to thermal conduction by q:

Energy flux per unit surface = q = —xV'T. (7.3.2)

The coefficient « is called the coefficient of thermal conduction (or the thermal
conductivity). This coefficient characterizes how efficient the process of energy
transfer is for a particular type of fluid, gas or solids. The minus sign in (7.3.2)
appears since energy is transferred from hot to cold layers in the direction
opposite to the direction of the temperature gradient. It is always positive,
that is seen from the fact that the energy flux must be from points at a high
temperature to those at a low temperature, i.e. ¢ and VT must be in opposite
directions. The coefficient « is in general a function of temperature and
pressure.

Accordingly, the general law of conservation of energy is given by the
equation

B 1, Po1,\]
a(pg—&-ipu)—&-v-[pu(s—i—g—&-iu)]—V-(KVT—i-c-u). (7.3.3)

The Eq. (7.3.3) could be taken to complete the system of fluid-mechanical
equations of a viscous fluid. By virtue of the continuity equation and
the Navier-Stokes equation, and using the thermodynamic relation
de = TdS — PdV = TdS + (P/p?)dp , it is convenient to present (7.3.3) in
another form

pT(%—i—u-VS) = Gikg_::(—i_v - (xVT). (7.3.4)

The expression on the left side of (7.3.4) is the total time derivative of the
entropy, multiplied by pT. The quantity dS/dt gives the rate of change of
the entropy of a unit