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Preface

Combustion is a truly interdisciplinary subject, and as such it requires merging of
different areas of science: hydrodynamics, chemical kinetic, thermodynamics,
statistical physics, kinetic theory, and quantum theory. Due to such a com-
plexity the in-depth scientific investigation of combustion is a recent phenom-
enon, even though it has always had a great impact on all types of human
activities. The elements of combustion, such as flame and explosion are, of
course, known for a long time but somewhat surprisingly their first analytical
description has been obtained not such a long time ago and for only a limited
range of conditions. A more coherent picture has begun to emerge in recent
times, as a result of a number of experimental and theoretical studies, sponsored
by energy production and industrial needs.

Combustion has a wide variety of uses. Chemical combustion is used for
energy’s production in power plants, gas turbines and engines. Similar process
of thermonuclear combustion is a heat source for the Sun and stars. Recently,
astronomers were using exploding stars known as Type Ia supernovas as a
cosmic standard light markers to analyze the fate of the universe. They
found that the universe expansion is speeding up rather than slowing down,
whereas previously it was expected that gravity would be slowing down the
expansion. Combustion is involved in explosions for both industrial and
military purposes. The humanity cannot live without combustion processes
but they also have harmful effects, such as unwanted fire and explosions,
pollutants and greenhouse gases, which cause global warming.

Combustion is a process of heat release in exothermal reactions, which is
accompanied by mass and heat transfer. The chemical combustion involves a
chemical transformation between a substance or substances called fuels and
other chemicals called oxidizers. In the process, nuclei of the entering sub-
stances are not altered but bonds, involving the electrons of the molecules and
atoms, are changed. In many cases, it leads to heat being released, while other
cases, heat is required to form the bonds. Heat release in the process of bonding
change is the most interesting since this energy can be captured and usefully
exploited. Combustion may involve all phases of matter – solid, liquid and gas:
solid rocket propellants, liquid droplets burning in diesels, and gaseous com-
bustion in SI-engines. The principal difficulties in understanding combustion
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systems are the wide range of time and space scales involved, chemical comp-
lexity and multidimensional nature of the flow configuration. In turbulent
combustion, the strong non-linear coupling of the turbulence and the chemistry
further compounds difficulties. These turbulence–chemistry interactions arise
from the fact that in most combustion systems, mixing processes are not fast
compared with rates of chemical reaction, and there are large spatial and
temporal variations in species’ composition and temperatures. Chemical reac-
tion’s rates are strongly coupled to molecular diffusion at the smallest scales of
the turbulence. Furthermore, the heat release associated with combustion
affects the turbulent flow, both from variations in the mean density field and
from the effects of local dilatation. In the face of such difficulties for a direct
analytical approach, engineers have traditionally resorted to empirical methods
to develop a combustor. While in the last century the empirical approach
sufficed, today there is a much stricter control of pollutant emission and a
need for a much more effective burning of fuel, which makes empirical
approach no longer viable.

Most of the material covered in this book will deal with the gas phase and
with premixed gas combustion. Premixed gas combustion is combustion of
gaseous reactants, perfectly premixed prior to ignition. In that case, one has
only to ignite the mixture in order to initiate a reaction. The most distinctive
feature of premixed combustion is its ability to form a self-sustained reaction
wave propagating with a well defined speed, which is either larger (detonation
wave) or much less (deflagration wave, ‘‘flame’’) than sound velocity. Thus, we
can say that these two regimes of reaction wave, deflagration and detonation,
appear to be stable attractors each being linked to its own base of initial data.
Premixed gas combustion is obviously of utmost practical importance in
engines, modern gas turbines and explosions. There the fuel and air are pre-
mixed, and combustion occurs by the propagation of a front separating
unburned mixture from fully burned mixture. The emphasis in the present
course will be placed on regimes of premixed combustion due to its key impor-
tance for practical applications.

While there are several outstanding combustion text-books, they are too
advanced and may be difficult for introducing the subject at the undergraduate
level. These texts are primarily aimed at the audience at a more advanced level.
The present book is primarily meant for 2 nd and 3rd year university students,
and for PhD students working in the field of physics, chemistry, mechanical
engineering, computer science, mathematics and astrophysics. However, many
researchers who already work in the combustion will find some useful back-
ground material as well as an overview of recent major developments in this
field. This book has been developed throughmodification ofmy lecture notes of
the combustion course that I have taught for the last several years. The book is
focused mainly on theoretical modeling and fundamentals of physics and
chemistry of combustion processes and on physics mechanisms for various
combustion and combustion-related phenomena in gaseous combustible mix-
ture. The combustion of a gas mixture (flame, explosion, detonation) is
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necessarily accompanied by motion of the gas. The process of combustion is
therefore not only a chemical phenomenon but involves the study of gas
dynamics. Therefore, we have included elements of fluid dynamics, which are
usually missing from university courses. While assuming that first year physics,
chemistry, calculus and thermodynamics have been taken, the necessary con-
cepts in thermodynamics and fluid mechanics are presented during the course.

A vast number of combustion research has been published inmulti-disciplinary
scientific journals, such as Physical Review as well as in specialized combustion
journals, such asCombustion and Flame, Combustion Theory and Modeling,
Combustion Science and Technology, Journal of Fluid Mechanics, etc., as well
as many volumes of Proceedings of Combustion Institute (International), so
that a list of references would consist of thousands of studies. Instead of giving a
list of enormous number of references, I offer a short list of books for further
study for an interested reader.

1. Lewis, B. & Von Elbe, G., Combustion, Flames and Explosion of Gases,
Academic Press, 1987.

2. Zel’dovich, Ya. B., Barenblatt, G. I., Librovich, V. B., &Makhviladze, G.M.,
The Mathematical Theory of Combustion and Explosion, Plenum, New York,
1985.

3. Kuo, K. K., Principles of Combustion, John Wiley, 2005.
4. Poinsot, T. & Veynanete, D., Theoretical and Numerical combustion,

Edwards, 2001.
5. Heywood, J. B., Internal Combustion Engine Fundamentals, McGraw-Hill,

New York, 1988.
6. Ramos, I. I., Internal Combustion Engine Modeling, Hemisphere Publishing,

New York, 1989.

I want to thank many of my colleagues and PhD students whose interest in and
devotion to the combustion research have enormously helped in forming the
newer concepts of combustion wave and assisted with the illustrations used in
the book. I am gratefully acknowledge help and discussions with A. Ivanov and
M. Kuznetsov of the problem of deflagration-to-detonation transition, and
M. Kuznetsov and I. Matsukov providing me with their valuable experimental
data of deflagration-to-detonation transition.

Uppsala
Michael LibermanJanuary 2008
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Sources and Use of Energy

Today’s world energy consumption is about 1 Q/year with annual growth of
about 5%. The unit Q, which is used for such large amounts of energy, roughly
equals to 1:05 � 1021 J. This is a huge amount of energy, which is enough to
vaporize approximately 4 trillion of cubic meters of water, the amount of a very
large lake. Solar radiation annually absorbed by the Earth is approximately
15,000 Q. To avoid drastic change of climate the energy input produced addi-
tionally by human activity must be limited to about 0.1% of this value. This
means that upper limit for energy annually produced by human activity should
not exceed approximately 15 Q. With the present increase of energy consump-
tion we shall have reached this limit in about 30–40 years. Yet a more serious
problem is pollutant emission caused by combustion. Today world energy
production is dominated by carbon-based fuels, such as oil, natural gas and
coal and hence combustion provides over 85% of the total energy. As such, it is
also the principal contributor to air pollution.

It is unlikely that by the end of the twenty-first century other energy sources
will have become serious competitors to hydrocarbon combustion. Nuclear
energy has a limited appeal because of prejudice and, in some cases, political
reasons, and so it will probably not become a significant source of energy.
Improved breeder nuclear reactors would be able to provide a temporary relief
for the energy problem but this would also mean an easier unauthorized access
to the weapon-grade nuclear materials. The reserves of nuclear fuel are limited,
even compared to coal. Perspectives for thermonuclear energy production
remain uncertain. Up-to-date progress in controlled fusion research has turned
out to be much more modest than was expected earlier, in the 1960s. One does
not presently expect that the controlled fusion becomes an industrial energy
source before the end of the century. The solar energy’s use requires huge
investments, in particular, for producing new materials allowing a substantial
reduction in solar energy costs. Additionally, solar energy production is a
viable option in a relatively limited geographic area, mainly outside of the
developed countries, and hence relying on it would make developed countries
dependent on the political stability of those potential solar energy providers.
Even then, countries, which are enjoying a lot of sunshine, still do not have
particular encouraging prospects for solar energy.



It has been anticipated that fuel cell systems will play an increasing role in
power generation, reducing green house gases’ emissions and slowing the
global warming. In general, vehicles and power plants, which would use stored
hydrogen as fuel, could ultimately reduce local petroleum consumption and
local air pollution. However, to achieve this goal one requires a practical,
economical hydrogen source that does not generate carbon dioxide. The devel-
opment of such a hydrogen source, as well as hydrogen’s storage and distribu-
tion, present a major challenge for fuel-cell technology. At present, producing
hydrogen by electrolysis would require to double the total generation of elec-
trical energy to power cars by fuel-cells.Muchmore energy is needed to produce
a quantity of hydrogen compared to the energy than can be obtained from it
by combustion or by reactions in a fuel cell. Indeed, energy required is the
difference between the heat of combustion of the resulting hydrogen and the
heat of combustion of the reformed feedback. This difference sets the lower
limit on the energy required to produce an alternative fuel. In practice, the
overall efficiency of the process – that is, the energy content of the hydrogen
produced divided by the total energy consumed by the reforming process is less
than 60%. This means that to produce an amount of hydrogen with the energy
content 1MJ, we must spend more than 1.6MJ of energy. But, only 0.167MJ
must be expanded to produce a quantity of gasoline with energy content of
1MJ. Thus, use of hydrogen produced by reformation does not free us from
dependence on hydrocarbons. Since nuclear power and renewable energy
sources, such as hydropower, solar and wind, are not expected to expand
enough to support the electrolysis of seawater, the only realistic source for
hydrogen fuel is through reforming of petroleum or natural gas. The process
of extracting hydrogen from fossil hydrocarbons using very hot steam, for
example, will produce as much carbon dioxide as if the fuel had been burned
conventionally. If that CO2 is not sequestered by some means, preferably
near the hydrogen plant, its release into the atmosphere will cause as much
global warming as if it had come from conventional car or thermal power plant.

Recent climate catastrophes such as hurricanes Katrina and Rita, which hit
New Orleans, Texas and Florida, as well as storms and floods in Asia and
Europe, all present us with a serious warning of the climate change, caused by
the global warming due to release of pollutants into the atmosphere. The main
danger for societies and their economies is not a shortage of oil and gas
and resulting rise in prices of hydrocarbon fuels but rather the global warming.
It is generally accepted that burning of the hydrocarbon fuel, which is
vitally necessary for industry and transportation, is the main source of the
pollutants, which are causing global warming. Combustion is responsible for
nearly all of the emission of NOx, CO, CO2, aerosols, and many other chemical
species that are harmful to human health and the environment. According to
the environmentalists, the first and most reliable signs of an impeding climate
catastrophe are the upsurge in the most violent storms. There is a sustained
increase in the number and intensity of catastrophic storms over the last
30 years. Carbon dioxide and other greenhouse gases produced in combustion
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elevate the atmospheric temperatures causing global warming. As a result,
when ocean temperature rises, the amount of water vapor in atmosphere will
rise as well. A moister atmosphere helps fuel storms as they have more to ‘‘spit
out’’ in form of rain and also by helping drive the convection that gives them
lethal spin.

Typical combustion processes are inherently multi-scale, involving complex
spatio-temporal phenomena, associated with chemical reactions, molecular
transport, and turbulence. The considerable disparity between various scales
poses formidable difficulties both for theoretical analysis and numerical simu-
lations, and their effective resolution is one of the main issues of the combustion
research. Nowadays science and engineering have reached the point where the
ability to simulate processes at very small scales of space and time is essential for
furthering our understanding of the whole processes. The ability to simulate
processes involving a wide range of spatio-temporal scales and adequate che-
mical kinetics is essential for furthering understanding of burning processes and
for developing the tools required for development of new energy technologies.
This understanding is crucial for realizing the long-term goal of creating an
environmentally and economically sustainable energy source. The anticipated
advances in computational power together with theoretical combustion models
offer an opportunity to revolutionize the design and performance of combus-
tion systems, which will considerably lower emissions and increase thermody-
namic efficiency of new combustion technologies.

In conclusion, we will give some representative numbers of the world reserves
of hydrocarbon fuels and their distribution. The world reserves of coals is
144 Q; of oil, 7–8 Q; of natural gas, 1–2 Q. With the present level of consump-
tion, the reserves of oil and gas will have been depleted in 50 years. All reserves
of hydrocarbon fuels may be exhausted in about 100 years, although neither
the exact energy needs nor the precise reserves are known with the accuracy
which is needed to make definitive predictions.
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Chapter 1

Basic Concepts of Thermodynamics

Combustion is one of the most complex subjects that involve primarily such

disciplines as physics, chemistry, thermodynamics and fluid mechanics. Ther-

modynamics enables us to calculate the energies of system changes in composi-

tion. As such it enables us to determine, for example, the temperature and

pressure changes when a system undergoes a chemical transformation. It will

be seen that thermodynamics can also be used to tell us what the composition

change will be when a system undergoes a reaction. It is not used however to

determine rates of chemical transition. That is the subject of chemical kinetics.

The subject of thermodynamics is only concerned with beginning and end

thermodynamic states for a system, with no concern for the process path

between them. Therefore it will be important to recall the necessary basic

concepts of thermodynamics in this course. The purpose of this chapter is to

make students life easier, by providing review of the main basic concepts of

thermodynamics and necessary definitions. Similarly, in several chapters below

the necessary concepts of fluid mechanics will be given, some of them usually

missed in standard courses of fluid mechanics.

1.1 The Entropy

Thermodynamic physical quantities are those, which describe macroscopic

states of system. They include some, which have both a thermodynamic and

a purely mechanical meaning, such as energy, volume, density, etc. There are

also, however, quantities of another kind, which appear as a result of purely

statistical laws and have nomeaning when applied to non-macroscopic systems,

for example, entropy. In what follows we shall define a number of relations

between thermodynamic quantities. When thermodynamic quantities are dis-

cussed, the negligibly small fluctuations to which they are subject are usually of

no interest, so that, we shall entirely ignore such fluctuations, regarding the

thermodynamic quantities as varying only with the macroscopic state of the

system.

M.A. Liberman, Introduction to Physics and Chemistry of Combustion,
DOI: 10.1007/978-3-540-78759-4_1, � Springer-Verlag Berlin Heidelberg 2008
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Entropy is one of the main thermodynamic functions. To introduce meaning

of the entropy let us consider a closed system for a period of time long compared

to its relaxation time, assuming that the system is in complete statistical equili-

brium. Let us divide the system into a large number of macroscopic parts, which

we call subsystems. Let w ¼ wðEnÞ be the distribution function for the subsys-

tem. The probability that the subsystem has energy between within the interval

between E and Eþ dE is the product of w ¼ wðEnÞ on the number of quantum

states with energies in this interval. Let �ðEÞ be the number of quantum states

with energies less than or equal to E. Then the required number of states with

energy between E and Eþ dE can be written as d�ðEÞ
dE dE, and the energy prob-

ability distribution is

WðEÞ ¼ d�ðEÞ
dE

wðEÞ; (1:1:1)

which must satisfy the normalization condition

Z
WðEÞdE ¼ 1: (1:1:2)

The function WðEÞ has a very sharp maximum at the average value of the

energy, E ¼ �E, being different from zero only in the immediate neighborhood

of the point E ¼ �E.We may define the ‘‘width’’ E of the curveW ¼WðEÞ as the
width of a rectangle whose height is equal to the value of the function WðEÞ
at the maximum and whose area is unity: Wð�EÞ�E ¼ 1. Using the expression

(1.1.1), we can write this definition as

wð�EÞ�� ¼ 1; (1:1:3)

where

�� ¼ d�ð�EÞ
dE

�E (1:1:4)

is the number of quantum states in the interval �E of energy. The quantity ��
represents the ‘‘degree of broadening’’ of the macroscopic state of the subsystem

with respect to its microscopic states, with �E being in order of magnitude

equal to the mean fluctuation of energy of the subsystem. Taking into account a

correspondence between the volume of a region of phase space and the ‘‘corre-

sponding’’ number of quantum states we can say that a ‘‘cell’’ of volume ð2p�hÞs
(where s is the number of degrees of freedom of the system) ‘‘corresponds’’ in

phase space to each quantum state. It is clear that in the quasi-classical case the

number of states �� may be written as
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�� ¼ �p�q

ð2p�hÞs ; (1:1:5)

wherepandqare classicalmomentumandcoordinate (p ¼ p1; . . . ps; q ¼ q1; . . . qs).
The quantity �� is called the statistical weight of the macroscopic state of

the subsystem, and its logarithm

S ¼ ln ��ð Þ ¼ ln
�p�q

ð2p�hÞs
� �

(1:1:6)

is called the entropy of the subsystem. The entropy thus defined is dimension-

less, like the statistical weight itself. Since the number of states �� is always

larger than unity, the entropy cannot be negative. The concept of entropy is one

of the most important in statistical physics and thermodynamics.
It is worth to mention that in classical statistics the entropy is defined only

to within an additive constant, which depends on the choice of units, and only

differences of entropy, i.e. changes of entropy in a given process, are definite

quantities independent of the choice of units. This accounts for the appearance

of the Max Plank quantum constant �h in the definition of the entropy for

classical statistics. Only the concept of the number of discrete quantum states

enables us to define a dimensionless statistical weight and therefore to give an

unambiguous definition of the entropy.
From the general principles of quantum mechanics, using the Liouville

theorem in a way analogous to the classical mechanics, it can be shown that

logarithm of the energy distribution for subsystem is a linear function of

energy

ln w Enð Þ ¼ aþ bEn; (1:1:7)

which can therefore be rewritten as

ln w �Eð Þ ¼ aþ b�E (1:1:8)

and also can be viewed as an average value of ln w Enð Þ, i.e., ln w Enð Þh i. This
means that according to our definition of the entropy (1.1.6) and taking into

account (1.1.3), we can write expression for entropy as

S ¼ ln ��ð Þ ¼ � ln w �Eð Þ ¼ � ln w Enð Þh i; (1:1:9)

For a closed system the statistical weight �� is a product of the statistical

weights of all the subsystems �� ¼
Q
i

��i, and we conclude that entropy of the

closed system is an additive quantity, entropy of the closed system is sum of the

entropies of its subsystems
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S ¼
X
i

Si; (1:1:10)

If a closed system is not in an equilibrium state, its macroscopic state will vary in

time, until ultimately the system reaches a state of complete equilibrium. If each

macroscopic state of the system is described by the distribution of energy

between the various subsystems, we can say that the sequence of states succes-

sively traversed by the system corresponds to more and more probable distribu-

tions of energy. The increase in probability is exponential, with the probability

given by exp (S), the exponent being the entropy of the system.We can therefore

say that the process approaching the equilibrium in a non-equilibrium closed

system going in such a way that the system continually passes from states of

lower entropy to those of higher entropy until finally the entropy reaches the

maximum possible value, corresponding to complete statistical equilibrium.

Thus, if a closed system is at some instant in a non-equilibrium macroscopic

state, the most probable consequence at later instants is a steady increase in the

entropy of the system. This is the law of increase of entropy also known as second

law of thermodynamics (R. Clausius, 1857). The statistical explanation of the

law of increase of entropy was given by L. Boltzmann, 1876. The law of increase

of entropy can be formulated also as follows: if at some instant the entropy of

a closed system does not have its maximum value, then at subsequent instants

the entropy will not decrease; it will either increase or at least remain constant.

1.2 Work and Quantity of Heat: First Law of Thermodynamics

The first law of thermodynamics is the principle of conservation of the total

energy of a closed, isolated system. This means that the change of energy of the

system during a process must be equal to the energy, which system gains or

losses during this process. The energy must be understood in general as the total

energy of the system, including the kinetic energy of its macroscopic motion and

the internal energy of the system, corresponding to the microscopic motion of

atoms and molecules, i.e. the quantity of heat contained in the system.
The external forces applied to a body can do work on it, which is determined,

according to the general rules of mechanics, as the products of these forces and

the displacements, which they cause. This workmay serve to bring the body into

a state of macroscopic motion or in general to change its kinetic energy, or to

move the body in an external field, or to change volume and shape of the body.
We shall everywhere regard as positive an amount of work R done on a given

body by external forces. Negative work, R50, will correspondingly mean that

the body itself does work (equal to R) on some external objects. Bearing inmind

that the force per unit area of the surface of the body is the pressure, and that the

product of the area of a surface element and its displacement is the volume
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swept out by it, dsdl ¼ dV, we find that the work done on the body per unit time

when its volume changes is

dR

dt
¼ �PdV

dt
(1:2:1)

(in case of compression, dV=dt50, so that dR=dt40). This formula is applic-

able to both reversible and irreversible processes. Only one condition need be

satisfied, namely that throughout the process the body must be in a state of

mechanical equilibrium, i.e. at each instant the pressure must be constant

throughout the body.
If the body is thermally isolated, the whole change in its energy is due to the

work done on it. In the general case of a body not thermally isolated, in addition

to the work done, the body gains or loses energy by direct transfer the heat from

or to other bodies in contact with it. This part of the change in energy is the

quantity of heat Q gained or lost by the body. Thus the change in the energy of

the body per unit time may be written

dE

dt
¼ dR

dt
þ dQ

dt
: (1:2:2)

Like the work, the heat will be regarded as positive if gained by the body from

external sources. The energy E in (1.2.2) must, in general, be understood as the

total energy of the body, including the kinetic energy of its macroscopic motion

and its internal energy. We shall, however, usually consider the work corre-

sponding to the change in volume of a body at rest, in which case the energy

reduces to the internal energy of the body, i.e. the external forces compress the

body but leave it at rest as a whole.
Taking into account that the work is defined by formula (1.2.1), we have

from (1.2.2) for the quantity of heat

dQ

dt
¼ dE

dt
þ P

dV

dt
: (1:2:3)

For infinitely small quantities we can write (1.2.2) and (1.2.3) as

dE ¼ dRþ dQ; dQ ¼ dEþ PdV: (1:2:4)

A body, e.g. gas or liquid, can be characterized by two from three quantities:

volume, V, pressure, P, and temperature, T, which can be measured macro-

scopically. Any other function characterizing the state of the system, for exam-

ple, energy will be function of these two variables. If we shall take T and V as

independent variables, then E will be function of these variables, and we can

write for the energy differential
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dE ¼ @E

@T

� �
V

dTþ @E

@V

� �
T

dV: (1:2:5)

The expression for heat differential as function of variables T, V will be

dQ ¼ @E

@T

� �
V

dTþ @E

@V

� �
T

þP
� �

dV: (1:2:6)

In a similar way we may take T and P as independent variables

dQ ¼ @E

@T

� �
P

þP @V

@T

� �
P

� �
dTþ @E

@P

� �
T

þP @V

@P

� �
T

� �
dP: (1:2:7)

Finally, taking V and P as independent variables we obtain

dQ ¼ @E

@P

� �
V

dPþ @E

@V

� �
P

þP
� �

dV: (1:2:8)

The quantity of heat, which must be gained in order to raise the temperature of

the body by one unit is called its specific heat. This clearly depends on the

conditions under which the heating takes place. Or we can say that specific heat

is the ratio of infinitely small amount of heat to the small temperature rise

caused by the heat. A distinction is usually made between the specific heat at

constant volume CV and that at constant pressure CP. According to their

definition we have (note that these formulas are for one mol of a gas)

CV ¼
@Q

@T

� �
V

¼ @E

@T

� �
V

: (1:2:9)

CP ¼
@Q

@T

� �
P

¼ @E

@T

� �
P

þP @V

@T

� �
P

: (1:2:10)

The second term in (1.2.10) is contribution of thework done by the system to the specific

heat.Forexample, fortheidealgas, theequationofstateforonemolofagas isPV ¼ RT,

where R ¼ 1:986 cal=mol �K ¼ 8:314 � 107 erg=mol �K ¼ 8:314 J=mol �K is the

universal gas constant, then we obtain

CP � CV ¼ R: (1:2:11)

From kinetic theory follows that for ideal one-atomic gas CV ¼ 3
2R, and for

two-atomic gases, CV ¼ 5
2R. Correspondingly, for ideal one-atomic gas
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CV ¼
3

2
R; CP ¼

5

2
R; (1:2:12)

and for two-atomic gas CV ¼
5

2
R; CP ¼

7

2
R.

1.3 Temperature

As we already said, there are thermodynamic physical quantities, which appear
as a result of purely statistical laws and have no meaning when applied to non-
macroscopic systems, entropy introduced at the beginning of this chapter is
such quantity, temperature is another example of such quantity.

Let us consider two bodies in thermal equilibrium with each other, forming
a closed system. Then the entropy S of this system has its maximum value for
a given energy E of the system. The energy E is the sum E ¼ E1 þ E2 of
the energies E1 and E2 of the two bodies. The same is true for the entropy S
of the system, and the entropy of each body is a function of its energy:
S ¼ S1ðE1Þ þ S2ðE2Þ. Since E2 ¼ E� E1 being a constant, S is really a function
of one independent variable, and the necessary condition for a maximum can be
written as

dS

dE1
¼ dS1

dE1
þ dS2
dE2

dE2

dE1
¼ dS1

dE1
� dS2
dE2
¼ 0; (1:3:1)

thus, we came to conclusion that for closed body in thermal equilibrium

dS1
dE1
¼ dS2

dE2
: (1:3:2)

This conclusion can easily be generalized to any number of bodies in equili-
brium with one another. Thus, if a system is in a state of thermodynamic
equilibrium, the derivative of the entropy with respect to the energy is the
same for every part of the system, i.e. it is constant throughout the system. A
quantity, which is the reciprocal of the derivative of the entropy S of a body with
respect to its energy, is called the absolute temperature (or simply the tempera-
ture) of the body, T:

1

T
¼ dS

dE
: (1:3:3)

The temperatures of bodies in equilibriumwith one another are therefore equal:
T1 ¼ T2. Like the entropy, the temperature is a purely statistical quantity,
which has meaning only for macroscopic bodies.

Let us next consider two bodies forming a closed system but not in equili-
brium with each other with their temperatures T1 and T2 being different. In the

1.3 Temperature 7



course of time, equilibrium will be established between the bodies, and their

temperatures will gradually become equal. During this process, their total

entropy S ¼ S1 þ S2 must increase, i.e. its time derivative is positive:

dS

dt
¼ dS1

dt
þ dS2

dt
¼ dS1

dE1

dE1

dt
þ dS2
dE2

dE2

dt
40:

Since the total energy is conserved,
dE1

dt
þ dE2

dt
¼ 0, we obtain

dS

dt
¼ dS1

dE1
� dS2
dE2

� �
dE1

dt
¼ 1

T1
� 1

T2

� �
dE1

dt
40:

Let the temperature of the second body be greater than that of the first one, i.e.

T24T1. Then dE1=dt40, and dE2=dt50, which means that the energy of the

second body with greater temperature decreases and that of the first increases.

This property of the temperature may be formulated as follows: energy passes

from bodies at higher temperature to bodies at lower temperature.
The entropy is a dimensionless quantity. The definition (1.3.3) therefore

shows that the temperature has the dimensions of energy, and thus can be

measured in energy units, for example ergs, joules etc. In ordinary circum-

stances, however, the erg is too large a quantity, and in practice the temperature

is customarily measured in its own units, called degrees Kelvin or simply

degrees. The conversion factor between ergs and degrees, i. e. the number of

ergs per degree, is called Boltzmann’s constant and is usually denoted by

k : k ¼ R=N0 ¼ 1:38 � 10�16erg=deg ¼ 1:38 � 10�23J=K, N0 ¼ 6:023 � 1023 is

Avogadro’s number. Also in practice the amount of heat is customarily mea-

sured in its own units, called calories or in joules. The conversion factors are:

1 cal ¼ 4:185 � 107erg; 1 cal ¼ 4:185 J; 1eV ¼ 1:602 � 10�12erg ¼ 1:602 � 10�19J:

Sometime it is convenient to use energy units. The use of the factor k, whose

only purpose is to indicate the conventional units of temperature measurement,

would merely complicate the formulae. To convert to the temperature mea-

sured in degrees, in numerical calculations, we need only replace T by kT. If the

temperature is in degrees, the factor k is usually included in the definition of

entropy: S ¼ k ln�� (Note that 0�C ¼ 273K).
If the body is subject to no interactions other than changes in external condi-

tions, it is said to be thermally isolated. It must be emphasized that, although a

thermally isolated body does not interact directly with any other bodies, it is not in

general a closed system, and its energymay vary with time. In a purely mechanical

way, a thermally isolated body differs from a closed system only in that its energy

depends explicitly on the time because of the variable external field.
Let us suppose that a body is thermally isolated, and is subject to external

conditions, which vary sufficiently slowly. Such a process is said to be adiabatic.
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It can be shown that, in an adiabatic process, the entropy of the body remains

unchanged, i.e. the process is reversible.

1.4 Pressure

The energy of a body, as a thermodynamic quantity, has the property of being

additive: the energy of the body is equal to the sum of the energies of its

individual (macroscopic) parts. Another fundamental thermodynamic quan-
tity, the entropy, also has this property. The additivity of the energy and the

entropy leads to the following important result. If a body is in thermal equili-

brium, we can say that, for a given energy, the entropy depends only on the
volume of the body, and not on its shape. Indeed, a change in the shape of the

body can be regarded as a rearrangement of its individual parts, and since the

entropy and energy, are additive, they will remain unchanged. Thus the macro-
scopic state of a body at rest in equilibrium is entirely determined by only two

quantities, for example the volume and the energy. All other thermodynamic

quantities can be expressed as functions of these two. Of course, because of this

mutual dependence of the various thermodynamic quantities, any other pair
could be regarded as the independent variables.

Let us now calculate the force exerted by a body on the surface bounding its

volume. According to the formulae of mechanics, the force acting on a surface

element ds is

F ¼ � @Eðq; p; rÞ
@r

;

where Eðq; p; rÞ is the energy of the body as a function of the coordinates and
momenta of its particles and of the radius vector r of the surface element ds,

which here acts as an external parameter. Averaging this equation we obtain

F ¼ @Eðq; p; rÞ
@r

¼ � @E

@r

� �
S

¼ � @E

@V

� �
S

@V

@r
¼ � @E

@V

� �
S

ds: (1:4:1)

We see that the mean force on a surface element is normal to the element and

proportional to its area (Pascal’s law). The magnitude of the force per unit
area

P ¼ � @E

@V

� �
S

(1:4:2)

is called the pressure.
In defining the temperature by formula (1.3.3) we were essentially consider-

ing a body, which is not in direct contact with any other bodies. It is desired to
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define the temperature in terms of thermodynamic quantities for the given body

only, and then its volume must be regarded as constant. In other words, the

temperature is defined as the derivative of the energy of the body with respect to

its entropy, taken at constant volume:

T ¼ @E

@S

� �
V

: (1:4:3)

Equations (1.4.2) and (1.4.3) can also be written together as a relation between

differentials, which gives the differential of the function EðS;VÞ via independent
variables S and V instead of EðT;VÞ given by (1.2.5):

dE ¼ TdS� PdV: (1:4:4)

Let us show that the pressures of bodies in equilibrium with one another are

equal. This follows immediately from the fact that thermal equilibrium neces-
sarily presupposes mechanical equilibrium. In other words, the forces exerted

on each other by any two of these bodies at their surface of contact must be

equal in magnitude and opposite in direction. The equality of pressures in

equilibrium can also be derived from the condition of maximum entropy, in
the same way as the equality of temperatures was shown Sect. 1.2. Consider two

parts, in contact, of a closed system in equilibrium. One necessary condition for

the entropy to be a maximum is that it should be a maximum with respect to a

change in the volumes V1 and V2 of these two parts when the states of the other

parts undergo no change, in particular, V ¼ V1 þ V2 remains constant. We can
write similar to Eq. (1.3.1)

dS

dV1
¼ dS1

dV1
þ dS2
dV2

dV2

dV1
¼ dS1

dV1
� dS2
dV2
¼ 0:

From the relation (1.4.4) written in the form

dS ¼ 1

T
dEþ P

T
dV

follows that @S=@V ¼ P=T, and so P1=T1 ¼ P2=T2. Since the temperatures are

the same in equilibrium, we therefore find that the pressures are equal.
It must be noticed that, when thermal equilibrium is established, the equality

of pressures (i.e. mechanical equilibrium) is reached much more rapidly than
that of temperatures, and the cases are often met in which the pressure is

constant throughout a body but the temperature is not. The reason is that the

non-constancy of pressure is due to the presence of uncompensated forces; these

bring about macroscopic motion so as to equalize the pressure much more
rapidly than to equalize the temperature, which does not involve macroscopic

motion.
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Let us assume that at every instant throughout the process the body may
be regarded as being in a state of thermal equilibrium corresponding to its
energy and volume at that instant. The relation (1.4.4) gives the differential
of the function EðS;VÞ. Taking into account (1.2.4): dE ¼ dRþ dQ and
dQ ¼ dEþ PdV we obtain

dQ ¼ TdS: (1:4:5)

The work dR and the quantity of heat dQ gained by the body in an infinitesimal
change of state are not the total differentials of any quantities. Only the sum
dRþ dQ, i.e. the change in energy dE, is a total differential. We can therefore
speak of the energy E in a given state, but not, for example, of the quantity of
heat, which a body possesses in a given state. In other words, the energy of the
body cannot be divided into thermal and mechanical parts. This is possible only
when considering the change in energy. The change in energy when a body goes
from one state to another can be divided into the quantity of heat gained or lost
by the body and the work done on it or by it. This division is not uniquely
determined by the initial and final states of the body, but depends also on the
nature of the process itself. That is, the work and the quantity of heat are
functions of the process undergone by the body and not only of its initial and
final states. This is seen particularly when the body undergoes a cyclic process,
starting and finishing in the same state. The change in energy is then zero, but
the body may gain or lose a quantity of heat or work. Mathematically this
corresponds to the fact that the integral of the total differential dE around a
closed circuit is zero, but the integral of dQ or dR, which are not total differ-
entials, is not zero. For any process around a closed circuit

I
dQ

T
� 0; (1:4:6)

and only for reversible processes we have
I

dQ

T
¼ 0: (1:4:7)

This is another expression of the second law of thermodynamic: the entropy of
the body either increases or remains unchanged for the reversible processes.

From (1.4.4) and (1.4.5) we canwrite the specific heat at constant volumeCV and
thatat constantpressureCP according to theirdefinitiongiven inSect. 1.2 in the form:

CV ¼ T
@S

@T

� �
V

; (1:4:8)

CP ¼ T
@S

@T

� �
P

: (1:4:9)
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Using (1.4.5) and (1.2.6) we can write expression for the entropy as

dS ¼ dQ

T
¼ 1

T

@E

@T

� �
V

dTþ 1

T

@E

@V

� �
T

þP
� �

dV: (1:4:10)

1.5 The Free Energy and the Thermodynamic Potentials

The first law of thermodynamic says that the work done on a body in an
infinitesimal change of state is a differential dR ¼ dE� dQ. In the case of
isothermal reversible change we can write this as:

dR ¼ dE� dQ ¼ dE� TdS ¼ dðE� TSÞ (1:5:1)

or dR ¼ dF, where we defined

F ¼ E� TS (1:5:2)

as another function of the state of the body, which is called the Helmholtz free
energy (or free energy).

From the inequality (1.4.6) steams that if the system is in a thermal
equilibrium with external media, which is at constant temperature (large
reservoir), then the work done on the body when its state changes from 1to2
is Rð1! 2Þ � Eð1Þ � Eð2Þ � T Sð1Þ � Sð2Þ½ �. If the initial and final tempera-
ture of the system is the same then in a reversible isothermal process the work
done on the system is equal to the change in its free energy. Substituting
dE ¼ TdS� PdV and dF ¼ dE� TdS� SdT, we obtain

dF ¼ �SdT� PdV; F ¼ FðT;VÞ (1:5:3)

Hence it follows that

S ¼ � @F

@T

� �
V

; and P ¼ � @F

@V

� �
T

: (1:5:4)

Using the relation E ¼ Fþ TS we can express the energy in terms of the free
energy.

If system is in a thermal equilibrium with external media or it is in a vessel
with given volume and shape (rigid walls) so that work on the system can not be
done, then the free energy has minimum, and the system is at the state of stable
equilibrium similar minimum of the potential energy being the condition of the
stable equilibrium for mechanical systems. Therefore the free energy can be
viewed as the thermodynamic potential at constant volume.
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1.6 The Enthalpy

If the process occurs at constant pressure, then the quantity of heat, which is
then dQ ¼ dEþ PdV, can be written as the differential

dQ ¼ dðEþ PVÞ ¼ dH (1:6:1)

of a quantity

H ¼ Eþ PV; (1:6:2)

which is called the enthalpy of the body. The change in the enthalpy in processes
occurring at constant pressure is therefore equal to the quantity of heat gained
by the body, so that the enthalpy is called also heat function.

Taking dE ¼ TdS� PdV and dH ¼ dEþ PdVþ VdP, we find an expres-
sion for the total differential of the enthalpy, H ¼ HðS;PÞ

dH ¼ TdSþ VdP: (1:6:3)

From this it follows that

T ¼ @H

@S

� �
P

; and V ¼ @H

@P

� �
S

: (1:6:4)

It follows from (1.6.1) that, in processes involving a thermally isolated body
ðdQ ¼ 0Þ and occurring at constant pressure, the enthalpy is conserved, i.e.
H ¼ constant.

We obtained for the specific heat at constant volume the expression (1.2.9)

CV ¼
@E

@T

� �
V

: (1:6:5)

Using expression (1.4.9) for the specific heat at constant pressure CP, and
substituting T from (1.6.4), we obtain

CP ¼ T
@S

@T

� �
P

¼ @H

@S

� �
P

@S

@T

� �
P

¼ @H

@T

� �
P

: (1:6:6)

This formula shows that at constant pressure the enthalpy has properties
similar to those of the energy at constant volume.

Thus, if we know any of the quantities E, F, H as a function of the corre-
sponding two variables and take its partial derivatives, we can determine all the
remaining thermodynamic quantities. For this reason E, H and F are called
thermodynamic potentials: the energy E with respect to the variables S, V; the
enthalpy H with respect to S, P, and the free energy F with respect to V, T.
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We still lack a thermodynamic potential with respect to another pair of

variables: P, T. To derive this we substitute in (1.6.2) PdV ¼ dðPVÞ � VdP,
take dðPVÞ to the left-hand side of the equation, and obtain

dG ¼ �SdTþ VdP (1:6:7)

with a new quantity, G ¼ GðT;PÞ

G ¼ E� TSþ PV ¼ Fþ PV ¼ H� TS; (1:6:8)

called the Gibbs free energy.
It is clear that if temperature and pressure of the system are constant, then

the state corresponding to minimum of the Gibbs free energy is the stable
equilibrium state.

From (1.6.7) we clearly have

S ¼ � @G

@T

� �
P

; and V ¼ @G

@P

� �
T

: (1:6:9)

Thus, we have the following thermodynamic potentials for all pairs of variables:
E ¼ EðS;VÞ; H ¼ HðS;PÞ; F ¼ FðV;TÞ; G ¼ GðP;TÞ. In practice the most
convenient, and the most widely used pairs of thermodynamic variables are
(V, T) and (P, T). It is therefore necessary to transform various derivatives of
the thermodynamic quantities with respect to one another to different variables,
both dependent and independent. If (V, T) are used as independent variables,

the results of the transformation can be conveniently expressed in terms of the
pressure P and the specific heat CV (as functions of V and T). The equation,
which relates the pressure, volume and temperature, is called the equation of
state for a given body. Thus, the purpose of the formulae in this case is to make
it possible to calculate various derivatives of thermodynamic quantities from
the equation of state and the specific heat CV. Similarly, when (P, T) are taken
as the basic variables the results of the transformation should be expressed in
terms of V and CP as functions of P and T. One should remember that the
dependence of CV on V or of CP on P (but not on the temperature) can itself be
determined from the equation of state.

1.7 The Nernst’s Theorem

It can be proved that the specific heats CV and CP are always positive. The fact
that the specific heat, CV is positive means that the energy is a monotonically
increasing function of the temperature. Conversely, when the temperature
decreases the energy decreases monotonically, and therefore, when the tem-
perature has its least possible value, i.e. at absolute zero, a body must be in the

14 1 Basic Concepts of Thermodynamics



state of least possible energy. Regarding the energy of a body as the sum of

the energies of its parts, we can say that each of these parts will also be in

the state of least energy. It is clear that the minimum value of the sum must

correspond to the minimum value of each term. Thus at absolute zero any

part of the body must be in a particular quantum state – the ground state. In

other words, the statistical weights of these parts are equal to unity, and the

same is true for their product, i.e. the statistical weight of the macroscopic

state of the body as a whole. The entropy of the body, being the logarithm
of its statistical weight, is therefore equal to zero. This result that the

entropy of any body vanishes at the absolute zero of temperature is called

Nernst theorem (W. Nernst, 1906). It should be emphasized that this theo-

rem is a deduction from quantum statistics, in which the concept of discrete

quantum states is of essential importance. The theorem cannot be proved in

purely classical statistics, where the entropy is determined only to within an

arbitrary additive constant.
Nernst’s theorem enables us to draw conclusions also concerning the behavior

of certain other thermodynamic quantities as T! 0. For instance, for T ¼ 0 the

specific heats CP and CV both vanish:

CP ¼ CV ¼ 0 for T ¼ 0 (1:7:1)

This follows immediately from the definition of the specific heat in the form

C ¼ T
@S

@T
¼ @S

@ ln T
:

When T! 0; ln T! �1, and since S tends to a finite limit (zero), it is clear

that the derivative tends to zero.
The thermal expansion coefficient also tends to zero:

@V

@T

� �
P

¼ 0 for T ¼ 0: (1:7:2)

This derivative is equal to the derivative �ð@S=@PÞT, which vanishes for T ¼ 0,

since S is zero for T ¼ 0 and any pressure. This is easily seen from (1.6.9) which

gives

@S

@P

� �
T

¼ � @

@P

@G

@T

� �
P

¼ � @

@T

@G

@P

� �
¼ � @V

@T
:

If the specific heat of a body is known for all temperatures, the entropy can be
calculated by integration, and Nernst’s theorem gives the value of the constant

of integration. For example, the dependence of the entropy on temperature for

a given pressure is determined by
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S ¼
ZT

0

CP

T
dT: (1:7:3)

The corresponding formula for the enthalpy is

H ¼ H0 þ
ZT

0

CPdT (1:7:4)

where H0 is the value of the enthalpy for T ¼ 0.

1.8 Carnot’s Cycle and Carnot’s Theorem

Consider processes in a thermally isolated system involving subsystems, which
are not in thermal equilibrium with each other. According to the second law of
thermodynamic entropy of the system increases and the system approaches
equilibrium. During a way as the system passes to the equilibrium the work can
be done by the system on surroundings. However, path to the equilibrium as
well as the final equilibrium state, its entropy and energy may be different.
Correspondingly, work done by the system also depends on the particular path
how the system approaches equilibrium. Carnot’s theorem establishes the
maximum amount of work that can be obtained depending on the difference
between the hot and cold temperature reservoirs of the system, or the efficiency
of transforming thermal energy into mechanical energy. Obviously, heat can be
transformed to work only if there are at least two reservoirs with different
temperatures. We also assume that the volume of the system remains
unchanged, i.e. we are interested in the work which is produced due to heat is
transformed to work when system approached equilibrium.

According to the first thermodynamic law the work done by a thermally
isolated system is difference between the initial energy of the system, E0, and its
energy at the equilibrium state, that is function of entropy in this state, E(S)

Rj j ¼ E0 � EðSÞ: (1:8:1)

Taking derivative on entropy of the final state we obtain

@ Rj j
@S
¼ � @E

@S

� �
V

¼ �T; (1:8:2)

where (Sect. 1.3) T is temperature of the final state. The derivative in Eq. (1.8.2)
is negative and this means that the work Rj j done by the system increases with
the decrease of entropy. However, entropy of thermally isolated system cannot
decrease, which means that maximum value of Rj j can be achieved if entropy
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remains constant during the process. Thus, we come to the conclusion that the

system produces maximum work if its entropy is constant during the transition

to the equilibrium state, e.g., transition to the equilibrium state is reversible

process. In other words, maximum efficiency is achieved if and only if no new

entropy is created in the cycle.
Let us assume that the system contains two bodies of different temperatures T1

and T2 so that T24T1, and work is done due to heat transforming between two

bodies. It must be emphasized that if the heat transfer occurs directly between the

bodies, no work can be done. Such process is irreversible and the entropy of the

system increases by �S ¼ �Qð1=T1 � 1=T2Þ, assuming that volume did not

change. In order to accomplish a reversible transfer of the heat and therefore to

maximize the work, some additional – working medium must be used, which in

fact is executing a reversible cycle process. This process must be fulfilled in such a

way that the bodies between which direct transfer of energy occurs be at the same

temperature. The working body at temperature T2 is brought in contact with the

heat reservoir at the same temperature and receives form it isothermally a certain

amount of energy. Then it is adiabatically cooled to temperature T1 transfers at

this temperature energy to the reservoir at temperature T1, and finally returned

adiabatically to its initial state. The working body does work on surroundings in

the expansions involved in the process. The described cycle is called Carnot cycle.

It is convenient to present this cycle on the P,V diagram. Let the initial state with

temperature T2 corresponds to the point PA;VA. The first phase of the expansion

is isotherm (no heat transfer) to the point PB;VB. The second phase is adiabatic

cooling to temperature T1 : PB;VB ! PD;VD. Next is adiabatic compression

along isotherm at temperature T1 : PD;VD ! PC;VC, and the final phase is

adiabatic heating to T2 : PC;VC ! PA;VA. According to the second law of

thermodynamic the work done during the process is equal to the difference of

the heat received to and transferred from the working body. Since the working

body returned to its initial state it may be ignored. During phase AB the working

body gain amount of heatQ2 fromreservoir at temperatureT2, and it lose amount

of heatQ1 to another reservoir at temperature atT1 during the phaseDC.Thus

Rmaxj j ¼ Q2 �Q1: (1:8:3)

When transforming thermal energy into mechanical energy, the thermal effi-

ciency of a process is the percentage of energy that is transformed into work.

Thermal efficiency is

�max ¼
R

Q2

¼ Q2 �Q1

Q2

¼ 1�Q1

Q2

: (1:8:4)

Writing Q2 ¼ T2�S2 and Q1 ¼ �T1�S1, and taking into account that since

process is reversible the sum of the entropies �S1 þ�S2 ¼ 0 remains constant,

we obtain
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�max ¼
T2 � T1

T2
¼ 1� T1

T2
: (1:8:5)

Carnot’s theorem sets a limit on the maximum amount of efficiency of any
possible heat engine, which solely depends on the difference between the hot
and cold temperature reservoirs. The maximum efficiency possible by any sort
of engine operating between two heat reservoirs has a limit defined by the
efficiency (1.8.5). The theoretical maximum efficiency of a heat engine equals
the difference in temperature between the hot and cold reservoir divided by the
absolute temperature of the hot reservoir.

1.9 Le Chatelier Principle

If system at equilibrium experiences a change in concentration, temperature or
total pressure the equilibrium will shift in order to minimize that change. This
qualitative law makes it possible to envisage the displacement of equilibrium.
The general principle was formulated by Henry Louis Le Chatelier and Karl
Ferdinand Braun who discovered it independently. When a given system in an
equilibrium state is disturbed by the application of some action, a direct reac-
tion occurs in such a way as to diminish the action. The principle is the physical
interpretation of the mathematical conditions for stability of the equilibrium
state. These conditions can be derived in the form of inequalities for derivatives
of entropy as function of two independent variables, which must be maximum
at the equilibrium. Suppose two bodies A and B are in equilibrium at the same
temperature, T. If the equilibrium is disturbed by an increase of the temperature
of body A, the heat starts to flow from body A to body B, tending to reduce the
temperature difference, so that the increase in the temperature of bodyA, brings
the process tending to decrease it. For example, if the body is disturbed from
equilibrium by a change in its volume at constant temperature, then, in parti-
cular, its pressure is changed. The restoration of equilibrium in the body leads to
a decrease in the absolute value of the change in pressure. The decreasing or
increasing in the volume of the body brings about processes in it, which tend to
lower or to increase the pressure respectively.

1.10 Dependence of the Thermodynamic Quantities

on the Number of Particles

As well as the energy and entropy, such thermodynamic quantities as H, F ,G
also have the property of additivity. This follows directly from their definitions
if we bear in mind that the pressure and temperature are constant throughout a
body in equilibrium. From this property we can draw certain conclusions
concerning themanner in which each of these quantities depends on the number
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of particles in the body. Here we shall consider bodies consisting of identical

particles (molecules), but all the results can be immediately generalized to

mixtures of different particles.
The additivity of a quantity signifies that, when the amount of matter and

therefore the number N of particles is changed by a given factor, the quantity is

changed by the same factor. In other words, we can say that an additive

thermodynamic quantity must be a homogeneous function of the first order

with respect to the additive variables.
Let us express the energy, E, of the body as a function of the entropy, volume,

and number of particles. Since S andV are themselves additive, this functionmust

be of the form

E ¼ Nf
S

N
;
V

N

� �
; (1:10:1)

which is the most general homogeneous function of the first order inN, S andV.
The free energy, F, is a function ofN, T andV. Since the temperature is constant

throughout the body, and the volume is additive, a similar argument gives

F ¼ Nf
V

N
;T

� �
: (1:10:2)

In the same way we have for the enthalpy, expressed as a function of N, S and

the pressure P,

H ¼ Nf
S

N
;P

� �
: (1:10:3)

Finally, the thermodynamic potential as a function of N, P and T is

G ¼ NfðP;TÞ (1:10:4)

We shall now formally consider N as independent variable. Then the expres-

sions for the differentials of the thermodynamic potentials must include terms

proportional to dN. For example, the total differential of the energy will be

written

dE ¼ TdS� PdV þ mdN; (1:10:5)

where m, denotes the partial derivative

m ¼ @E

@N

� �
S;V

: (1:10:6)

The quantity m is called the chemical potential of the body.
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Similarly we have

dE ¼ TdS� PdV þ mdN; (1:10:7)

dH ¼ TdSþ VdPþ mdN; (1:10:8)

dF ¼ �SdT� PdVþ mdN; (1:10:9)

dG ¼ �SdTþ VdPþ mdN; (1:10:10)

with the same m.
These formulae show that

m ¼ @E

@N

� �
S;V

¼ @H

@N

� �
S;P

¼ @F

@N

� �
T;V

¼ @G

@N

� �
P;T

: (1:10:11)

The chemical potential can be obtained by differentiating any of the quantities

E, H, F, G with respect to the number of particles, but the result is expressed in

terms of different variables in each case.
DifferentiatingG in the form (1.10.4),we find thatm ¼ @G=@N ¼ fðP;TÞ, i.e.

G ¼ Nm: (1:10:12)

Thus the chemical potential of a body (consisting of identical particles) is just its

thermodynamic potential per molecule. When expressed as a function of P and

T, the chemical potential is independent of N. Thus we can write down for the

differential of the chemical potential

dm ¼ �sdTþ vdP; (1:10:13)

where s and v are the entropy and volume per molecule.
If we consider a definite amount of matter, the number of particles in it is a

given constant, while the volume is variable. Let us now take a certain volume

within the body, and consider the matter enclosed therein. The number of

particles Nwill now be variable, and the volume V constant. Then, for example,

Eq. (1.10.9) reduces to

dF ¼ �SdTþ mdN: (1:10:14)

In this case the independent variables are T and N.
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1.11 Ideal Gases

In majority cases, in particular, dealing with combustible gaseous mixture,
gases can be treated as ideal. The meaning of an ideal (or perfect) is a gas in
which the interaction between its molecules is negligibly weak. Physically, this
approximation is eligible either because the interaction between molecules is
small compared to its kinetic energy (temperature is relatively high) or because
the gas is sufficiently rarefied. In practice all ordinary molecular or atomic gases
can be considered as being ideal. The condition of ideal gas approximation is
violated either at veryhighdensities of gases or at very highpressures.Considerable
advantage of dealing with ideal gas approximation is that in this case we can
calculate all thermodynamic characteristics of the gas and its equation of state in
an explicit and simple analytical form. The first immediate feature of an ideal gas is
that its internal energy, E, depends only on the temperature, as it will be seen below.
The explanation of this is that in an ideal gas the volume occupied by themolecules
of the gas and theirmutual interactions are negligible, so themean spacing between
molecules cannot matter.

As is known from statistical physics, free energy of an ideal gas, which obeys
Boltzmann statistics can be written as (we will use energy units for temperature
below)

F ¼ �NT ln
e

N

Z
e�Eðp;qÞ=TdV

� �
; (1:11:1)

where V is volume of the gas with N number of particles, E(p,q) its energies.
Though integral in (1.11.1) cannot be calculated in a general form without
knowing about energy levels corresponding to internal molecular states etc.,
however, important fact is that it depends only on temperature and therefore
can be written as

F ¼ �NT ln
eV

N

� �
þNfðTÞ; (1:11:2)

where f(T) some function of temperature.
Using expression (1.11.2), and substituting it into second formula in (1.5.4)

we find for pressure

P ¼ � @F

@V

� �
T

¼ NT=V; (1:11:3)

which is nothing but well-known equation of state of an ideal gas (Clapeyron
equation). For temperature measured in degrees we can write

PV ¼ NkT: (1:11:4)
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Knowing free energy potential F, the other thermodynamic potentials can be

found using formulas of Sect. 1.6. In particular, expression (1.11.2) we obtain

for Gibbs free energy

G ¼ �NT ln
eV

N

� �
þNfðTÞ þ PV: (1:11:5)

Since G must be expressed as a function of P and T, we must substitute here

V ¼ NT=P from (1.11.3), and using a new function �ðTÞ ¼ fðTÞ � T lnT, we

obtain

G ¼ NT lnPþN fðTÞ � T lnTÞð Þ ¼ NT lnPþN�ðTÞ: (1:11:6)

In a similar way we obtain

S ¼ � @F
@T
¼ N ln

eV

N

� �
�Nf 0ðTÞ; (1:11:7)

S ¼ � @�

@T
¼ �N lnP�N�0ðTÞ (1:11:8)

E ¼ Fþ TS ¼ NfðTÞ �NTf 0ðTÞ: (1:11:9)

Notice, that the internal energy is a function only of the temperature of the gas

and the same is true for the enthalpy H ¼ Eþ PV. Thus,

H ¼ Eþ PV ¼ NfðTÞ �NT f0ðTÞ � 1ð Þ: (1:11:10)

Since the specific heats CV ¼ ð@E=@TÞV and CP ¼ ð@H=@TÞP are functions of

the temperature solely, for the specific heats per molecule we obtain, CV ¼ NcV
and CP ¼ NcP we find that

cP � cV ¼ 1; (1:11:11)

or using ordinary units for temperature we can write (1.11.11) as cP � cV ¼ k.

1.12 Ideal Gases with Constant Specific Heat: Equation

of Poisson Adiabatic

On many cases the specific heat of gases is constant, independent of tempera-

ture over a wide temperature interval. In this case the equation of state of ideal

gas – relation between the volume, temperature and pressure becomes especially
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simple. Differentiating (1.11.9) we find cV ¼ ð@E=@TÞV ¼ �Tf 00ðTÞ. Integrat-
ing this for constant specific heat cV, we obtain

fðTÞ ¼ �cVT lnT� �Tþ e0; (1:12:1)

where � and e0 are the integrating constants. Substituting this expression for

f(T) in the expression for free energy (1.11.2) we find

F ¼ Ne0 �NT ln
eV

N

� �
�NcVT lnT�N�T: (1:12:2)

Using formulas for E, G, H, we can write also expressions for all other thermo-

dynamic potentials

E ¼ Ne0 þNcVT; (1:12:3)

G ¼ Ne0 þNT lnP�NcPT ln T�N�T; (1:12:4)

H ¼ Eþ PV ¼ Ne0 þNcPT: (1:12:5)

Finally, differentiating (1.12.2) and (1.12.4) with respect to temperature we find

according to formulas of Sects. 1.5 and 1.6 the entropy as function of either T, V

or T, P, respectively

S ¼ N ln
eV

N

� �
þNcV lnTþ ð� þ cVÞN; (1:12:6)

S ¼ �N lnPþNcP lnTþ ð� þ cPÞN: (1:12:7)

These last expressions give the relation between the volume, temperature and

pressure for an ideal gas with constant specific heats undergoing the gas

adiabatic compression or expansion.
The process is called adiabatic if it is reversible and the system is thermally

isolated, so that there is no heat exchanges between the system and surroundings.

For adiabatic process the entropy is constant, therefore we have from (1.12.7)

�N ln PþNcP lnT ¼ constant; (1:12:8)

Hence,

TCP=P ¼ constant: (1:12:9)
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Using cP � cV ¼ 1 from the previous section, and introducing � ¼ cP=cV, which
is called adiabatic constant, we obtain equation of Poisson adiabatic

T�P1�� ¼ constant: (1:12:10)

With the help of equation of state PV ¼ NRT the Eq. (1.12.10) can be presented

also in the form useful for applications

T V��1 ¼ constant; (1:12:11)

PV� ¼ constant: (1:12:12)

Since gas in the adiabatic processes is thermally isolated, dQ ¼ 0, so its energy

decreases during adiabatic expansion (see Eq. (1.2.4)). This also means that

according to (1.12.3) its temperature also decreases with the decrease of its

energy.
The second law of thermodynamic for ideal gas can be written with help of

Eq. (1.12.3) as

CVdTþ PdV ¼ dQ: (1:12:13)

Using equation of state for ideal gas, PV ¼ RT, we obtain from (1.12.13)

ðCV þRÞdT� VdP ¼ dQ: (1:12:14)

For a process at constant pressure dP ¼ 0, and we obtain from (1.12.4) relation

between specific heats at constant pressure and constant volume (1.2.11)

CP ¼
dQ

dT

� �
P

¼ Cv þR

Substituting P from PV ¼ RT into (1.12.13) we find after integrating

lnTþ R

CV
lnV ¼ constant; (1:12:15)

TV
R
CV ¼ TV��1 ¼ constant: (1:12:16)

Simple application of the theory of adiabatic gas expansion is reduction of the air

temperature high at the atmosphere. Temperature of the air at atmosphere

changes mainly due to convection. Warm air is rising up to the level where

24 1 Basic Concepts of Thermodynamics



pressure is lower and cools. Since thermo-conduction of air is very low, we can

consider the process as the adiabatic expansion. In equilibrium the difference in

pressure corresponding to dh is dP ¼ �rgdh, where r is density of the air and g is

the gravity acceleration. Substituting here density from the equation of state in

the form r ¼ m=V ¼MP=RT, and Eq. (1.12.10), we obtain

dT

dh
¼ � � � 1

�

gM

R
: (1:12:17)

Taking the average molecular weight for air M ¼ 28:9, � ¼ 7=5, g ¼ 980cm=s,
R ¼ 8:314 � 107erg=grad, we obtain dT

dh ¼ �9:8 grad=km, which means that dur-

ing summer time there may be snow on the top of mountains higher than 3 km.

Problems

1.1. Show that the temperatures of two bodies in thermal equilibrium are
equal. Use principle of maximum entropy (1T ¼ dS

dE).
1.2. Show that the pressures of two bodies in thermal equilibrium are equal.

Use principle of maximum entropy (P ¼ � @E
@V

� 	
S
; dE ¼ TdS� PdV).

1.3. Two bodies forming a closed system but not in equilibrium with tempera-
tures T15T2 are connected. In the course of time, equilibrium will be
established between the bodies, and their temperatures will become equal.
Use principle of maximum entropy to show that energy passes from body
at higher temperature to body at lower temperature.

1.4. From the condition that the entropy S ¼ SðT;VÞ is the total differential
show that energy of the ideal gas with the equation of state PV ¼ RT is
the function of temperature and does not depend on pressure.

1.5. Two identical ideal gases at the same temperature, T, and containing the
same number of atoms, N, but different pressures, P1 and P2, are in the
vessels of volume V1 and V2 correspondingly. Find the change in entropy
after the vessels have been connected.

1.6. Two identical ideal gases at the same pressure, P, and containing the same
number of atoms, N, but different temperatures, T1 and T2, are in the
vessels of volume V1 and V2 correspondingly. Find the change in entropy
after the vessels have been connected.

1.7. Calculate work and amount of heat obtained by the gas, which is
compressed from V1 to V2, in accordance to the process described by
equation PVn ¼ C.

1.8. What is the heat obtained by ideal gas during process at constant volume?
1.9. Find heat and work for the process, which occurs at constant pressure

when volume was changed from V1 to V2.
1.10. Find expression for work during adiabatic compression of ideal gas when

volume was changed from V1 to V2.
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1.11. Find expression for work made by an ideal gas during isothermal change
of its volume from V1 to V2.

1.12. Find expression for work made by an ideal gas during isothermal change
of its pressure from P1 to P2.

1.13. How much heat is necessary to heat 48m3 of air in the room from 0 C to
20 C at constant volume. Take density of air r ¼ 0:00129g=cm3, specific
heat at constant pressure cP ¼ 0:238cal=g deg; � ¼ 1:4.

1.14. How much heat is necessary to heat 48m3 of air in the room from 0 C to
20 C at constant pressure of 1 atm. Take density of air r ¼ 0:00129g=cm3 ,
specific heat at constant pressure cP ¼ 0:238 cal=gdeg.

1.15. How much heat is necessary to heat 48m3 of air in the room from 0 C to
20 C if during the heating air is leaking through a hole in the window.
Outside pressure is 1 atm. Take density of air at 0 C r ¼ 0:00129 g=cm3,
specific heat at constant pressure cP ¼ 0:238cal=gdeg , � ¼ 1:4.

1.16. On PV diagram the Otto cycle (1-2-3-4-1) may be presented as adiabatic
compression (1-2), isobaric heating (2-3), adiabatic expansion (3-4), pres-
sure drops at constant volume (4-1). Calculate work and efficiency of the
process.

1.17. On PV diagram the Diesel cycle (1-2-3-4-1) may be presented as adiabatic
compression (1-2), heating and expansion at constant pressure (2-3),
adiabatic expansion (3-4), pressure drops at constant volume (4-1). Cal-
culate work and efficiency of the process.

1.18. The Joule cycle (1-2-3-4-1) on PV diagram consists of: adiabatic processes
(1-2) and (3-4) and two transitions at constant pressure (2-3) and (4-1).
Calculate work and efficiency of the process.
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Chapter 2

Chemical Thermodynamics

2.1 Introduction and Definitions

We shall often be concerned about the atomic weight and molecular weight of

atoms and molecules. For example, relative to the carbon, the number 12 is the

number of particles in the nucleus, consisting in this case of six positively charged

protons and six neutral neutrons. Carbon 12, being electrically neutral, has six

negatively charged electrons, giving it the atomic number 6. The atomic weight or

molecular weight of any other atom or molecule is the number of particles in

the nucleus: total sum of protons and neutrons in the nucleus. The proton

and neutron have almost, but not exactly, the same mass and the electron has a

nearly negligible mass compared to the proton (me=mp ffi 0:00054463). The

consequence is that almost any atom or molecule will have its atomic or

molecular weight very nearly an integer. As an example, the oxygen 16 atom has

an atomic weight of 15.995, which is 16 for practical purposes.
A common set of elements occurring in combustion problems is the C-H-N-O

system. These elements have the atomic weights 12, 1, 14 and 16, respectively.

The molecular weight of any compound is merely the sum of the weights of

the atomic constituents. For example, the molecular weight of water, H2O, is

1þ 1þ 16 ¼ 18. Similarly, the molecular weight of carbon dioxide, CO2 , is

12þ 2� 16 ¼ 44.
The next concept is that of the mole, which is defined as the mass in grams (g)

of an element or compound equal to its atomic or molecular weight. For

example, 12 g of carbon is one mole of carbon; 44 g of CO2 is one mole of

the carbon dioxide. It is clear, since the mole and the mass are synonymous, one

mole of a compound or element consists of a fixed number of particles of the

substance. This number is Avogadro’s number, given the symbol N0 and having

the value N0 ¼ 6:023 � 1023 particles.
Let the number of molecules of each species be denoted by Ni, where i is the

species identifier. The concentration of species i, ci, is defined as ci ¼ Ni=N0V,

and has the units of moles per unit volume, where V is the volume. The overall

concentration is obtained by summing up the concentrations of the individual

components. That is,

M.A. Liberman, Introduction to Physics and Chemistry of Combustion,
DOI: 10.1007/978-3-540-78759-4_2, � Springer-Verlag Berlin Heidelberg 2008
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c ¼
XM
i¼1

ci ¼
N

N0V
¼ 1

N0V

XM
i¼1

Ni; (2:1:1)

where M is the total number of species in the volume V.
In view of the large magnitude of N0, it should be clear that even very small

volume V contains an enormous number of particles. In fact, V can be shrunk so
low that it appears to an observer and to the calculus as a mathematical point,

while still containing many particles. This is the continuum limit, where we may

speak of concentration at a point, and it may vary from point to point in a flow,
for example. This concept we will be using in fluid dynamics.

The mole fraction of species i, Xi is defined as Xi ¼ Ni=N ¼ ci=c, where

N ¼
PM
i¼1

Ni. It is obvious that

XM
i¼1

Xi ¼
1

c

XM
i¼1

ci ¼
c

c
¼ 1:

Consequently we conclude that only (M� 1) of the mole fractions are

independent.
Themolecular weight of species iwill be given by the symbolWi. From it and

the concentration of species i we may construct the density of species i or the

mass per unit volume, as ri ¼ ciWi. The overall density, r will be

r ¼
XM
i¼1

ri

The overall molecular weight of a mixture, the mass per unit mole, then

follows as

W ¼ mass

mole
¼
PM

i¼1 ciW

c
¼
XM
i¼1

ciW=c ¼
XM
i¼1

XiWi:

The mass fraction of species i is formed in a fashion similar to the mole fraction

and is defined as Yi ¼ ri=r.The relation between themole fraction and themass

fraction then becomes

Yi ¼
ciWiPM
i¼1 ciWi

¼ ciWi=cPM
i¼1 ciWi=c

¼ XiWi

W
:

Example 2.1 In a vessel of volume 1m3 there are 2 g ofmolecular hydrogen,H2,
8 g of molecular oxygen, O2 and 14 g of molecular nitrogen, N2. What are the
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mole fractions, mass fractions and concentrations of the hydrogen, oxygen and

nitrogen? What are the overall density and mixture molecular weight?

Solution

Total mass ¼ 2þ 8þ 14 ¼ 24 g;

Moles H2 ¼ 2 g=ð2 g=moleÞ ¼ 1mol;

Moles O2 ¼ 8=ð2� 16Þ ¼ 0:25mol;

Moles N2 ¼ 14=ð2� 14Þ ¼ 0:5mol:

Total moles ¼ 1þ 0:25þ 0:5 ¼ 1:75mol:

XH2
¼ 1=1:75 ¼ 0:571; XO2

¼ 0:25=1:75 ¼ 0:1428; XN2
¼ 0:285;

XH2
þXO2

þXN2
¼ 1:

YH2
¼ 1=1:75 ¼ 0:083; YO2

¼ 8=24 ¼ 0:333; YN2
¼ 0:583:

cH2
¼ 1mol=m3; cO2

¼ 0:25mol=m3; cN2
¼ 0:5mol=m3; r ¼ 24 g=m3:

The rule of writing down chemical reactions and the law of stoichiometry is
shown below using example of carbon and oxygen reaction

ð1ÞCþ ð1ÞO2 ! ð1ÞCO2

This is to be read as ‘‘one molecule (or mole) of carbon plus one molecule (or
mole) of molecular oxygen goes to one molecule (or 1mol) of carbon dioxide.’’
The numbers multiplying the species are called stoichiometric coefficients.

When the number is unity it is always omitted. The above reaction would
actually be written as

CþO2 ! CO2

Another example is

2CþO2 ! 2CO:

Insofar as the law of stoichiometry is concerned, there is no violation if the
above reactions proceed from left to right or inverse reaction – from right to left
as well as. If this is indeed occurring we write the reaction as

2CþO2 $ 2CO:

If the reaction only proceeds one way (from left to right, for example) we call the
species on the left the reactants and those on the right the products. This
distinction is lost if the reaction is reversible and proceeds both ways.

2.1 Introduction and Definitions 29



Finally, if we consider reactions between multiple phases, we must distinguish
the phases in these cases. If solid carbon, for example, reacts with liquidmolecular
oxygen to form gaseous carbon monoxide, we may write

2CðsÞ þO2ðlÞ ! 2COðgÞ;

where (s), (l) and (g) stand for solid, liquid and gas, respectively. If there is no
indication of the phase, it is presumed that only gas phase species are present.

2.2 Properties of Substances

We shall deal with solids, liquids and gases. For solids and liquids we will use the
actual measured thermodynamic properties of the substances. One of the most
important for practical applications is combustion of gaseous mixtures. For
gases, we will always assume them to be ideal (or perfect) gases. The term
‘‘ideal’’ means that interaction between particles in the gas is negligible compared
with their kinetic energy. Then, the equation of state is

PV ¼ nRT; (2:2:1)

where V is volume, P is pressure, T is absolute thermodynamic temperature, and
R ¼ 8:314J=mol �K is the universal gas constant. The symbol n is the number
of moles in a fixed mass system

n ¼
XM
i¼1
ðNi=NÞ ¼

XM
i¼1

ni:

Dividing Eq. (2.2.1) by V, we can rewrite it as

P ¼ cRT ¼ rRT=W;

which is now in terms of variables which are independent of system size andmay
vary from point to point in a system.

The energy units we shall use through the course are erg, calorie, Joule and
eV. The conversion between the calorie, Joule, erg and eV are:

1 cal ¼ 4:186 J; 1 J ¼ 107 erg; 1 eV ¼ 1:602 � 10�19 J ¼ 11606K:

The perfect (ideal) gases have the property that if a species other than a given
species occupying a container is added to the container the pressure of the
original species acting on the container walls is not altered. In a mixture
of several different ideal gases the pressure on the wall due to each species i is
Pi. Each of these partial pressures may be computed by
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Pi ¼ ciRT (2:2:2)

and each Pi is independent of the others.
It is obvious that for ideal gas the pressure from all of the species may be

computed by

P ¼
XM
i¼1

Pi ¼
XM
i¼1

ciRT ¼RT
XM
i¼1

ci ¼cRT;

since RT does not depend upon the summation index i and may be taken from

under the summation sign. This is known as Dalton’s law of partial pressures.
Turning to the variables describing various kinds of energy, the nomenclature

to be used here is that small letters will describe variables on a per unit mass basis.

For example, the internal energy on a mass basis will be given the symbol e. The

enthalpy on a per unit mass basis is h; where, h ¼ eþ P=r. If these variables are
given on a molar basis (per unit mole), capital letters will be used, E and

H ¼ Eþ P=c. Similarly, depending upon the basis the entropy will be denoted

by S or s.
The ideal gases, which obeyEq. (2.2.1), have the property that e and h (E andH)

are functions only of temperature, thus

e ¼
Z T

Tref

cvðTÞdTþ eref; (2:2:3)

h ¼ eþ p

r
¼ eðTÞ þ R

W
T ¼ hðTÞ ¼

Z T

Tref

cpðTÞdTþ href; (2:2:4)

where the subscript ‘‘ref’’ denotes some reference state, that will be defined later,

and cvðTÞ and cpðTÞ are the specific heat at constant volume and at constant

pressure, respectively. The specific heats on amolar basis are denoted by Cv and

Cp , respectively. The conversion between the molar and mass basis is through

the molecular weight, that is, E ¼ eW and H ¼ hW.
In a mixture of species we will always assume that there is no interaction

between the species. This has the consequence that the quantities evaluated for

the entiremixture aremerely the sums of the quantities for the individual species –

they are additive quantities

E ¼
XM
i¼1

XiEi; H ¼
XM
i¼1

XiHi; e ¼
XM
i¼1

Yiei; H ¼
XM
i¼1

YiHi;

where the Ei and Hi are the same as if the species were alone.
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2.3 Heats of Reactions and Formation

Consider the first law of thermodynamics applied to a fixed mass system, where
the system undergoes a change of state from condition 1 to 2. It is presumed that
changes in kinetic and potential energy are negligible. Then

E2 � E1 ¼ �E ¼ ðheat addedÞ � ðwork done by the systemÞ:

Presume further that there is no work done. That is, there is no shaft work and
the system remains at constant volume so that the pressure does no mechanical
work on the surroundings. In this case

�E ¼ Qv

where Qv is the heat added at constant volume. An example would be an
explosion in a constant volume vessel if the walls did not break.

Another example of application of the first law is for a process taking place at
constant pressure. For example, it can be change form the initial state to a final
state of the system, consisting of a frictionless perfectly sealed piston of weight
W, resting upon the contents in the vessel. Here, work is performed on the
surroundings if the contents of the vessel expand in going from state 1 to state 2.
The first law applied here yields

�E ¼ Qp � pðV2 � V1Þ; or �H ¼ Qp; (2:3:1)

where Qp denotes the heat added in a constant pressure process. As we have
seen in Chap. 1 it is purely a matter of algebraic convenience, which variable is
used the energy or the enthalpy. A constant volume chemical conversion may
serve as a good model for the combustion in an automobile cylinder, if the
combustion takes place in a short enough time that the piston does not move
too far. In steady flow rocket or jet engines the combustion takes place, usually
at nearly constant pressure, so the constant pressure assumption is nearly valid.

As an example, consider the reaction of two propellants often used for rocket
engine, hydrogen (H2) and fluorine (F2). Consider the reactants to be half mole
hydrogen and half mole fluorine. The product of reaction is hydrogen fluoride
(HF), and the equation is

1

2
H2 þ

1

2
F2 ! HF:

We assume that all hydrogen and fluorine are consumed. Let us assume also
that the pressure and temperature of the initial and final states are the same.
This assumption contradicts intuition, that tells us that this propellant combi-
nation is a powerful explosive and energy should be released. However, such
process can be realized if the pressure is maintained constant by the piston and
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the temperature can be manipulated by the extraction of heat. Thus, an overall
constant pressure, constant temperature process can be forced, if the proper
amount of heat is removed.

Because of its importance as a reference condition, assume that the pressure
and temperature for this process are 1 bar (1 bar ¼ 105 Pa, with 1 Pa ¼ 1N=m2)
and 298K, respectively. Under these conditions the substances behave as
perfect gases. The enthalpies are therefore only functions of temperature and,
for any species i will be denoted as ðHTÞi. Applying Eq. (2.3.1) to this process,
we have

Qp ¼ ðH298ÞHF �
1

2
ðH298ÞH2

� 1

2
ðH298ÞF2

:

If this process is actually carried out, the result will be

QP ¼ �272:5 kJ ¼ �64:2 kcal:

The negative sign means that heat is evolved rather than added. Reactions of
this kind are called exothermic; if heat were required to be added to keep the
temperature the same, the reaction is called endothermic. The quantity Qp for
this reaction is called the heat of reaction at the reference state. The heat of
reaction is positive for exothermic reactions and it is negative for endothermic
reactions. If the pressure or temperature were not at 1 bar or 298K the Qp

would be the heat of reaction at the stated pressure and temperature, which
must, in fact, be stated. The heat of reaction will differ from the above number,
depending upon the thermodynamic conditions.

According to definition, for solids and liquids, the standard state of a substance
is its real state at a pressure of 1bar, for any temperature T. The standard state for
a gas is assumed to be ideal gas state at 1 bar at any temperature T. To understand
what is meant here, it should be emphasized that all gases have some pressure and
temperature conditions under which they cannot be considered as ideal gases. For
example, near the liquefaction condition, the perfect gas law does not hold. As an
example, water vapor at the boiling point of liquid water is not a perfect gas. But
we define the standard state of water vapor at 1 bar and 373K (the boiling point)
as the fictitious ideal gas state at these conditions. As an example, at 1000K and
1bar water vapor is, for all practical purposes, ideal and the thermodynamic
properties may be extrapolated to the boiling point assuming it to be ideal. We
denote the standard state with a superscript ‘‘0’’. In the above hydrogen-fluorine
example the substances, in fact, behave as ideal gases so that we may write at the
1 bar, 298K condition

Qp ¼ ðH0
298ÞHF �

1

2
ðH0

298ÞH2
� 1

2
ðH0

298ÞF2
:

The Qp comes out as a difference between the enthalpies of the product and the
elements from which it is formed.
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In principle, all compounds can be formed by reactions by their constituent

elements. In thermodynamics we never know absolute values of such variables
as, e.g. enthalpy, energy, etc. That is not important because only changes in
these variables are dealt with in thermodynamics. To facilitate numerical work,
we define a reference set of substances and their thermodynamic properties. We
define reference chemicals as the elements in the formmost abundantly found in
nature when they are found alone. So, for example, oxygen in the air is found as
the diatomic molecule O2 in the gas phase. The reference state for oxygen is

therefore the gaseous diatomic molecule. Similarly, reference states for fluorine,
hydrogen, and nitrogen are gaseous F2, H2, and N2 respectively. By contrast,
the reference state for carbon is C(s), or graphite.

We define formation reactions for a compound or atom as the reaction that
forms one mole of the substance from the elements or element in their reference
state. The heat of formation for a substance is the standard state enthalpy
change for a reaction forming the substance from its reference state elements.
Moreover, the heat of formation of the elements in their standard states is
defined as zero. The heat of formation may be defined at any temperature and

for species i, and it is denoted as ðH0
f ÞT;i. In the above example it was a

formation reaction at 298K at the stated conditions. Therefore,

ðH0
f Þ298;HF ¼ �64:2 kcal:

Other examples of formation reactions are

H2 þ
1

2
O2 ! H2OðlÞ; ðH0

f Þ298;H2OðlÞ ¼ �68:32 kcal ¼ �2865:9 kJ;

CðsÞ þO2ðgÞ ! CO2ðgÞ; ðH0
f Þ298;CO2ðgÞ ¼ �94:05 kcal ¼ �393:7 kJ:

The numbers for heats of formation are empirically derived; experiments must
be performed to obtain them. Some of the numbers must be obtained by

indirect means, using principles of thermodynamics. For example, consider
the formation of CO:

CðsÞ þ 1

2
O2ðgÞ ! COðgÞ:

This formation reaction cannot be carried out in the laboratory, because CO2 is

formed side by side with CO. However, the formation reaction for CO2 can be
carried out with almost a perfect yield for the carbon dioxide. The reaction is
given above with a heat of formation of – 94.0 kcal/mol. It is also possible to
form and store pure CO and to do the following reaction at the reference
conditions:
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COþ 1

2
O2 ! CO2:

The heat of reaction at 1bar and 298K is –67.6kcal/mol of CO2 formed. The
reverse reaction must yield a heat of reaction of þ67.6.0 kcal. The following
reactions may be written, violating no law of thermodynamics or stoichiometry:

CðsÞ þ 1

2
O2 þ

1

2
O2 ! CO2 ! COþ 1

2
O2:

The overall process merely carries 1/2mol O2 along ‘‘for the ride’’ with no
thermodynamic change. Consequently, the overall process is one of formation
of onemole of CO from the elements and the heat of formation of COmust be

ðH0
f Þ298;CO ¼ �94:0þ 67:6 ¼ �26:4 kcal=mol:

A list of heats of formation for some reactions is given in Table 2.1. Notice that
the heat of formation of atoms is positive if the reference state of the atom is
diatomic molecule. This occurs because strong chemical bonds must be broken
to form the atoms; the process is endothermic. Notice also, that the compounds
with the highest negative heat of formation in the C-H-O system are CO2 and
H2O; the formation process for these compounds is exothermic. An extensive
set of thermodynamic properties of substances is provided by the Joint Army
Navy NASA Air Force Thermochemical Tables (JANNAF Tables).

Let us consider how we can calculate heat of formation if atoms are not at the
reference state of 1 bar and 298K. As an example, consider a mixture of 1/2mol
H2 and 1/2mol F2 at 5bar pressure and 200K.What happens if the reaction takes
place at constant pressure to form one mole HF and the mixture ends up at
2000K. How much heat must be liberated or absorbed in this process? Since
thermodynamics does not care about the process path, the result must be the same
for any path as long as the initial and the end states are specified. We will choose
the path so that the calculations are simple and convenient. Consider the following
paths. Path (1-a): heat the reactants at constant pressure from temperature of
200K to the reference temperature of 298K. Path (a-b): at constant temperature
drop the pressure to the standard state pressure of 1 bar. Path (b-c): react the
reactants to product at constant (reference) pressure and temperature. Path (c-d):
compress the product to 5bar at constant temperature. Path (d-2): heat up the
product to 2000K at constant pressure. Because the overall process is one at
constant pressure, the overall enthalpy change is

�Hð1� 2Þ ¼ H2 �H1 ¼ nHFð�HÞHF � nH2
ð�HÞH2

� nF2
ð�HÞF2

;

where the overall enthalpy change is the sum of the enthalpy changes for each
step along the path for reagents, products plus the enthalpy of a formation
reaction, nA is number of moles of the species: 1/2mol H2, 1/2mol F2, and 1mol
of HF.
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Path (1-a) is a constant pressure heating process. The reactants are perfect

gases, and the JANNAF Tables gives us the enthalpy change in going from

298K to any other temperature. For hydrogen and fluorine, the reactants,

Qp;1�a ¼
1

2
ðH0

298;H2
�H0

200;H2
þH0

298;F2
�H0

200;F2
Þ ¼ 1

2
ð2:77þ 2:99Þ:

Path (b-c) is a formation reaction (at the reference state) at 1 bar and 298K, for

which the JANNAF Tables gives

Qp;b�c ¼ ð�H0
f Þ298;HF ¼ �272:5 kJ:

Path (d-2) is a constant pressure heating process for pureHF, which from the

JANNAF Tables requires an enthalpy change of

Table 2.1 Heats of formation at 298K

Symbol Name State �Hf
0(kcal/mol)

H Hydrogen atom Gas 52.1

H2 Hydrogen Gas 0

O Oxygen atom Gas 59.56

O2 Oxygen Gas 0

N Nitrogen atom Gas 112.95

N2 Nitrogen Gas 0

Cl Chlorine atom Gas 28.9

Cl2 Chlorine Gas 0

H2O Water Gas –57.8

H2O Water Liquid –68.3

NO Nitric oxide Gas 21.6

OH Hydroxyl radical Gas 10.06

C Carbon Solid 0

C Carbon Gas 171.0

C2 Carbon Gas 198.0

CO Carbon monoxide Gas –26.42

CO2 Carbon dioxide Gas –94.05

NO Nitrogen oxide Gas 21.6

NO2 Nitrogen dioxide Gas 8.0

CH4 Methane Gas –17.85

C3H8 Propane Gas –24.8

HCl Hydrogen Chlorine Gas –22.1

HF Hydrogen Fluorine Gas –64.2

C2H6 Ethane Gas –20.24

C4H10 Butane Gas –29.8

C6H6 Benzene Gas 19.8

C2H4 Ethene Gas 12.5

C8H18 Octane Liquid –59.7

C2H2 Acetylene Gas 54.19
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Qp;d�2 ¼ ðH0
2000;HF �H0

298;HFÞ ¼ þ52:83 kJ:

Paths (a-b) and (c-d) have no enthalpy change associated because for ideal
gases the enthalpy only depends upon temperature. Consequently, the overall
enthalpy change in going from the state 1 to 2 is

�H1�2 ¼ 52:83� 272:55þ 1

2
ð5:76Þ ¼ Qp;1�2 ¼ �216:84 kJ ¼ �51:8 kcal:

Notice that QP;1�2 is negative, so that the overall process is exothermic, even in
view of the fact that the temperature has increased. These reactants, if heat is not
removed out of the system, would go to an even higher temperature than 2000K.

Generalizing what we have done if there are M different species in both the
reactants and products, the heat evolved in a constant pressure process is

Qp ¼
XM
j¼1

nj HT2
�H0

298 þ ð�H0
f Þ298

� �
j
�
XM
i¼1

ni HT1
�H0

298 þ ð�H0
f Þ298

� �
i
(2:3:2)

where the index j; denotes products and the index i denotes reactants. Similarly,
for a constant volume process the heat evolved is

Qp ¼
XM
j¼1

nj ET2
� E0

298 þ ð�E0
f Þ298

� �
j
�
XM
i¼1

ni ET1
� E0

298 þ ð�E0
f Þ298

� �
i

(2:3:3)

where the energy for any species is obtained from the enthalpy by Ei ¼ Hi � p=ci.
Notice, that hydrogen and oxygen can coexist in a mixture at the reference

conditions of 298K and 1bar. In order to start reaction an ignition source is
needed, such as a spark.We say that such amixture is in ametastable equilibrium
state, requiring a ‘‘push’’ to initiate reaction. Fortunately, all thermodynamics
laws apply to systems in such a state of metastable equilibrium, and their
thermodynamic state may be calculated as if the mixture were in true equilibrium
in the metastable state.

2.4 Origin of the Combustion Heat; Molecular Bonds

Majority of combustion processes involve the combination of fuels containing
hydrogen and carbon with the oxygen in air. Together with water, these sub-
stances will remain, at least until the end of the twenty-first century, the most
accessible andwidely used bymankind for production of energy and for chemical
and technological needs. Prior to examining the physical and mathematical
foundations of combustion, let us consider on a molecular level the origin of
heat of formation and energy of combustion whose release controls all the other
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effects such as heating of the gas and the appearance of active chemical centers.

What makes up the heats of basic reactions between a carbon and hydrogen

compound and oxygen?
The heats of formation for some reactions are given in Table 2.1. Table 2.2

gives bond energies of molecule, which are the energy needed to break up

molecule for atoms.
Let us evaluate the heat of reaction 2H2 þO2 ¼ 2H2O using magnitudes of

the bond energies given in Table 2.2. As a reasonable assumption, we assume

that reaction of formation the water vapor form molecular hydrogen and

oxygen is going through the following steps. Dissociation of two molecule of

H2 requires 206.6 kcal/mol and dissociation of one molecular O2 requires

118.0 kcal/mol. From 4 atoms of hydrogen and 2 atoms of oxygen form two

molecule of water, which can be viewed as formation of 4 bonds of H-O. Each

bond of H-O according to Table 2.2 corresponds to energy release of 110 kcal/

mol. Thus, the energy balance is 206:6þ 118:0� 440 ¼ �115:44 kcal=mol.

According to Table 2.1 the heat of formation of gaseous H2O in the reaction

is –57.8 kcal/mol, and we obtained –115.4/2 = –57.7 kcal/mol. In general case

the bond energy depends on the configuration of atoms – what bonds they form

in the molecule.
The structures of some typical hydrocarbon fuels are shown below. Most

common hydrocarbon fuels are n-octane and are given by the formula CnH2nþ2,
such as e.g. methane, propane, etc.

Table 2.2 Bond energies

Molecule Energy
[kcal/mole]

H2 = 2H 103.3

O2 = 2O 118.0

N2 = 2N 225.9

C2 = 2C 144.6

Cl2 = 2Cl 58.0

H2O = H þ OH 119.2

HCl = H þ Cl 103.1

HO = H þ O 110.0

NO = N þ O 150.9

NO2 = N þ O2 105.1

NO2 = NO þ O 73.1

CO = C þ O 257.2

C

H

H

H

H

C

H

H

C

H

HH H

H

C

H
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Olefins have open-chain containing one unsaturated double-bond (more hydrogen

can be added) and have formula CnH2n. Acetylenes (alkynes) have open-chain

containing one C-C unsaturated triple-bond, H� C � C�H; acetylene C2H2.

For alcohols one hydroxyl (OH) group is substituted for one hydrogen, e.g.

methane, CH4 becomes methyl alcohol, CH3OH also known as methanol, and

ethane becomes ethyl alcohol C2H5OH known as ethanol.
Let us consider the energy balance for the consecutive oxidation reactions of

solid carbon (graphite):

CðsÞ þ 1

2
O2 ¼ COþ 26 kcal=mol; COþ 1

2
O2 ¼ CO2 þ 68 kcal=mol

Thus, the complete oxidation of solid carbon yields 94 kcal/mol:

CðsÞ þO2 ¼ CO2 þ 94 kcal=mol;

which is similar in magnitude to the energy released in reaction hydrogen with

oxygen:

2H2 þO2 ¼ 2H2OðvaporÞ þ 116 kcal=mol:

According to the Table 2.2 the CO molecule is one of the most stable, with one

of the highest bond energy of 257 kcal/mol. The next most stable molecule is N2,

with the bond energy of 226 kcal/mol. In both molecules there are three pairs of

bound electrons, or three valence bonds. In the CO molecule one electron

initially goes from O to C, after which the Oþ and C� are similar to nitrogen

atoms; this is confirmed by the existence of a dipole moment in the

CO molecule. In the CO2 molecule the second oxygen atom is bound more

weakly, so that

COþO ¼ CO2 þ 127 kcal=mol:

Thebond strengthof oxygen in these compounds is comparable to the bond strength
of the original oxygen molecule. In the latter case, O þO ¼ O2 þ 118 kcal=mol,

and only 59kcal/mol goes to each oxygen atom. The low bond energy of the

oxygenmolecule is the reason for its chemical activity and the reason that oxidation

is used as an energy source.
The bond strength of a carbon atom in the crystalline lattice of graphite (and of

diamond and amorphous carbon as well) is very large. The reaction energy in

CðsÞ þ 1
2O2 ¼ COþ 26 kcal=mol is the difference of two very large quantities:

half of the dissociation energy of O2 into atoms (59kcal/mol) and the heat of vapor-

ization of the carbon atom must be subtracted from the binding energy of CO

(257.2kcal/mol). Thus, the energy balance is 257:2� 59� 171 ¼ 27:2 kcal=mol,

which is close to 26.4 kcal/mol in Table 2.1.
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The conversion of solid carbon and gaseous hydrogen into hydrocarbon
fuels takes place with a small change in energy. On the other hand, when oxygen
is introduced into organic compounds (alcohols, aldehydes, organic acids,
carbohydrates, etc.) nearly as much energy is released as during complete
combustion (to CO2 and H2O), when an equal amount of oxygen is used.
Roughly (100–120) kcal is released per mole of consumed oxygen during
complete combustion of any organic fuel. The exceptions are certain endo-
thermic energy-rich compounds, such as, for example, acetylene, whose heats of
combustion are greater.

Incomplete combustion is energetically uneconomical both per molecule of
fuel and per molecule of oxygen that is consumed. Only 52kcal/mol are released
in the reaction 2CðsÞ þO2 ¼ 2CO instead 94kcal/mol during burning of CO
with the complete oxidation of carbon. The strong bond of the C atom in solid
carbon means that carbon leaves the solid state only in combination with
oxygen in the form of CO or CO2. Relative to a free carbon atom the reaction
2CO ¼ CO2 þ CðsÞ � 129kcal=mol has a large energy barrier. The reaction
2CO ¼ CO2 þ CðsÞ þ 41 kcal=mol is energetically favorable only in reference to
solid carbon for incomplete combustion and at low reaction temperatures. That’s
why soot and carbon black are formed during combustion by the disintegration of
organic molecules with a carbon skeleton, rather than from CO.

Consider now reaction with nitrogen, which constituting 78.1% by volume
of Earth’s atmosphere, and therefore inevitably participate in combustion.
Since nitrogen molecule N2, with dissociation energy of 226 kcal/mol, is very
stable, the reaction of N2 and O2 to form 2NO is endothermic and it could
occur only at high temperatures. The higher oxides (NO2, N2O3, N2O4, N2O5)
are formed from nitrogen and oxygen with almost no change in energy
compared with the bonding energies of N2 andO2. Therefore, oxygen packed
in compounds with nitrogen (CH3 �ONO2-nitroether, CH3ðC6H2ÞðNO2Þ3 –
trinitrotoluene), is energetically almost equivalent to gaseous oxygen. Oxygen
that is built into an organic molecule but bonded to nitrogen creates a material
that releases a large amount of energy when the molecule is regrouped with
formation of N2 and transformation of the oxygen into CO2 and H2O mole-
cules. That is reason why compounds, in which oxygen is bound to nitrogen are
used as powders and explosives. The energy released during combustion or
explosion of powders differs only slightly from the energy of combustion of
organic substances in the same amount of oxygen as is bound to the nitrogen.

2.5 Adiabatic Flame Temperature

One of the most important calculations chemical thermodynamics allows us to
make is that of the adiabatic flame temperature. This is the temperature
achieved in a constant pressure reaction with no heat transfer. For example,
the adiabatic flame temperature is achieved in reaction in a vessel, which is
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insulated to heat transfer but operated at constant pressure.Wemust set Qp ¼ 0

in Eq. (2.3.2) and it becomes the equation describing the adiabatic process

leading to the adiabatic flame temperature. This is the temperature achieved

in jet engine and rocket combustion chambers if the flow velocities are small

compared to sound velocity, neglecting byminor heat losses, whichmay slightly

low the flame temperature.
Consider as an example the constant pressure reaction of hydrogen and

oxygen to form water adiabatically. Let the initial state is at 200K

H2 þ
1

2
O2 ! H2O:

Equation (2.3.2) becomes

0 ¼ ð1Þ HT2
�H0

298 þ ð�H0
f Þ298

h i
H2O
� H200 �H0

298

� �
H2
� 1

2
H200 �H0

298

� �
O2
:

Using numbers from the JANNAF Tables we obtain equation for the adiabatic

flame temperature T2

0 ¼ HT2
�H0

298

� �
H2O
�241:83� �2:77� 1

2
2:87

� �
:

Looking the table numbers for water and solving equation for HT2
�H0

298

� �
H2O

,

we obtain T2 = 4900K, which is much higher than T2 ¼ 3080K; shown in

Table 2.3 and not realistic.
In a more simple way, the JANNAF Tables give the standard state specific

heat (on amolar basis) for the compound in question. Then, taking into account

that Cp is a monotonically increasing function of temperature, we can write

HTi
�H0

298;i ¼
ZT

298

Cp;iðTÞdT

An upper limit estimate for the adiabatic flame temperature will therefore be

attained with a lower limit estimate for Cp and vice versa. Using trial and error

method, the adiabatic flame temperature can be found with the help of the

JANNAF Tables.
At this point we remind the meaning of a stoichiometric mixture, which is a

mixture of reactants that can, without violating the law of stoichiometry, react

to only products with the highest negative heats of formation in the chemical

system being considered. There should be no excess of fuel or oxidizer on the

right side of the reaction. In the hydrocarbon- oxygen mixture, for example, the

products with the highest negative heats of formation are CO2 andH2O, but not
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CO and OH. In the H-F system, HF has the highest negative heat of formation.
Therefore, the reactant mixtures

H2 þ
1

2
O2;H2 þ F2; CH4 þ 2O2

are stoichiometric mixture. These mixtures react toH2O, HF, and CO2, with no

fuel or oxidizer left over. Contrary, the following reactant mixtures are not
stoichiometric mixtures:

H2 þO2; 2H2 þ F2; CH4 þ 3O2 þN2:

Here there is either excess fuel or oxidizer even though water, carbon dioxide and
hydrogen fluoride could be formed. Stoichiometric mixtures have nearly the

highest adiabatic flame temperatures possible for the chemical system under
consideration. The reason is that excess fuel or oxidizer acts as a diluent and

cannot pass to the high negative heat of formation substances. If f denotes the

ratio of mass of fuel to the mass of oxidizer in a reactive mixture, the equivalence
ratio is f � f=fs, where fs is the stoichiometric mass ratio. If air is the oxidizer,

convention is that the nitrogen is included in themass of the oxidizer, even though

it may no react. A typical plot of adiabatic flame temperature versus equivalence

ratio is shown in Fig. 2.1. The maximum temperature occurs near the stoichio-
metric mixture ratio, though the actual maximum is usually slightly shifted to the

fuel rich side of stoichiometric.

Table 2.3 Flame temperatures of various stoichiometric mixtures;
initial temperature 298K

Fuel Oxidizer Pressure
(bar)

T(K)

Methane 6% 94% Air 1 1850

Methane 11.6% Air 1 2100

Methane Air 20 2270.

Methane Oxygen 1 3030

Methane Oxygen 20 3460

Propane 4.02% Air 1 2240

Propane 7.4% Oxygen 1 2500

Propane 19.3% Oxygen 1 3000

Carbon monoxide Air 1 2400

Carbon monoxide Oxygen 1 2977

Acetylen Air 1 2600

Acetylen Oxygen 1 3342

Butane Oxygen 1 3100

Hydrogen 20% Air 1 1910

Hydrogen 30% Air 1 2300

Hydrogen 57% Air 1 1850

Hydrogen Oxygen 1 3080
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2.6 The Equilibrium Constant

In all the reactions considered to this point the products have been specified;

they were consistent with the law of stoichiometry and were thermodynamically

possible products. However, the extremely high adiabatic flame temperatures

calculated in the previous section are unreasonable. The reason is that most

combustion systems (exception is reaction in lean mixtures, whose product

temperature is below approximately 1250K) reach rather high temperature,

when there is a possibility of dissociation – breaking the molecule bonds of

normal stable combustion products such as CO2; H2O; O2 and N2 . For rich

mixtures CO also exists in the products and at high temperatures the molecules

dissociate to formH, O, OH, NO. In reality, for the hydrogen-oxygen system, a

mixture reacting adiabatically would produce several products besides H2O,

like H2, H, OH, O2, O and HO2 (the hydroperoxl radical). The effects of

dissociation are always decrease flame temperatures since dissociation reactions

are endothermic and even a few percents dissociation can lower the flame

temperature substantially. Notice that actual adiabatic flame temperature of a

stoichiometric mixture of hydrogen and oxygen according to Table 2.3 is

3080K, it is not 4900K as it was calculated in the previous section. This

means that actual calculation of the flame temperature would require more

than mass balance but also the equilibrium relations among the combustion

products composition.
In order to make more accurate calculations we need to take all these species

into account. Thermodynamics also allows to calculate which species are present,

and in what abundance. At equilibrium the rate of the forward reaction equals

the rate of the backward reaction H2 $ 2H; O2 $ 2O; H2 þO2 $ 2OH, etc.

Fig. 2.1 Typical adiabatic
flame temperature versus
equivalence ratio
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To describe the process at chemical equilibrium we consider the Gibbs free
energy, and assume that the reaction occurs at constant temperature and pres-
sure. First of all, we shall describe the method for expressing the reaction. If all
the terms are taken to one side, than written as symbolic equation, we have

X
i

niAi ¼ 0; (2:6:1)

where Ai are the chemical symbols of the reacting substances, and the coefficients
ni are positive or negative integers. For example, the reaction 2H2 þO2 ¼ 2H2O,
we rewrite as 2H2 þO2 � 2H2O ¼ 0, and the coefficients are nH2

¼ 2, nO2
¼ 1,

nH2O ¼ �2.
Let N1;N2; : : : : be the number of particles (atoms, molecules, etc.) of the

various species taking part in the reaction. In the process at constant temperature
and pressure the Gibbs free energy tends to minimum. Then the necessary
condition for G to be a minimum can be written as the vanishing of the total
derivative of G for given P andTwith respect to one of theNi for example,N1:

@G

@N1
þ @G

@N2

@N2

@N1
þ @G

@N3

@N3

@N1
þ : : : ¼ 0: (2:6:2)

The changes in the numbers Ni during the reaction are related by the reaction
Eq. (2.6.1). It is therefore clear that if N1 changes by n1, each of the other Ni will
change by ni, so that dNi ¼ ðni=n1ÞdN1, and dNi=dN1 ¼ ni=n1. Therefore,
Eq. (2.6.2) can be written as

X
i

@G

@Ni

ni
n1
¼ 0: (2:6:3)

Since
@G

@Ni
¼ mi according to definition of the chemical potential, and multi-

plying (2.6.3) by n1, we obtain

X
i

ni � mi ¼ 0: (2:6:4)

This is the required general condition for chemical equilibrium.
Let us apply this general condition of chemical equilibrium to reactions in a

gas mixture, assuming that the gas may be regarded as an ideal one. In Chap. 1
we obtained for the Gibbs free energy, the chemical potential and entropy of
ideal gas:

G ¼ NRT lnPþN�ðTÞ ¼ H� TS,
m ¼ @G=@N,
S ¼ �N lnPþNcP lnTþ ð� þ cPÞN ¼ N S0ðTÞ � lnðP=PrefÞ

� �
.

The chemical potential for each gas in the mixture is
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mi ¼ RT lnPi þ �iðTÞ; (2:6:5)

where Pi is the partial pressure of the ith gas component in themixture; Pi ¼ ciP,
and P is the total pressure of the mixture; ci ¼ Ni=N is the concentration of
the ith gas component in question; N ¼

P
i

Ni is the total number of molecules in

the mixture. Substituting expression (2.6.5) in (2.6.4) and we obtain

X
i

nimi ¼ RT
X
i

ni ln P0i þ
X
i

ni�i ¼ 0; (2:6:6)

where P0i are the partial pressures of the gases in the state of chemical
equilibrium.

We can rewrite this last condition as

Y
i

Pni
0i ¼ KpðTÞ; (2:6:7)

where

KpðTÞ ¼ exp �
X
ðni�iÞ=RT

h i
(2:6:8)

is called the chemical equilibrium constant.
Substituting in Eq. (2.6.7) P0i ¼ c0iP, where c0i are the concentrations of the

gases in chemical equilibrium, we obtain

Y
i

cni0i ¼ P
�
P
i

ni

KpðTÞ: (2:6:9)

Notice that the dependence of the gas reaction equilibrium constant on the
pressure is entirely determined by power of the total pressure – this is the factor

P
�
P
i

ni

.
The dependence of the gas reaction equilibrium constant on temperature

cannot be obtained as universal law, though it is not differ considerably from
the dependence of gases having constant specific heat. In the later case we
obtain for the equilibrium constant

KpðTÞ ¼ exp
X
ðni�iÞ

� 	
� T
P
ðcpiniÞ exp �

X
ðnie0iÞ=T

� 	
; (2:6:10)

which is essentially an exponential function of temperature (last exponential
term in the right side).
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2.7 Chemical Equilibrium and Adiabatic Flame Temperature

Expression (2.6.7) can be presented in more convenient for user form. Since
G ¼ H� TS, we can write it as

G ¼
XM
i¼1

niHT;i � T
XM
i¼1

niSi ¼
XM
i¼1

ni HT;i � TS0i þRT lnPi

� �

¼
XM
i¼1

ni G
0
i þRT ln Pi

� �
; ð2:7:1Þ

where we defined the standard state free energy (G at one bar, but at any T of
interest)

G0
i ðTÞ � H0

T;i � TS0i :

Recall that for ideal gases HT;i ¼ H0
T;i, and the entropies for ideal gases are

Si ¼ S0i ðTÞ �R ln
Pi

Pref


 �
(2:7:2)

with the standard state entropy given by

S0i ¼
ZT

0

ðC0
p;iðTÞ=TÞdT; (2:7:3)

where we use expression for the specific heat at constant pressure,
CP ¼ Tð@S=@TÞP. The integral in (2.7.3) is given in the JANNAF Tables as

well as H0
T;i. We take Pref as 1 bar and always work in bars for it is used in the

JANNAF Tables. Then Eq. (2.6.7) can be presented in the form

Y
i

Pni
0i ¼ KpðTÞ ¼ exp ��G0

RT

� �
: (2:7:4)

The change of G0 for the formation of the reaction product from the reagents is

called the standard state free energy of formation and is also given in the
JANNAF Tables for any compound or atom. One must remember that it is
zero for a reference element. For example, for the equilibrium reaction

nAAþ nBB$ ncCþ nDD

the equilibrium is given by

KPðTÞ ¼
PnC
C � P

nD
D

PnA
A � P

nB
B

¼ exp ��G0

RT

� �
: (2:7:5)
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In terms of the concentrations of the gases, similar to (2.6.9) we have

KPðTÞ ¼
XnC

C �X
nD
D

XnA
A �XB

nB

P

Pref


 �nCþnD�nA�nB
; (2:7:6)

where

XA ¼
nA

nA þ nB þ nC þ nD
; XB ¼

nB
nA þ nB þ nC þ nD

; . . .

Notice that the sign of nC þ nD � nA � nB defines how equilibrium compo-
sition depends on pressure. With increase of the pressure the total number
of molecular compounds in the right hand sizes decreases. With increase of
the temperature molecules dissociate more, which means that molecules with
positive heat of formation are favored as the temperature rises.

In general the combustion products consist of more than just CO2, H2O, and
NO2. For rich mixtures CO also exists in the products and at high temperatures
the molecules may dissociate to form H, O, OH, NO via the following
reactions

H2 ! 2H; O2 ! 2O; H2 þO2 ! 2OH; O2 þ n2 ! 2NO:

The opposite direction reactions of recombination are also possible

2H! H2; 2O! O2; 2OH! H2 þO2; 2NO! O2 þN2:

At equilibrium the rate of the forward reaction equals the rate of the backward
reaction

H2 $ 2H; O2 $ 2O; H2 þO2 $ 2OH; O2 þ n2 $ 2NO:

At equilibrium the relative proportion of the species mole fraction is fixed
and the equilibrium composition for species is defined by the equilibrium
constant (2.7.6).

As an example consider distribution of the products in the reaction 1mol of
CO2 0.5mol of O2 and 0.5mol of N2 react to form a mixture consisting of CO2,
CO, O2, N2 and NO. We want to determine the equilibrium composition of the
product mixture assuming that the equilibrium composition is at 1 bar and the
final temperature is 3000K.

CO2 þ 0:5O2 þ 0:5N2 ! aCOþ bNOþ cCO2 þ dO2 þ eN2: (2:7:7)

The law of stoichiometry is insufficient to determine coefficients in (2.7.7).
From an atomic balance we have 3 equations for 5 unknowns a, b, c, d, e:
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(C) 1 = a + c,
(O) 3 = a + b + 2c + 2d
(N) 1 = b + 2e, so that 2 unknowns, say a and b need 2 equilibrium

equations to solve the problem. These equations are for equili-
brium reactions

CO2 $ COþ 0:5O2 ! KP1ð3000KÞ ¼ 0:3273; (2:7:8)

0:5O2 þ 0:5n2 $ NO ! KP2ð3000KÞ ¼ 0:1222: (2:7:9)

where KP1 and KP2 are the equilibrium constants for standard reactions

(2.7.8–9), which are tabulated in the JANNAF as a function of temperature

for different equilibrium reactions.
From the expression for equilibrium constants

KP1 ¼
XCO �X1=2

O2

XCO2

¼ 0:3273; and KP2 ¼ 0:1222 ¼ XNO

X
1=2
O2
�X1=2

N2

The total number of components with the use of equations (C), (O),

(N) is N ¼ aþ bþ cþ dþ e ¼ aþ bþ ð1� aÞ þ 0:5ð1þ a� bÞ þ 0:5ð1� bÞ
¼ 0:5ðaþ 4Þ, so that

XCO ¼
2a

ð4þ aÞ ; XO2
¼ ð1þ a� bÞ
ð4þ aÞ ; XCO2

¼ 2
1� a

ð4þ aÞ ;

and we obtain two equations for a and b:

KP1 ¼
XCO �X1=2

O2

XCO2

¼ 0:3273 ¼ a

1� a

1þ a� b

4þ a


 �1=2

; (2:7:10)

KP2 ¼
XNO

X
1=2
O2
�X1=2

N2

¼ 0:1222 ¼ 2b

ð1þ a� bÞð1� bÞ½ �1=2
: (2:7:11)

Solving last two equations together with the atom balance equations we obtain

a ¼ 0:3745; b ¼ 0:0675; c ¼ 0:625; d ¼ 0:6535; e ¼ 0:4663. If the products

are at high temperature (2000K or larger) minor species will be present due to

the dissociation of the major species CO2; H2O, etc.
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Let us calculate as an example distribution of the products in the reaction

hydrogen-fluorine, assuming that the final pressure is 1 bar and final tempera-

ture 3500K, so that final products include also hydrogen and fluorine atoms

H2 þ F2 ! nHFHFþ nHHþ nFF: (2:7:12)

The law of stoichiometry is insufficient to determine the ni in (2.7.7). From an

atomic balance we have 2 equations

nHF þ nH ¼ 2; nHF þ nF ¼ 2:

We have 3 unknowns nHF; nH; nF so need one equilibrium equation to solve

the problem.
The equilibrium equation is for the reaction Hþ F$ HF

KpðTÞ ¼
PHF

PHPF


 �
¼ nHFP

n

n

nHP

n

nFP
¼ n

P

nHF

nHnF
(2:7:13)

is not listed in the JANNAF, but we can combine the right hand part in the

combination of reactions

KpðTÞ ¼
PHF

PHPF


 �
¼ PHF

P
1=2
H2

P
1=2
F2

 !
P
1=2
H2

PH

 !
P
1=2
F2

PF

 !
¼ Kpf;HF

Kpf;HKpf;F
; (2:7:14)

which corresponds to the standard reactions tabulated in the JANNAF

1

2
H2 þ

1

2
F2 ! HF

1

2
H2 ! H;

1

2
F2 ! F:

For these reactions the JANNAF gives

Kpf;HF ¼
PHF

P
1=2
H2

P
1=2
F2

 !
¼ 104:221; Kpf;H ¼

P
1=2
H2

PH

 !
¼ 10�0:228;

Kpf;F ¼
P
1=2
F2

PF

 !
¼ 102:121:

Substituting these numbers in (2.7.8) together with

n ¼ nHF þ nH þ nF ¼ 2þ nH; nF ¼ nH; nHF ¼ 2� nH

we come to the equation for nH:

ð2þ nHÞð2� nHÞ
n2H

¼ 102:238 ¼ 213:
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From here,

nH ¼ nF ¼ 0:0187; nHF ¼ 1:9813; XH ¼ XF ¼ 0:0926; XHF ¼ 0:9815:

It is imperative to realize that all conceivable reactions in the system must be in
equilibrium. For this reason, as in the examples above, we have complete liberty
in choosing the reactions to consider in making equilibrium calculations.

We now return to calculation of adiabatic flame temperature through use of
Eq. (2.3.2), with Qp ¼ 0. Nowwe know how to calculate the nj, which in general
depend not only upon the pressure of interest, but also the adiabatic flame
temperature itself. That is, nj ¼ njðP;T2Þ so that at a fixed pressure Eq. (2.3.2) is
the equation for T2. The procedure for adiabatic flame temperature calculations
is as following: write down the initial reaction equation with the products that
we assume to consider; reduce the number of unknown nj using condition of an
atomic balance; in general there are M-N unknowns for the stoichiometric
coefficients on the product side for M values of nj and N types in the reactants;

the equations for these M-N unknowns steam from the equilibrium laws (the
formation reactions) for the product species, which are not reference state
elements. The equilibrium equations may always be reduced to M-N equations
containing the unknowns. The adiabatic flame temperature may be found step-
by-step, with the known nj and guessed T2, and then repeating all steps of the
procedure. Note that dissociation in the products will result in a lower adiabatic
flame temperature since dissociation reactions are endothermic. Wemust check
also that partial pressure of excluded products is negligible compared to
included products. It is very tiresome calculations to be made by hand. Hand
calculations are not practical when many species are considered, one uses a
computer program to calculate the product equilibrium composition. There
are standard computer programs to calculate the product equilibrium compo-
sition. A popular program used for equilibrium calculations is STANJAN or
Equilibrium Combustion Solver Applet.

Problems

2.1. In a vessel of volume 1m3 there are 2 g ofmolecular H2, 6 g ofmolecular O2

and 30 g of N2. What are the mole fractions, mass fraction and concentra-
tions of the hydrogen, oxygen and nitrogen?

2.2. Evaporation of one atom of carbon requires 171 kcal/mol, dissociation of
oxygenmolecule is 118 kcal/mol. What is the net energy in reaction of solid
carbon oxidation CðsÞ þ 1

2O2 ¼ CO, if bond energy of CO is 256 kcal/mol?
Result: 256-59-171=26 kcal.

2.3. Calculate adiabatic flame temperature for the reaction H2 þO2 ¼
nH2OH2Oþ nO2

O2 þ nOO. With reagents initially at 298K and P=1bar.
Result: Tf ¼ 3200K.
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2.4. A steady flow 1mol/s of CH4 and 2mol/s of O2 enters a reactor and
become H2O and CO2. Write equation of the reaction. What is the con-
centration of CO2 and H2O vapor density at the exit if the density of gas
exiting the reactor is 1 kg/m3?

2.5. Calculate (1) partial pressures, (2) mole fractions, (3) concentrations,
(4) densities of the gaseous components in a vessel, which contains 0.2 kg
of H2, 3mol of CO, amount of H2O vapor enough to give partial pressure
of 1 bar (105 Pa). Pressure and temperature of the perfect gaseous mixture
in the vessel: P ¼ 3 bar; T ¼ 500K.

2.6. Estimate heat of formation of methane, CH4 from known heats of
formation of CO2, �H0

f;CO2
¼ �94:0 kcal=mol, and water vapor

�H0
f;H2O

¼ �57:8 kcal=mol from the reaction CH4 þ 2O2 ¼ CO2 þ 2H2O.
2.7. Estimate heat of formation of propane, C3H8 from known bond energy

of H2, 104.2 kcal/mol, C� C, 85.0Kcal/mol, C�H, 98.1 kcal/mol evapo-
ration energy of carbon from crystal to gaseous phase is 171.3 kcal/mol.

2.8. CO is oxidized to CO2 in an excess of air in afterburner entering at
T0 ¼ 298K. Assuming that air consists of 20% O2 and 80% N2 and
there is no dissociation find the required air/fuel ratio if the final tempera-
ture is 1000K.
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Chapter 3

Combustion Chemistry

3.1 Chemical Reactions

All of the chemical reactions shown as examples in previous chapter almost
never take place as written. The true path of products creation is usually
consists of many steps at the molecular or atomic level. In a chemical transfor-
mation the molecular bonds holding atoms in one kind of molecule are broken
and new bonds are formed with other molecules, which appear during the
reaction. The number of atoms does not change in a chemical reaction; they
are only regrouped in accordance with a specific release of energy. The con-
servation of the elementary composition can be written down in the form of a
balance equation for the number of atoms of each element

X
i

nikNi ¼ Ak; (3:1:1)

where nik is the number of atoms of the k-th element in the i-th molecule, Ni is
the number of molecules of type i in the system, and Ak is the total number of
atoms of the given element in the mixture. The number of Eq. (3.1.1) corre-
sponds to the number of elements present in the system. The summation is
carried out over all types of molecules. Equation (3.1.1) are satisfied for any
state of the reacting mixture: before the onset of the reaction when the excess
energy is stored in chemical bonds, after the reaction is finished and complete
chemical equilibrium has been achieved, and at any intermediate time during
the reaction. The numbers Ak are the same for all states of the reacting mixture.

The rate of the reaction may be expressed in terms of the concentration of
any reacting substances or any products of the reaction as the rate of decrease
of the concentration of the reactants or as the rate of increase of a product of
reaction. If only one reaction occurs in a system, or reaction of arbitrary
complexity may be described as a one-step chemical reaction, then Eq. (3.1.1)
for the initial and final states can be written in the form of the stoichiometric
Eq. (2.6.1) with the stoichiometric coefficients of the reaction:

XM
i¼1

niAi ¼
XM0
i¼1

njAj;

M.A. Liberman, Introduction to Physics and Chemistry of Combustion,
DOI: 10.1007/978-3-540-78759-4_3, � Springer-Verlag Berlin Heidelberg 2008
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where Ai and Aj: are the chemical symbols of the initial reagent i and of the

reaction product j and ni and nj are the stoichiometric coefficients, which are
interrelated by k conditions of the form

XM
i¼1

ninik ¼
XM0
i¼1

njnjk:

If the initial substances are taken in a proportion such that the chemical
transformation can, in principle, convert them fully into the reaction products,

then the mixture is referred to as stoichiometric. If one of the substances appears
in the initial mixture in an amount smaller than that required according to the
stoichiometric equation, then this substance is deficient.

From the standpoint of thermodynamics, it does not matter what is the true

reaction mechanism, because only the initial and final states are of interest. But
often we need the true reaction path to study flame phenomena. We also need
information on the rate in proceeding from an initial state to a final state. Such

rates of chemical reactions are provided by chemical kinetics. The determina-
tion of actual reaction paths involves very complex inference from usually

incomplete data and theoretical argument. From an engineering viewpoint,
complete knowledge of a reaction scheme is often not necessary, and useful

approximations can be made. We mostly shall use approximate approach of
one-step Arrhenius law for reaction, which yields valuable insight into flame
behavior.

The transition from the initial to the final state is characterized by the

chemical reaction rates for the various components of the reacting medium.
The reaction rate for one of the components is defined as follows:

Wi ¼ �
1

V

dNi

dt
; W0J ¼

1

V

dN0j
dt

; (3:1:2)

where Ni and N0j are the number of molecules (atoms) of the i-th reactant and

the j-th product in volume V at time t.
The relationship between the reaction rates for different substances is deter-

mined by the conservation of the elementary composition (Eq. (3.1.1)), which
implies that

Wi

ni
¼

W0j
nj
¼W: (3:1:3)

If the volume is constant in the course of a reaction, then the rates are defined as

the time derivatives of the volume concentrations, ci ¼ Ni=V and c0i ¼ N0j=V:

Wi ¼ �
dci
dt
; W0j ¼

1

V

dc0j
dt
: (3:1:4)
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The concentration of molecules in reacting gaseous mixtures, however, may
also change because of thermal expansion of the gas or gas dynamic processes.
In these cases the reaction rate must be calculated according to Eq. (3.1.2).

Atoms or molecules can react only when they collide, and the rate of atomic
or molecular collisions is proportional to the number densities (number per unit
volume) of the colliding species. If a reaction takes place as a result of the
collision of two molecules (bimolecular reaction) of substances A1 and A2, then
the reaction rate is

� dc1
dt
¼ � dc2

dt
¼ kc1c2:

For example, in the reaction

OþH! OH

the rate of reaction for the reactants must be proportional to cHcO. We read the
reaction above as ‘‘one atom of oxygen collides with one atom of hydrogen to
form one molecule of OH.’’ We define the reaction rate, W, through a coeffi-
cient, k, called the specific reaction rate constant, by

W ¼ kcHcO:

For a general reaction, wemultiply k by the product of the concentrations of the
reacting species. For example, for

HþHþH! H2 þH (3:1:5)

W ¼ kc3H: The reaction rate tells how often a reaction occurs and is used to tell
the time rate of concentration change of the reacting species. For example, in
the first reaction above, the units of k are given by the following equality:

dcO
dt
¼ �ð1ÞkcOcH ¼ �W

with the minus sign being chosen because O is being destroyed. In the second
example, because H is both being destroyed by the reaction and created on the
right side, the concentration change of H is

dcH
dt
¼ �3WþW ¼ �2W ¼ �2kc3H: (3:1:5a)

The above two cases are examples of two-body and three-body reactions
respectively indicating a collision between either two atoms or three atoms
must take place before a reaction can occur. Notice, in order for the units to
be correct, the units of k depend upon the number of bodies colliding. Two- and
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three-body reactions are the most common ones encountered. The probability
that four or more bodies could get together is too low, especially in ideal gas
systems and they never been observed in experiments.

In general the law of mass action states that the rate of disappearance of a
chemical species is proportional to the concentration of the reacting chemical
species, each concentration raised to a power equal to the corresponding
stoichiometric coefficient, i.e.

Wi ¼ k
YM
j¼1

nj
� �nj ; (3:1:6)

where the factor k, known as the specific reaction rate constant, is a function of
the gas temperature. The stoichiometric coefficient nj is called the order of the

reaction with respect to species j. In practice we use often the overall order of the
reaction, which is defined as

P
j

nj. Thus, the rate of change of the concentration

of a given species i, in an actual reacting system is given by the equation

dNi

dt
¼ ðn0i � niÞk

YM
j¼1

Nj

� �n
; (3:1:7)

which means that n0 moles of Ni are formed for every n moles of Ni consumed.

For the above example (3.1.5), this will be Eq. (3.1.5a), or dðHÞ=dt ¼ �2kðHÞ3.
For a single-step reaction

P
j

nj gives the overall order of the reaction.

The sum of the exponents on the concentrations in the reaction rate is called
the molecularity of the reaction, and it indicates the number of particles
entering the reaction. In general the molecularity of majority reactions is 2
or 3, however, for complex reactions the concept of molecularity has no sense,
and the overall order of the reaction can even be fractional one. For two-body
reactions the molecularity is two. Since ci ¼ Pi=RT ¼ XiP=RT so that, for
fixed composition and temperature, ci is proportional to pressure. Whenever
we discuss the pressure dependence of reaction rates, it is assumed that T and
the Xi are fixed. Consequently, two-body reactions have a rate proportional to
P2, and three-body reactions have a rate proportional to P3. As pressure
increases, therefore, three-body reactions increase in rate faster than do the
rates of two-body reactions. In general, those reactions involving the combi-
nation of active particles – radicals, ions, excited atoms and molecules – which
do not require that an activation barrier be overcome and which release
substantial amounts of energy cannot take place in bimolecular reactions
and require the participation of a third particle. When two active particles
collide the complex that is formed contains a large amount of excess energy,
which causes it to break down rapidly. In order for the complex to survive as a
stable chemical compound, the excess energy must be removed. Radiation
does not make a significant contribution here because the probability of a
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photon emission is rather small (the small parameters which appear in the
emission probability are e2=�hc ¼ 1=137, and the ratio of the size of the mole-
cule to the wavelength of the emitted light). One possibility remains: the
energy is removed by a third particle, which may have a low chemical activity.
This kind of process occurs, for example, in hydrogen-oxygen flames in which
active radicals (hydrogen atoms) recombine. Reactions involving stable che-
mical compounds may also occur in three-molecular collisions; however, since
the three-body collision rate is substantially below the binary collision rate,
even at rather high pressures, the main change will take place in bimolecular
reactions.

The temperature dependence of k follows from the fact that very few of the
collisions between reactive molecules A1 and A2 will lead to the formation of a
new molecule, that is, to a chemical reaction. In order for a reaction to occur,
the colliding molecules must have a sufficient kinetic energy in order to over-
come a potential barrier and to destroy or change the stable chemical bonds and
electronic structure of the reactants. This potential barrier is characterized by
the activation energy E and the temperature dependence of k owing to the
existence of the activation energy is described by the Arrhenius equation

k ¼ k0 expð�E=RTÞ: (3:1:8)

in which the constant k0 is called the pre-exponential factor,
R ¼ 1:986 cal=mol� deg is the universal gas constant, and T is the tempera-
ture in Kelvin. The activation energy, E, may be thought of as the minimum
energy required in a collision for the reaction to occur, or as the size of the
potential energy barrier that molecules have to overcome to be able to react.
The pre-exponential factor may have weak temperature dependence. The
law expressed by Eq. (3.1.8) is called the Arrhenius law.

The extremely strong temperature dependence of the reaction rate (3.1.8) is a
fundamental characteristic of chemical processes under nonisothermal condi-
tions, such as explosions and combustion. In gases the Arrhenius law is a
reflection of the fact that, according to a Maxwell-Boltzmann energy distribu-
tion, only a very small fraction of the reactive molecules that belong to the high
energy ‘‘tail’’ of the distribution can react. In the ‘‘tail’’, for example, molecules
with energy of the order E can react. On the other hand, those molecules, which
are moving at the same speed in the same direction, will not participate in a
chemical reaction even though they may have a large kinetic energy. Thus, even
for highly energetic molecules, a chemical reaction is a rare process.

Most chemical reactions are of second order, taking place so that their rates
are dominated by collisions of two species. However, there are reactions that are
dominated by a decomposition processes, e.g. by loose bond braking step.
These reactions as well as isomerization reactions are the first order reactions.
The first order reactions occur as a result of a two-step process and therefore
their rate is also obey to the Arrhenius law.
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For arbitrary second order reaction written as

Aþ B! CþD; for example; HþO2 ! OHþO

the rate of reaction for the reactants is proportional to cAcBðcHcO2
Þ:

W ¼ dA

dt
¼ �kcAcB ¼ �

dC

dt
:

The pre-exponential factor k0 in the Eq. (3.1.8), which is the rate of collisions,

may have weak temperature dependence, which can be estimated from simple
kinetic theory as

½A� � ½B��AB 8pkBT=mð Þ1=2; (3:1:9)

where �AB is the cross section for the collisions, m ¼ mAmB=ðmA þmBÞ is the
reduced mass, and kB is the Boltzmann constant. The last term in (3.1.9) is the
thermal velocity of the molecules. The pre-exponential factor has a very mild
temperature dependency that is generally ignored compared to the exponential
dependence.

Most elementary binary reactions exhibit Arrhenius behavior over modest
ranges of temperature.However, for the large temperature ranges ‘‘non-Arrhenius’’
behavior is more likely, especially for the processes with a small energy barrier.
Finally, it should be noticed that the units for the reaction rate constant k0 when the

reaction order is nwill be f½ðconcentrationÞn�1�½time�g�1. For example, for the first
order reaction the units of the reaction rate constant are ½sec�1�, and for a second
order reaction ½cm3�½moles��1½sec�1�:

One other type of reaction occurs with highly reactive species in enclosures. The
walls of the vessel may absorb some species. In order for this to occur, the species
must have diffused to theproximityof thewall and then collidedwith it. The time to
get near a wall is proportional to �, which, in turn, is proportional to P. Alterna-
tively, the rate atwhichmolecules appear near thewall is proportional to 1/P. These
arguments support the contention that wall reaction rates are dependent upon
pressure to no larger than the first power. The consequence is that three reaction
types (wall, two-body, and three-body) depend upon pressure in different ways.

The reactions written above indicated only forward reaction – left to right
reaction. The reverse reaction can also occur.We denote the rate constants as kf
and kb, for the forward and reverse reactions, respectively. For example,

HþHþH$kf
kb

H2 þH

with

dcH
dt
¼ �2kfc3H þ 2kbcH2

cH (3:1:10)

58 3 Combustion Chemistry



Note the special case of equilibrium where dcH=dt ¼ 0, when from (3.1.10)
steams

cH2

c2H
¼ kfðTÞ

kbðTÞ
¼ RT

PH2

P2
H

¼ RTKpðTÞ ¼
RT

K2
pf;H

:

That is, since the functions of temperature are related through the equilibrium
constant and functions cannot change even when out of equilibrium only one of
the reaction rate constants is independent. If either the forward or the reverse
reaction rate constant is known the other is determined through thermody-
namic relation.

Practically all reactions are initiated by bimolecular collisions. However,
many of the bimolecular reactions exhibit first-order kinetics. As it was men-
tioned earlier, this is a result of two-step reaction sequence in which the reacting
molecule is activated by collision processes and then the activated species
decomposes to products. Another situation when a pseudo-first-order reaction
arises is one when one of the reactants (usually the oxidizer in a combustion
system – very fuel lean combustion with O2being in large excess) is in large
excess. In this case the concentration of another reagent does not change
appreciably, and with this accuracy the reaction appears as overall first order.

3.2 Non-branching Chain Reaction: The Hydrogen Chlorine

Most chemical reactions are complex and include series of elementary steps. A
solution requires the integration of an entire system of kinetic equations, which
consists of the kinetic equations for each type of molecule or atom that parti-
cipates in the reaction. Each of these equations must take into account the loss
and production of the given type of particle in all the elementary steps of the
chemical reaction. Analytic solutions of the system of kinetic equations for
complex reactions can only be obtained in the simplest cases. The situation is
still more complicated for non-isothermal processes when the system of kinetic
equations must be solved along with the energy balance equation. The widely
used approximation technique is the method of stationary concentrations. The
idea of this method lies in assuming that the concentration of the active inter-
mediate substances (ions, radicals) are constant; that is, their time derivatives in
the kinetic equations can be set equal to zero and the corresponding differential
equations are replaced by algebraic ones, so that the overall order of the system
is reduced. The method of stationary concentrations is based on the high
reactivity of the intermediate active substances. They react so rapidly with
other substances that over a time in which the concentrations of the principal
substances (reagents and reaction products) change by a small amount, the
difference in the rates of formation and consumption of the active intermediate
particles remains small compared with these rates.
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We shall consider the most important class of complex reactions – chain
reactions. In chain reactions active particles react with reagents or intermediate
substances to form both combustion products and new active particles; that is,
active particles are ‘‘regenerated’’ during the reactions. This occurs, for example
in the reaction of H2 with bromine Br2. Since the Br2 bond energy is 46 kcal/mol
and H2 bond energy is 104 kcal/mol, the reaction is initiated by chain initiating
step which is dissociation of the Br2 with formation of two active radicals
of Br

Mþ Br2 ! 2BrþM

The propagation steps will be reactions

BrþH2 ! HBrþH;

Hþ Br2 ! HBrþ Br;

HþHBr! H2 þ Br:

As an example of a chain reaction we shall consider the reaction of hydrogen
with chlorine. In principle, the reaction of hydrogen with chlorine can proceed
via simple binary collisions

H2 þ Cl2 ¼ 2HCl: (3:2:1)

However a chain process is much faster so that reaction (3.2.1) is of no
importance whatever. The end product, hydrogen chloride, is formed as a result
of a sequential alternation of reactions involving atomic chlorine and atomic
hydrogen as active centers. The first active centers are chlorine atoms formed by
dissociation of molecular chlorine by collisions of the type

Cl2 þM ¼ Clþ ClþMðk1Þ; (3:2:2)

where k1 is the rate constant and M is some third particle. The formation of
atomic hydrogen in the reaction H2 þM ¼ HþHþM analogous to (3.2.2)
can be neglected in view of much greater stability of the H2 molecular bond
(104 kcal/mol compared to 57 kcal/mol for Cl2). In the theory of chain reac-
tions, processes of the type (3.2.2), in which active centers are formed, are called
chain initiation reactions. The third particle M, which participates in the initia-
tion reaction, is needed to transfer energy to the Cl2 molecule to break the
Cl� Cl bond.

Reaction (3.2.2) is reversible; that is, two chlorine atoms can recombine into
a molecule in a three-body collision:

Clþ ClþM ¼ Cl2 þM; ðk01Þ (3:2:3)
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A reaction of this type, accompanied by the loss of free valence, is called a chain

termination reaction. In the above example of H2 � Br2 reaction, the corre-
sponding chain termination reaction is 2BrþM ¼ Br2 þM. In the presence of
molecular hydrogen, however, the chlorine atoms may react in another way:

ClþH2 ¼ HClþH; ðk2Þ (3:2:4)

Although the concentration of Cl atoms is very small and the number of
ClþH2 collisions is much smaller than the number of collisions between
chlorine molecules and hydrogen molecules, reaction (3.2.4) takes place much
more rapidly than the simple bi-molecular reaction H2 þ Cl2 because of its low
activation energy (E^5 kcal=mol compared to roughly 40 kcal/mol for the

reactionH2 þ Cl2). However, even this fact is insufficient to explain the rapidity
of the entire process. Although the chlorine atoms react rapidly, they are
formed very slowly. Reaction (3.2.4) shows that formation of the end product,
HCl, is accompanied by the appearance of a new active center, a hydrogen
atom, which reacts in the process

Hþ Cl2 ¼ HClþ Cl; ðk3Þ (3:2:5)

even more rapidly than a chlorine atom reacts with hydrogen. In this way any
chlorine atom that participates in reaction (3.2.4), which is inevitably followed
by reaction (3.2.5), is recovered after the formation of two HCl molecules. This

is shown in the overall balance equation for reactions (3.2.4) and (3.2.5)

ClþH2 þHþ Cl2 ¼ 2HClþHþ Cl: (3:2:6)

The regenerated chlorine atom again participates in reaction (3.2.4) and so on.
A small amount of chlorine atoms keeps the reaction going constantly and,
since these atoms are not in effect consumed, their number is roughly constant.

This mechanism ensures that the rate for the whole process is large. Reactions
such as (3.2.4) and (3.2.5), which conserve free valency, are known as chain
propagation reactions.

We shall now determine the concentration of chlorine atoms in the system
and derive a formula for the reaction rate using the method of stationary
concentrations setting

d½H�
dt
¼ k2½Cl�½H2� � k3½H�½Cl2� ¼ 0 (3:2:7)

d½Cl�
dt
¼ 2k1½Cl2�½M� � 2k01½Cl�

2½M� ¼ 0; (3:2:8)

where symbol [. . .] means concentration of species.
The steady-state concentrations of the active centers (hydrogen and chlorine

atoms) from (3.2.7) and (3.2.8) are
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½H� ¼ k2
k3
½H2�

k1

k01

� �1=2

½Cl2��1=2 and ½Cl� ¼ k1

k01

� �1=2

½Cl2�1=2: (3:2:9)

The overall rate of the process (see (3.2.4) and (3.2.5)) is

W ¼ d½HCl�
dt

¼ k2½Cl�½H2� þ k3½H�½Cl2�;

which, after substitution of the steady-state concentrations for [H] and [Cl]
from (3.2.9), can be written as

W ¼ 2k2
k1

k01

� �1=2

½Cl2�1=2½H2�: (3:2:10)

This equation shows that the reaction is of first order in hydrogen and of order
1/2 in chlorine, so that the overall order of the reaction is 1.5. A fractional power
of one of the reagent concentrations in a reaction rate formula is an indication
that the reaction is complex, usually a chain. In this case this means that the
reaction proceeds via a chlorine atom.

To evaluate magnitude of the rate of hydrogen chloride formation we notice
that the ratio k1=k

0
1 is the equilibrium constant for the reaction 2Cl$ Cl2

(JANNAF tables)

K1 ¼ 2:5 � 1025e�56800=RT cm�3;

and k2is the constant for the bimolecular elementary process

k2 ¼ 10�10e�6000=RT cm3=s:

Substituting these values in Eq. (3.3.10), we obtain

W ¼ 103e�34400=RT½Cl2�1=2½H2�:

For a temperature T ¼ 600K and the initial concentrations of chlorine and
hydrogen ½H2�0 ¼ ½Cl2�0 ¼ 0:7 � 1019 cm�3 (pressure P ¼ 1 bar), this equation
gives an initial maximum reaction rate of W0 � 6:5 � 1018 cm�3s which is
about 106 times greater than the rate of the simple bimolecular reaction
H2 þ Cl2 which is of the order of 1 s. If a hydrogen-chlorine mixture were
kept at a constant temperature and there were no atoms present at the initial
moment, then the reaction rate would first rise to a value close to W0 and then
fall slowly, approaching zero, as the reagents were consumed. The initial rise in
the reaction rate takes place over the time required for production of a sufficient
equilibrium quantity of chlorine atoms.
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3.3 Oxidation of Nitrogen in Combustion

Another example of a non-branching chain reaction is the oxidation of nitro-

gen. The oxidation of nitrogen, accompanied by the formation of nitric oxide

NO, acquired special attention because of harmful effects of nitric oxide even at

very small concentrations. The formation of nitric oxide is unavoidable when

air, which contains 78% nitrogen, is used as an oxidant. Moreover, in order to

ensure complete combustion of fuels, the fuel-to-air ratio is adjusted so that a

slight excess of oxygen remains in the combustion products. At high concentra-

tions NO oxidizes further in the reaction 2NOþO2 ¼ 2NO2. The presence of

NO2 is easily confirmed by the yellowish color it imparts to smoke. Nitrogen

dioxide NO2 is easily absorbed by water or alkaline solutions. However the

oxidation reaction of 2NOþO2 is a trimolecular reaction, which proceeds very

slow at low concentrations of NO. Therefore, the oxidation of nitrogen and an

understanding of the conditions under which this reaction is suppressed are of

particular importance.
When air is heated to several thousand degrees the chemical reaction

1

2
N2 þ

1

2
O2 þ 21:5 kcal=mol ¼ NO (3:3:1)

takes place. It has been shownbyZel’dovich, Sadovnikov andFrank-Kamenetsky

that nitric oxide is produced in a non-branching chain reaction involving free

oxygen and nitrogen atoms as active centers:

OþN2 $ NOþN� 75 kcal=mol; ðk1; k01Þ (3:3:2)

and

NþO2 $ NOþOþ 32 kcal=mol; ðk2; k02Þ (3:3:3)

Here the heats of reaction have been calculated from the known dissociation

energies of N2 (226 kcal/mol), NO (151 kcal/mol), and O2 (118 kcal/mol). The

rate of production of NO is limited by the first, endothermic stage (3.3.2). The

use of oxygen atom in reaction (3.3.2) is compensated by its regeneration in

reaction (3.3.3); the N atom formed in the first reaction immediately reacts with

molecular oxygen to yield another active oxygen atom. If it would be assumed

that the reaction occurs through collisions of N2 and O2 molecules, then the

calculated reaction rate was a thousand times smaller than the experimentally

observed value. The experimental heat of activation is roughly 135 kcal/mol.
The method of stationary concentrations implies that

� d½N�
dt
¼ �k1½O�½N2� þ k01½NO�½N� þ k2½N�½O2� � k02½NO�½O� ¼ 0 (3:3:4)
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so that the concentration of N atoms can be expressed in terms of the steady-
state concentrations of oxygen atoms as

½N� ¼ k1½N2� þ k02½NO�
k01½NO� þ k2½O2�

½O� (3:3:5)

Substituting this expression in the kinetic equation for nitric oxide

d½NO�
dt

¼ k1½O�½N2� þ k2½N�½O2� � k01½NO�½N� � k02½NO�½O� (3:3:6)

we obtain

d½NO�
dt

¼ 2
k1k2½N2�½O2� � k01k

0
2½NO�2

k2½O2� þ k01½NO�
½O� � 2 k1½N2� �

k01k
0
2½NO�2

k2½O2�

 !
½O� (3:3:7)

Since the constants k01 and k02 which determine the rate of the exothermic
reaction of an atom with a molecule, are of the same order of magnitude and
since the concentration of nitric oxide is much lower than the concentration of
molecular oxygen (the equilibrium concentrations of nitric oxide at tempera-
tures from 3000K up to 10000K and P=1atm do not exceed a few percent),
we neglect the term k01½NO� in the denominator of Eq. (3.3.7).

Using the principle of detailed balancing for the reactions (3.3.2), (3.3.3), and
O2 $ 2O (k3; k

0
3), which yields

K1 ¼
k1

k01
¼ ðNOÞðNÞ
ðOÞðN2Þ

;K2 ¼
k2

k02
¼ ðNOÞðOÞ
ðNÞðO2Þ

;K3 ¼
k3

k03
¼ ½O�

2

½O2�

(the conventional parentheses denote equilibrium concentrations), we can
reduce Eq. (3.3.7) to the form

d½NO�
dt

¼ k0½N2�½O2� � ½NO�2 ¼ kfðNOÞ2 � ½NO�2g; (3:3:8)

where

k ¼ k0

K1K2
¼ 2k01k

0
2K

1=2
3

k2½O2�1=2
53

½O2�1=2
expf�92000=RTg

k0 ¼ 2
k1K

1=2
3

½O2�1=2
¼ 1:1 � 103

½O2�1=2
expf�135000=RTg

;

are taken from experiment (k0 and k in (cm3/sec) [O2] in cm–3).
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Equation (3.3.8) for the reaction rate differs from the kinetic equation for the
bimolecular reaction of N2 with O2 in that the rate constants depend on the
concentration of one of the reagents, oxygen. This is a consequence of a chain
reaction. The experimental value of the activation energy for the production of
nitric oxide is 135kcal/mol. As equation for k0 shows, the temperature dependence
of this reaction is determined by the temperature variations of the equilibrium
constant K3, which varies with the temperature as expð�61000=RTÞ (61 kcal/mol
is the effective energy of formation of an oxygen atom at temperatures of
2000–5000K), and of the reaction rate k1. Thus, the activation energy for the
first step (3.3.2) in the oxidation of nitrogen equals E1= 135� 61= 74kcal/mol,
which is the same as the heat of the endothermic reaction (the reverse reaction to
(3.3.2) occurs with practically zero activation energy).

3.4 Chain-Branching Reactions: Explosions

Compounds, which are highly stable at normal temperatures, usually emulate
the noble gases (helium, argon, etc.) in the configuration of their electrons. That
is, these highly inert gases have outer electron shells empirically filled by 2 and 8
electrons in the case of He and Ne, respectively. Compounds, which attempt to
mimic this situation are usually quite stable and are hard to break apart. An
example is a hydrogen molecule, H2 which looks like He in the sense that each
hydrogen atom shares its electron with the other atom so that there are two
electrons in the configuration. Similarly, a water molecule, H2O, looks like Ne
where there are total of 8 electrons being shared, 6 from the outer shell in oxygen
and 2 from each of the hydrogen atoms.

Any atom or compound with an unfilled outer electron configuration is
highly reactive. Examples are the hydroxyl radical, OH, and the oxygen and
hydrogen atoms, O and H. Species such as H, O, OH and HO2 are called
radicals. Radicals have unpaired valence electrons, which make them very
reactive and short lived. They try to partner with other radicals to form covalent
bonds. While an equilibrium calculation at usual temperatures shows that
radicals are only present in small amounts, they play a central role in chemical
kinetics reaction schemes. In chain branching reactions there is a net production
of radicals. Chain branching reactions lead to rapid production of radicals,
which causes the overall reaction to proceed extremely fast an explosively. The
reaction comes to completion through chain termination reactions, where the
radicals recombine to form final products.

Radicals usually have positive heats of formation, which means that energy
is required for their formation from the standard state elements. They soak up
collision energy in their formation and wish to give up this energy in attacking
other species in the path toward reaction completion. Hungry for electrons,
radicals are efficient intermediates in reaction schemes for taking the reaction
path forward. It should be pointed out that the above reasoning concerning the
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electron configuration is not always straightforward. For example, a complex

electron sharing occurs with CO, and it is not a radical, although it would

appear to be one. Radicals are extremely important in the kinetic schemes

relevant to atmospheric pollution. Examples of reactions producing nitric

oxide (NO) as a harmful air pollutant, which is called the thermal mechanism

(or Zel’dovich’s mechanism) of NO for formation, are

OþN2 ! NOþN; NþO2 ! NOþO:

Some chemical reactions develop in time smoothly while others ‘‘explosively’’

and are usually accompanied by some unexpected phenomena such as a flash,

acoustic effects, etc. The important features of explosions are that the rate of the

reaction varies extremely rapidly with temperature. Thus, for example, at room

temperature and atmospheric pressure hydrogen and oxygen hardly react over

a period of many years. However, if the pressure or temperature are raised

sufficiently high, or being kept at temperature just slightly higher 450 C and the

pressure in the vessel at a few torr, a violent exothermic reaction will be initiated

with the product, water being formed. The reaction is very fast, and though it is

difficult to define precisely, such a fast, exothermic reaction is called an explo-

sion. As the temperature is raised the reaction rate remains extremely small up

to some critical value, which depends on the experimental conditions. For a

stoichiometric mixture of hydrogen and oxygen, the so-called ‘‘detonating

mixture’’, at atmospheric pressure the critical temperature is about 550 C. At

higher temperatures, even those only a few degrees above critical, the detonat-

ing mixture reacts very rapidly, the pressure increases suddenly, and the vessel

may be broken apart. Unlike an ordinary reaction, an explosive reaction is

characterized by the existence of a temperature at which the reaction rate

changes very rapidly, almost discontinuously. This temperature is called the

ignition (or self-ignition) temperature. An equally rapid change in the reaction

rate can be obtained by changing the pressure at a given temperature. At some

pressures the reaction either does not proceed or it proceeds very slowly, but

sometimes even a very small pressure change is sufficient to cause the reaction to

take place over a short time. In observing an explosive reaction the first

impression is that for temperatures and pressures below critical nothing is

happening in the mixture, but when the critical parameters are reached every-

thing reacts all at once. This is the reason for calling the reaction explosive.

3.5 Hydrogen-Oxygen Reactions: Explosion Limits

Explosions are conventionally classified into two different categories: chain-

branching explosions, in which the reaction rate increases spontaneously with-

out limit due to chain branching, and thermal explosions in which the reaction
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rate increases exponentially due to exothermic chemical reaction resulting in

heating of the reactants and an increase of the reaction rate constant.
To what extend a reaction is accelerated by the branching process can be

demonstrated by numerical example. Let a 1 cm3 container consisting reactant

molecules at normal conditions, i.e. the number density is n ¼ 1019 cm�3, and
one active radical. The average collision frequency is ns�v, where s is the cross

section of collision, �v is the average thermal velocity of molecules. For normal

conditions, and n ¼ 1019 cm�3, we have ns�v � 108 s�1. If the reaction in the

volume is chain-carrying, i.e., one active radical generates another active

radical, then the time required for all the molecules to react will be

1019=108 ¼ 1011s � 30:000 years. If the reaction is chain-branching, i.e. one

active radical generates two new chain radicals, then the number of generation

needed for reproduction of the active radical up to 1019 will be defined by

geometric progression

XN
i¼0

2i ¼ 2Nþ1 � 1

2� 1
¼ 1019:

Thus, the number of generation is N ¼ 62, and the time of the reaction becomes

62 � 10�8 s � 1 ms.
In the case of hydrogen and oxygen, the explosion can be spontaneous,

without requiring any ignition source, such as a spark. Though it might seem

reasonable that the reaction scheme

H2 þH2 þO2 ! H2OþH2O

would explain the formation of water, it never occurs in reality. First of all, it

would require a three-body collision that has the three bodies perfectly aligned

in the proper orientation to form the two water molecules. Second, it would

require that all diatomic bonds be broken. Third, since this is a highly

exothermic reaction, where would the energy go? Note that though total

heat of the reaction 2H2 þO2 ¼ 2H2O is 116 kcal/mol, it require to broke

bonds of two hydrogen molecules (206 kcal/mol) and one oxygen molecule

(118 kcal/mol), which means that the activation energy for such reaction
should be very high and it will never proceed in this way. It is presumed

plausible that in a mixture of hydrogen and oxygen the bulk reaction

2H2 þO2 ¼ 2H2O contains a series of elementary steps involving a free

valence radicals – active centers: the OH radical, the hydrogen and oxygen

atoms. The minimum number of individual reactions, which can explain

realistic reaction of hydrogen-oxygen depends on temperature and pressure.

The global hydrogen-oxygen reaction proceeds via the following elementary

reactions, known as a reaction mechanism:
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H2 þM! HþHþM g chain initiation

HþO2 þM! HO2 þM
HO2 þH2 ! H2OþOH

OHþH2 ! H2OþH

9>=
>; chain propagation

HþO2 ! OHþO
H2 þO! OHþH

�
chain branching

HþOHþM! H2OþM
HþHþM! H2 þM

OþOþM! O2 þM

9>=
>; chain termination

Some of these reactions are bimolecular reactions and their rates will scale with

pressure squared. Some of these reactions involve three particles collision and

will increase its rate in proportion to pressure cubed. Besides, at very low

pressure a radical formation will be terminated by wall destruction, and no

explosions may occur. The wall reactions scale with pressure to approximately

of the first power.
In experimental studies of the reaction of hydrogen with oxygen three

explosion limits have been observed. These limits can be conveniently repre-

sented in the form of a ‘‘pressure-temperature’’ diagram. The explosion limits of

a stoichiometric hydrogen-oxygen mixture are plotted in Fig. 3.1, which shows

kinetic curves for the combustion of a stoichiometric hydrogen-oxygenmixture.

If the initial pressure and temperature of themixture correspond to a point lying

to the right of the curve ABCD, then ignition occurs. The segment AB corre-

sponds to the first explosion limit, the segment BC to the second, and the

segment CD to the third. The kinetic curves for the hydrogen-oxygen in the

explosion region have the following appearances: over a certain time interval ti,

known as the induction period (or delay time), there is practically no reaction

(the reaction cannot be observed) and the concentration is practically constant;

then the reaction takes place rapidly and ends in a very short time. Using the

reaction of hydrogen with oxygen as an example, we can note two characteristic

features of explosive reactions: the induction period and the existence of critical

conditions, that is, system parameters, which separate the explosion region

from the non-explosion region in which the reaction hardly occurs.
Let us now consider the oxidation of hydrogen, which is one of the most

widely studied chain reactions. The bulk reaction 2H2 þO2 ¼ 2H2O contains a

series of elementary steps, which are chain initiation, chain propagation, chain

branching and chain termination, listed above. The chain initiation reaction is

H2 þM ¼ HþHþM: (3:5:1)

Consider the following reactions involving active centers (the OH radical, the

hydrogen (H) and oxygen (O) atoms), which play an important role:
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OHþH2 ¼ H2OþH ð6 kcal=molÞ (3:5:2)

HþO2 ¼ OHþO ð17 kcal=molÞ (3:5:3)

OþH2 ¼ OHþH ð10 kcal=molÞ (3:5:4)

Reactions (3.5.2) and (3.5.4) have activation energies of roughly 6 and 10kcal/mol,
respectively, and therefore proceed much more rapidly than reaction (3.5.3)
whose activation energy is 17 kcal/mol. Therefore, reaction (3.5.3) is the limit-
ing step for the entire process and determines its overall rate. The hydrogen
atoms that participate in these reactions are the main active centers governing
the reaction. In the cycle of reactions (3.5.2)–(3.5.4) a hydrogen atom entering
reaction (3.5.3) is regenerated in the other reactions. A single H atom that enters
reaction (3.5.3) generates active radicals, which in its turn regenerate two
H atoms that is, chain branching occurs. Since the rate of reaction (3.5.3) is
much larger than the rate of the reactions in which active centers are created
(the dissociation of hydrogen molecules, H2 ¼ 2H requires 103 kcal/mol!), the
concentration of active centers in the branching chain reaction will be many
times larger than that of the equilibrium value. This is the fundamental differ-
ence between these reactions and non-branching chain reactions in which the
concentration of active particles cannot become larger than the equilibrium
level. From an energetic standpoint this means that the heat released during the
basic reaction 2H2 þO2 ¼ 2H2Oþ 116 kcal=mol goes almost entirely into the
dissociation of hydrogen molecules, H2 ¼ 2H� 103 kcal=mol.

If the initial temperature of the mixture corresponds to a point lying to the
right of the curve ABCD in Fig. 3.1, then ignition occurs, which results in

Explosion
ϕ > 0

ϕ < 0

ϕ < 0

ϕ > 0
Explosion

Fig. 3.1 P-T diagram
of kinetic curves for
the combustion of a
stoichiometric
hydrogen-oxygen
mixture
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thermal explosion. The self-acceleration of a branching chain reaction occurs

because the rate of loss of active particles is lower than their rate of formation.
At lower temperature and pressures below the pressure, corresponding

point B (below the first explosion limit in Fig. 3.1), active particles can diffuse

to and be destroyed at the vessel walls. In order to describe the phenomena,

reactions (3.5.2)–(3.5.4) must be supplemented by equations describing diffu-

sion, absorption and distortion of H, O, and OH, rate of which is proportional

to the first power of pressure. As the pressure increases the diffusion rate

decreases and the critical conditions may be reached. When the pressure is

raised further, the rate of production of active particles exceeds their rate of

loss owing to diffusion to the walls and an explosion occurs (above curve AB).

In the initial stage of the reaction, when the concentration of H atoms is rising,

little heat is released. The thermal yield of the reaction is released only when

the concentration of hydrogen atoms is close to the maximum and they begin

to recombine with a large thermal yield. In the initial stage of the reaction the

chemical energy of the reagents goes into chemical energy of the active

particles rather than into thermal energy, thereby causing the rapid progress

of this reaction.
At still higher pressures the mechanism for loss of active particles changes.

Three body reactions such as

HþO2 þM ¼ HO2 þM (3:5:5)

begin to play an important role (this reaction competes with

HþO2 ¼ OHþO). Reaction (3.5.5) leads to formation of the HO2 radical,

which is very inert from a chemical standpoint and is able to diffuse to the vessel

walls before it reacts. Thus, this reaction begins to play as a chain termination

reaction. It should be noted that the loss of the HO2 radical depends strongly on

the material of which the wall is made. With some materials all radicals that

reach the wall are lost, while with others a substantial fraction is reflected back

into the vessel volume without change. With increasing pressure the frequency

of three body collisions according to reaction (3.5.5) increases more rapidly

than the frequency of binary collisions yielding reactions (3.5.2)–(3.5.4), and the

rate of loss of active centers exceeds their rate of production after a certain

pressure. There is no explosion to the left from curve BCD and this explains the

existence of the second explosion limit in Fig. 3.1.
As the pressure is raised further diffusion becomes difficult and before

radicals reach the walls, the HO2 radicals begin to participate in another

phase of chain propagation and branching reactions of following types:

HO2 þH2 ¼ H2O2 þH� 15 kcal=mol (3:5:6)

HO2 þH ¼ OHþOHþ 37 kcal=mol (3:5:7)

HO2 þH ¼ H2OþOþ 54 kcal=mol: (3:5:8)
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A substantial amount of heat is released in reactions (3.5.7) and (3.5.8) which
also leads to an increase in the reaction rate that, in turn, causes further heating
of the mixture. If the rate of heat release exceeds the rate of cooling owing to
heat transfer to the vessel walls, then a thermal explosion takes place. This is the
origin of the third explosion limit above curve CD.

These are the basic concepts involved in the H2 �O2 reaction, which may be
viewed as a model reaction for the study of chain reactions. At present the
mechanism of this reaction has been studied quite thoroughly for a wide range
of reaction conditions with detailed discussions given in a number of textbooks.
Most fuel and oxidizer combinations have more complicated chemical kinetics
as compared with the limits in the H2 �O2 system.

Up to this point in explaining the existence of critical conditions for explosive
reactions, we have mainly proceeded from the idea of branching chain reactions.
However, the process that occurs at the third explosion limit of a hydrogen-oxygen
explosive mixture is associated with heating of the reacting mixture by the energy
released as a result of chemical change and corresponds to thermal explosion.

Problems

3.1. Write the stoichiometric coefficients for the product in the reactions below:

H2 þ 3O2 ¼ ?H2OþO2;

H2 þ 0:5F2 ¼ ?HFþ ?H2;

CH4 þ 3O2 ¼ ?CO2 þ ?H2Oþ ?O2;

C2H5OHþ 6O2 ¼ ?H2Oþ ?CO2 þ ?H2O:

3.2. Determine the heat formation of gaseous methane CH4 if bond energies
C-Cð85:5 kcal=molÞ, C-Hð98:1 kcal=molÞ, CðsÞ ¼ CðgÞ þ 171:5 kcal=mol,
H2 ¼ 2Hþ 103 kcal=mol.

3.3. Calculate distribution of the products in the reaction N2 þ 0:5O2 !
aN2 þ bO2 þ cNO, if the equilibrium constant for final pressure 1 atm
and final temperature 4000K for the equilibrium reaction
0:5N2 þ 0:5O2 ¼ NO is KP ¼ 10�0:5241 � 0:3.

3.4. Determine the heat formation of gaseous butane C4H10 if bond energies
C-C (85.5 kcal/mol) and C-H (98.1 kcal/mol), C(s)=C(g)þ171.3 kcal/mol,
H2 ¼ 2Hþ 104:2 kcal=mol. Result: �H0

f;C4H10
� �31:3 kcal=mol.

3.5. Determine heat of formation of CO2 from the known heat of formation
of CO –26.4 kcal/mol, and the experimentally know heat of reaction
COðgÞ þ 1

2O2ðgÞ ¼ CO2ðgÞ � 67:6 kcal ð298KÞ.
3.6. Calculate distribution of the products in the reaction hydrogen-fluorine,

assuming that the final pressure is 1 bar and final temperature 3500K:
H2 þ F2 ! nHFHFþ nHHþ nFF.

Problems 71



3.7. Calculate distribution of the products in the reaction
CO2 þ 0:5O2 þ 0:5N2 ! aCOþ bNOþ cCO2 þ dO2 þ eN2, assuming
that the final pressure is 1 bar and final temperature 3000K. The equili-
brium constants for the standard reactions are:

CO2 $ COþ 0:5O2 ! K1ð3000KÞ ¼ 0:3273;

0:5O2 þ 0:5N2 $ NO! K2ð3000KÞ ¼ 0:1222

3.8. Consider the rate of production for the hydrogen-bromine reaction, taking
into account chain character of the H2 � Br2 reaction:

Br2 þM! 2BrþM ðk1Þ g chain initiation

BrþH2 ! HBrþH ðk2Þ
Br2 þH! HBrþ Br ðk3Þ
HBrþH! H2 þ Br ðk4Þ

9>=
>; chain propagation

Mþ 2Br! Br2 þM ðk5Þ g chain termination

What is the overall order of this reaction?
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Chapter 4

Self-Accelerating Reactions, Explosions

4.1 Self-Accelerating Reactions

Some chemical reactions develop in time very slowly while others develop
extremely fast – ‘‘explosively’’, and such phenomena as a flash, strong sound,
etc. usually accompany them in the later case. The important features of
explosions are that the rate of the reaction varies extremely rapidly with
temperature. As it was discussed in previous chapter, very often the explosive
paths of a reaction is explained by its chain character, that is, by the dependence
of its rate on the concentration of active centers (atoms, radicals) formed during
the reaction.

Chain reactions take place through the formation of active particles. During
a reaction the amount of these particles may increase for two reasons. First,
active particles may be formed as a result of thermal motion, independently of
the chain reaction, since reagent molecules may dissociate upon colliding with
one another; the rate for this process can be high enough only for high tem-
peratures. Second, branching of the chain may occur, that is, an elementary
process involving one active atom or radical that yields two atoms (or free
radicals). Branching always occurs due to the reaction energy. For example, the
reaction HþH2 ¼ 3H is possible from the standpoint of the material balance.
However from the standpoint of energy this reaction it is not possible, but the
reaction Hþ 3H2 þO2 ¼ 3Hþ 2H2O, on the other hand, is possible. The rate
of formation of active particles in this fashion is proportional to their concen-
tration. The presence of a source of active particles is extremely important and
determines the main features of chain kinetics. The appearance of active parti-
cles can initiate branching that is formation of multiple numbers of active
particles if it is possible energetically. Besides, always there are processes,
which cause their loss. The rate of removal of active centers from the reaction
by collisions with stable molecules or by diffusion to the vessel walls also is
proportional to the concentration of active centers. When the rate of chain
branching becomes greater than the rate of chain termination, there is an
explosion conditions; when the contra conditions exist, the explosion is impos-
sible. Essentially, the same type of concept holds for thermal explosion (or
thermal ignition). When the rate of thermal energy release is greater than the

M.A. Liberman, Introduction to Physics and Chemistry of Combustion,
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rate of thermal energy loss, an explosive condition exists; when the contra

condition exists, the explosion is impossible.
Thus, the equation for the time variation of the concentration of active

centers can be written in the form

dn

dt
¼W0 þ fn� gn; (4:1:1)

where W0 is the rate of creation of active centers and f and g are the rate

constants for chain branching and chain termination. Writing f� g ¼ j we

obtain

dn

dt
¼W0 þ jn (4:1:2)

Note that the rate of creation of active centers, W0 is very small, almost equal to

zero, so that in experiment we can’tmeasure either change in the concentration of

active centers or heat of the reaction. A change in the external conditions

(temperature, pressure) causes changes in both f and g. Since no activation energy

is required for loss of an active center, the constant characterizing the formation

of new active centers by chain branching typically have much stronger tempera-

ture dependence than the rate of chain termination. Thus, the difference

f� g ¼ j changes sign as the temperature is raised. At low temperatures it is

negative and at high temperatures it is positive. An examination of Eq. (4.1.2) for

the reasonable initial condition nðt ¼ 0Þ ¼ 0 shows that when j50 (at low

temperatures), the concentration of active centers approaches the limit

W0=ð�jÞ, still a small quantity, and dn=dt! 0. On the other hand, when

j40, the rate of formation and the concentration of active centers rise continu-

ously. Thus, depending on the sign of j the type of solution changes drastically.

The temperature at which j equals zero is the critical temperature below which

an explosion is impossible. These qualitative considerations explain the existence

of an explosion region for an explosive mixture at fixed initial pressure when the

initial temperature passes through a critical value corresponding to j ¼ 0 .
The solution of Eq. (4.1.2) satisfying the initial condition nðt ¼ 0Þ ¼ 0 is

n ¼W0

j
ðejt � 1Þ: (4:1:3)

The rate of formation of the end products, that is the reaction rate, is

W ¼ n � ðfnÞ ¼ nfW0

j
ðejt � 1Þ; (4:1:4)

where n is an integer of the order unity that tells howmany molecules of the end

product are formed as the result of the reaction of one active center. When
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j4 0, i.e., chain branching occurs more rapidly than termination, n increases
with time exponentially as does the reaction rate. In the early stages of the
reaction, while there is a build up of active centers, the rate remains lower than
the limit of measurability since W0 is very small for explosive reactions and the
change is hardly noticed. After a certain time the rate reaches a measurable
value and continues to rise without limit. This time corresponds to the induction
or delay period ti. Since W0 is always much smaller than Wmin for an explosive
reaction, expðjtÞ is much greater than unity for t4 ti and with sufficient
accuracy we can set

W � n
W0f

j
ejt

The induction time is therefore equal to

ti ¼
1

j
ln

Wminj
nW0f

� �
(4:1:5)

The variation in the logarithmic term can be neglected, so that

ti ¼ const=j:

For large j, when f44g , j ¼ f� g � f,

W � nW0 expðjÞ; and ti ¼
1

j
ln

Wmin

nW0

� �
� const2=j:

A change in j for constant W0 causes a sharp change in the induction period
and reaction rate. Thus, when j is reduced there is a noticeable increase in ti and
the reaction rate curve is expanded in time.Asj is decreased, the self-acceleration
of the reaction becomes less and less distinct and, finally, whenj ¼ 0, the kinetic
curve becomes a straight line given by the equation

W ¼ nW0f t:

Now, the induction time corresponding to detectable rate Wmin is reached after
a time

ti ¼
Wmin

nfW0
:

In this limiting case the reaction rate increases without bound until burn up of
the reactants begins to have an effect. If j is decreased still further and becomes
negative j50, then the character of the reaction changes substantially. It
follows from Eq. (4.1.4) that for j50 the reaction rate will approach a limit
nfW0= jj j: Since this quantity is less than Wmin, being extremely small, we
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conclude that whenj50 the reaction does not proceed. For very small negative
j, only a small change in the external conditions (pressure or temperature)
leading to a tiny increase in f is needed to causej to change sign and tomake the
reaction undergo self-acceleration.

4.2 Thermal Self-Ignition

The self-acceleration of a chemical reaction may also be associated with the
build up of heat in the system. Two conditions must be fulfilled for this to occur:
first, the mixture must release a certain amount of energy as heat during the
reaction and, second, the reaction rate must rise with temperature. The over-
whelming majority of reactions between stable molecules satisfy the second
condition. These reactions do not proceed at low temperatures while at high
temperatures they proceed rapidly. If the first condition is satisfied, that is, the
reactions are exothermic, then the heat of reaction alone may cause the reaction
to speed up and lead to an explosion, unlike chain reactions in which the rate of
the initial thermal reaction W0 is very small.

Let us consider the simple case when the reaction rate depends on the
concentration of only one reacting component. The kinetic equation is

da

dt
¼ �Wða; tÞ ¼ �k0ane�E=RT; (4:2:1)

where n is the order of the reaction, for example, n ¼ 2 for the bimolecular
reactions.

Let Q is the heat of the reaction, T0 is the initial temperature of the mixture
consisting of N0 moles; a ¼ N=N0 is the concentration. From the first law of
thermodynamics we can write down condition for the enthalpy balance for
adiabatic process

cPN0ðT� T0Þ ¼ QðN0 �NÞ; or cPðT� T0Þ ¼ Qða0 � aÞ; (4:2:2)

where N is the number of the reacted moles.
For the highest temperature Tb reached during complete combustion of the

reagent under adiabatic conditions in a vessel we obtain

cPðTb � T0Þ ¼ Qa0: (4:2:3)

If reaction proceeds in a vessel of constant volume then we obtain formulas
similar to (4.2.2) and (4.2.3) but with the specific heat at constant volume cV
instead of cP.
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Using (4.2.2) and (4.2.3) we can express concentration via temperature as

a ¼ a0
Tb � T

Tb � T0
; (4:2:4)

and rewrite equation for (4.2.1) for the only variable, for example, for

temperature

dT

dt
¼ k0a

n�1
0 ðTb � T0Þ1�nðTb � TÞne�E=RT ¼W1ðTÞ (4:2:5)

or for concentration

da

dt
¼ �k0an exp �

E=RT0

1þ ðQa0=cpr0T0Þð1� a=a0Þ

� �
¼ �W2ðaÞ; (4:2:6)

where we used relation between adiabatic temperature and concentration for

isobaric process Tb � T0 ¼ Qa0=cPr0.
Equations (4.2.5) and (4.2.6) determine the time variations of the tempera-

ture, concentration and reaction rate. The reaction rate increases very rapidly

with the reduction in the amount of reactants that have been consumed, and

only when very little of the reactants are left does the reaction rate reach a

maximum and begins to fall. Such dependence of the reaction rate is typical

feature of explosive reactions that are catalyzed by the heat released during the

chemical change with the rate given by the Arrhenius law with large activation

energy.
For typical reactions, the activation energy is of the order of several tens of

kilocalories so that, E=RT441 over the entire temperature range of interest

(300–4000K). Calculating the maximum of the functionsW1ðTÞ andW2ðaÞ, we
find expressions for a� and T�, corresponding to maximum of the reaction rate

(for RTb=E551 )

T�=Tb ¼ 1� nðRTb=EÞ (4:2:7)

a�=a0 ¼ nRT2
b=EðTb � T0Þ: (4:2:8)

For RTb=E551 the maximum of the functions W1ðTÞ andW2ðaÞ at the points
for a� and T�, is very sharp. Using (4.2.7) and (4.2.8) we can obtain

Wða�;T�Þ
Wða0;T0Þ

¼ n

e

RT2
b

EðTb � T0Þ

� �n

e
E

RT0
1�T0

Tb

� �
: (4:2:9)
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It is interesting to examine the effect of burn up of the reactant on the peak

value of the reaction rate. For this we use the ratio

Wða�;T�Þ
Wða0;T�Þ

¼ a�
a0

� �n

¼ n
RT2

b

EðTb � T0Þ

� �n

: (4:2:10)

A numerical solution of Eqs. (4.2.5) and (4.2.6) in Fig. 4.1 shows the

time variations of the temperature, concentration and reaction rate for

E=RT0 ¼ 12:5, Tb ¼ 2:5T0, T0 ¼ 800K, n ¼ 1. It is seen that from the begin-

ning of the reaction until the reagents are almost fully consumed, the entire

process has two characteristic stages, which are similar to the case of branching

chain reactions. From the beginning, the temperature of the mixture and

the concentration of the reagent change slowly over a comparatively long

time interval – the induction period. The second stage is a rapid heating of the

mixture accompanied by fast burn up of the reacting substance. If we estimate

the induction period for this example to be the time over which the reaction

reaches 5% of its maximum value, then the induction period occupies 85%

of the duration of the entire process. At higher activation energies there is a

still more distinct difference in duration of the induction stage, during which

almost none of the reactant is consumed, followed by practically instantaneous

burn up.
Taking this into account we can for a high activation energies use a model

with the time dependence of the reaction rate being approximated by a delta-

function as

Fig. 4.1 The time variations
of temperature (1), concen-
tration (2) and reaction rate (3)
in the adiabatic thermal
explosion. [From Zel’dovich
Ya. B., Barenblatt G. I.,
Librovich V. B.,
Makhviladze G. M. ‘‘The
Mathematical Theory of
Combustion and Explosion’’,
Consultants Bureau, NY,
1985.]
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WðtÞ ¼ A0dðt� tiÞ (4:2:11)

where the normalizing constant A0 is determined from the condition that all the
fuel be used up in the reaction,

Z1

0

WðtÞdt ¼ A0; (4:2:12)

and the induction period ti can be defined as the time over which the reaction
rate reaches its maximum value.

The induction period can be calculated by integrating Eq. (4.2.5) with the
initial condition Tð0Þ ¼ T0

k0a
n�1
0 ðTb � T0Þ1�nt ¼

ZTb

T0

dT

ðTb � TÞn e
E
RT: (4:2:13)

For the reaction orders n � 1 the integral in (4.2.13) diverges as T! Tb.
This means that the final state, characterized by complete consumption of the
reagent, attained asymptotically over an infinite time. Therefore, the time for
completion of the reaction is usually estimated as the time over which the
concentration falls to an amount of the order of 1% of the initial value a0.
The integral in (4.2.13) can be calculated analytically using expression for the
exponential integral and its asymptotic for large argument. The result for the
adiabatic induction time is

tia ¼
1

k0

RT2
0

EðTb � T0Þ
expðE=RT0Þ; for n ¼ 1; (4:2:14)

tia ¼
1

k0a0

RT2
0

EðTb � T0Þ
expðE=RT0Þ; for n ¼ 2: (4:2:15)

4.3 The Frank-Kamenetskii Transformation

The fact that the rate of a chemical reaction depends strongly on the tempera-
ture according to Arrhenius law for E=RT441 makes possible to simplify all
calculations considerably, and to investigate analytically the basic properties of
explosions and combustion due to the function WðTÞ ¼ Cexpð�E=RTÞ can be
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replaced by W0ðTÞ ¼ C0 expfðT� T1Þ=�g which is very close to the Arrhenius
temperature dependence over a temperature interval in the vicinity of some
given temperature T1 for suitable values of the constants C

0 and�. Tomake this
replacement, we expand the exponent in the Arrhenius formula in a Taylor
series to the first linear term near T1

WðTÞ ¼ Ce�
E
RT � Ce

� E
RT1e

E

RT2
1

ðT�T1Þ
; (4:3:1)

which gives

C0 ¼ Ce
� E

RT1 and � ¼ RT2
1=E:

The functions W(T) and W0(T) and their first derivatives are equal at T ¼ T1.
This approximation for the Arrhenius0 law temperature dependence of the reac-
tion rate was proposed by D.A. Frank-Kamenetsky (the Frank-Kamenetsky
transformation) and it is widely used in combustion theory. Since the basic
equations of the temperature dependence of the reaction rate are nonlinear, it is
much easier to work with the function exp ðAxÞ than with exp ðB=xÞ, explicitly
introducing into the analysis the characteristic temperature interval � ¼ RT2

1=E
and representing a small parameters in asymptotic solutions with a good accu-
racy. Formally, the characteristic temperature interval is the temperature range
over which the rate of a chemical reaction varies by a factor of e. Table below
shows the values of the Arrhenius law temperature dependence of the reaction
rate,W(T), and the corresponding approximationW0(T) for E=RT1 ¼ 2000K at
various temperatures (we use the values T1 ¼ 2000K and E ¼ 80000 kcal=mol,
which yield � ¼ 100K).

T 1000 1800 1900 2000 2100 2200 4000

T/T1 0.5 1� 2�=T1 1��=T1 1 1þ�=T1 1þ 2�=T1 2

W(T)/W(T1) 2 10–9 1.1 10–1 3.49 10–1 1 2.59 6.16 2.2 104

W’(T)/W(T1) 4.5 10–5 1.35 10–1 3.67 10–1 1 2.72 7.39 4.85 104

As can be seen in the table, within a characteristic interval of T1 the error in
using the approximation is less than 5%. Though the relative error increases
rapidly for large differences between T and T1 this difference, is not important
since the reaction rate at temperatures far from T1 is very small and may be
neglected compared with the rates at temperatures near T1. The peak tem-
perature, which typically is the adiabatic flame temperature, is usually well
known.
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4.4 Semenov’s Theory of Thermal Explosions

N. N. Semenov (1927) first considered the progress of the reaction of a com-

bustible gaseous mixture that has initial temperature T0 in a vessel, which walls
kept at a fixed temperature T0 throughout the process. We assume that at the

beginning the gas temperature is also T0. The amount of heat release in the
reaction can be represented in simplified form as

qþ ¼ QW ¼ QanA expð�E=RTÞ: (4:4:1)

The rate of heat transfer to the vessel walls can be estimated, taking into account

that the heat flux through the surface element dS is dS @T
@n, and total heat flux

from the vessel of volume V and its surface S is

q� ¼ k
S

V
ðT� T0Þ; (4:4:2)

where k is the coefficient of thermal conduction.
The temperature change for the system with simultaneous heat generation

and heat losses is defined by the overall energy conservation

rcV
dT

dt
¼ ðqþ � q�Þ; (4:4:3)

where cV is the specific heat at constant volume.
Neglecting by burn up of the initial reactants we obtain the condition for

stationary state of the reaction by equating the heat production to the heat loss
(qþ ¼ q� ) and determine the values of the steady-state temperature in the

vessel. The corresponding solutions are shown in Fig. 4.2, where qþ and q
are plotted as functions of the temperature. Note, that qþ rises with the

temperature in the same way as the reaction rate (Arrhenius law, curve 1)
while the rate of heat loss rises linearly (curve 2).

Let the heat transfer be large enough so that the heat loss line intersects the

heat influx curve. Since the temperature of the mixture at the initial time is equal
to the wall temperature T0, at first there is no heat loss. As soon as heat is

released in the reaction, the temperature of the mixture begins to rise. Then the
temperature difference T� T0 between the gas and vessel walls rises and causes

the rate of heat loss to increase. At some gas temperature T ¼ TF the rates of
heat production and heat loss become equal (point F of Fig. 4.2) and the gas

will not be heated further. If by some reason the temperature becomes slightly
greater than TF, then the temperature falls to TF since at that point the heat loss

is more intense than the heat release. This indicates that the steady-state regime

corresponding to point F is stable. Thus, if the heat transfer is large enough that
the heat loss line intersects the heat production curve, then a gas initially at

temperature T0 will be heated to temperature TF, close to T0 and will react for a
long time at this temperature.
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The second intersection point, G, existing at the temperature T ¼ TG,
corresponds to the unstable regime. If the temperature is reduced below than
TG, the rate of heat loss exceeds the rate of heat production and the temperature
falls to TF. If the gas is heated to T4TG, then the heat release rate will rise
further. For an initial gas temperature below TG the gas cools to TF and reacts
at a constant rate, while for an initial gas temperature above TG the mixture
ignites and temperature will rise further. Ignition occurs only if we heat the
mixture to a temperature T4TG much higher than the vessel temperature. A
mixture with an initial temperature T5TG cannot ignite, which means that this
is not self-ignition.

Let us assume that the heat losses decreased, for example, owing to the
decrease in S/V for larger vessel, while the wall temperature T0 remains the
same. The heat release curve is the same but the slope of the heat loss line is
smaller. If the qþ curve is above the q� for all temperatures (the critical slope
corresponds to curve 3 in Fig. 4.2), then temperature of the reacting mixture will
rise from initial temperature T0 unboundedly. The reaction rate will also rise
unboundedly; the stable exothermal reaction regime cannot exist and self-
ignition will occur. Also if the initial pressure is increased, the heat release
curve shifts to higher values, which are proportional to rn / Pn according to
Eq. (4.4.1). If the value of pressure is such that qþ is everywhere greater than q�
then self-ignition will occur.

The same conclusion can be obtained by changing the wall temperature T0

for the same vessel. In this case the slope of the heat loss line is unchanged but
the q– line shifted parallel to itself in the direction of the temperature change
(Fig. 4.3). A steady regime corresponding to temperature TF exists for a wall
temperature T015T0�, but for a wall temperature T024T0� , the lines qþ and q_
do not intersect and an explosion occurs (Fig. 4.3).

Fig. 4.2 The dependence of
the rate of heat release
(curve 1) and the heat loss
(curves 2, 3) on the
temperature
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The highest wall temperature at which a stationary regime is possible corre-
sponds to T0 ¼ T0�; when the heat production curve is tangent to the heat loss

curve. From these considerations it is clear that the ability of a fuel mixture to

explode i.e. a self-ignition of the mixture depends on the shape and dimensions

of the vessel, the thermal conductivity of the gas, and so on, as well as on the rate
of the chemical reaction. The point H in the Figures 4.2 and 4.3 represents the

ignition temperature T0 ¼ T0�.
A fundamental feature of Semenov0s theory is that a steady-state approach is

used in the analysis of what might seem to be an essentially unsteady process.
The condition of an explosion (nonstationary regime) is formulated as the loss

of the steady-state regime, that is, as the impossibility of a balance between heat

production and heat losses. Semenov showed that, although the reaction takes

place at a higher temperature than the initial wall temperature, but the wall
temperature does determinemany important characteristics of the process, such

as the condition for ignition, the reaction time, etc. If, for example, at a

temperature of 580 C self-ignition does not occur while at 600 C it does, this

does not mean that the reaction rate is high enough at 600 C to produce the
observable external manifestations of an explosion. Actually, at this initial

temperature the conditions are such that the reaction rate rises rapidly and

the high temperatures (above 2000K) are reached at which the reaction rate is

high enough to produce effects accompanied an explosion. The initial tempera-
ture at which an explosion occurs is not some singular point where the reaction

rate experiences a discontinuity, but ignition is a consequence of the fact that,

beginning with this temperature, the heat loss cannot balance the heat produc-

tion. Contrary, for a chain explosion with chain termination in the vessel
volume, the critical ignition condition j ¼ 0 is a consequence solely of the

properties of the mixture.

Fig. 4.3 The temperature
dependences of the heat
release and loss rates for
various initial gas
temperatures
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4.5 Critical Conditions for a Thermal Explosion

We now apply method of the Frank-Kamenetskii transformation to analyze the
critical conditions for a thermal explosion. Consider the system parameters at the
boundary separating the two possible regimes of a stationary slow reaction and
an explosion. Substituting the expressions for qþ and q , and W in the heat
balance Eq. (4.4.3) and applying the Frank-Kamenetsky transformation near the
wall temperature T ¼ T0, which equals the initial gas temperature, we obtain

dy
dt
¼ ey � gy (4:5:1)

where we introduced the dimensionless variables

y ¼ T� T0

�
; t ¼ t

tia
; tia ¼

�cVr
Qan0

1

k0
exp

E

RT0

� �
(4:5:2)

and the parameter

g ¼ tia=ta; ta ¼ cVrV=kS; (4:5:3)

which is the ratio of the adiabatic induction time to the characteristic time of the
heat loss. The magnitude g ¼ tia=ta depends on the volume, surface area of the
vessel, the thermal conductivity of the mixture and the wall temperature T0. If
the heat losses are small so that ta>> tia, then g ¼ tia=ta551 and we can
neglect by the second term on the right side of Eq. (4.5.1). For small g the
characteristic heat transfer time is much greater than the characteristic heat
production time; the heat cannot be removed to the vessel walls and, therefore,
an explosion must occur. This means that for sufficiently small g the right hand
side of the Eq. (4.5.1) must be positive for arbitrary y; that is dy=dt40 for all t,
and the equation

ey � gy ¼ 0 (4:5:4)

has no roots, so that the temperature increases unboundedly.
If g is such that the roots of Eq. (4.5.4) are real, then a stationary regime is

possible: the temperature initially rises to a value such that ey � gy goes to zero
and then the reaction proceeds at a constant temperature.

The condition for a transition from a stationary burning regime to an
explosion is the same as we obtained above in the Semenov’s theory (see
Figs. 4.2 and 4.3); this is the tangency of the curves exp y and gy. At the point
separating the two reaction regimes

ey ¼ gy; and
d

dy
ey ¼ d

dy
gy; (4:5:5)
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that gives the ignition conditions in the form

g ¼ e; and y ¼ 1: (4:5:6)

The equality y ¼ 1 , which can be rewritten in the form

T� � T0 ¼ �; (4:5:7)

defines the maximum pre-explosion heating of the mixture.
Writing the condition of tangency of qþðTÞ and q�ðTÞwe obtain for the pre-

explosion temperature

T� ¼
E

2R
1�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 4

RT0

E

r" #
;

which coincides with (4.5.7) for RT055E.
Substituting the expression for g from Eq. (4.5.3) in the first of conditions

(4.5.6), we obtain

k
S

V

� expðE=RT0Þ
k0a

n
0Q

¼ e: (4:5:8)

This equation gives the relation between the initial temperature T0, the reaction
energy Q, the concentration of the reactant a0, the volume and shape of the
vessel (V and S), the heat conductivity coefficient of the mixture, and the initial
pressure of the fuel mixture at the explosion limit (an0 / rn / Pn).

The induction time of thermal explosion can be obtained integrating
Eq. (4.5.1) and neglecting by consumption of the reagents

ti ¼
Z1

0

dy
ey � gy

: (4:5:9)

The upper limit in the integral in (4.5.9) was set at infinity assuming that the
condition EðTb � T0Þ=RT2

0
441 holds. If in addition it is possible to neglect by

the heat losses, then the induction time calculated from (4.5.9) will coincide
with the adiabatic induction time, which was calculated before, Eqs. (4.2.12)
and (4.2.13).

4.6 Spark Ignition and Minimum Ignition Energy

Contrary to the spontaneous ignition the spark is the most prevalent form of
forced ignition. In the automobile cylinder it initiates a flame that propagates
through the engine cylinder. Typically the spark is fired before the piston
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reaches top dead center and as flame is traveling the combustible mixture ahead

of the flame is compressed. Forced ignition can also be brought about by a

shock wave, which is strong enough to raise temperature of the mixture above

the ignition point. The most commonly used spark systems are those developed

from the electric discharge with the duration of about 0:01=100 ms.
Let us estimate minimum energy of a spark required for ignition, assuming

that the spark can be modeled as a point heat source, which releases a quantity

of heat. In this model the distribution of the heat is given by equation

cPr
@T

@t
¼ k �T (4:6:1)

with the boundary conditions Tðr ¼ 1Þ ¼ T0.
The input energy at any time must also obey the equality

Q=cPr ¼
Z

Tðx; y; zÞ d3x ¼ 4p
Z1

0

TðrÞ � T0ð Þr2dr: (4:6:2)

where Q is the energy released at constant pressure, or at constant volume.
Two Eqs. (4.6.1) and (4.6.2) are equivalent to the Eq. (4.6.1) with the sources

of energy in the form of delta-function, q ¼ QdðrÞdðtÞ. The solution of

Eq. (4.6.1) is (see Sect. 7.3)

Tðr; tÞ � T0 ¼
Q

8ðp�tÞ3=2
exp � r2

4�t

� �
; � ¼ k=rcP (4:6:3)

It is seen that temperature is maximum at the point r ¼ 0 and decreases with

time as 1=t3=2, and simultaneously temperature of the surrounding gas is

gradually increasing. The condition for ignition can be specified assuming

that the cooling time associated with Tð0Þ is greater than the reaction duration

time for a laminar flame. A simple estimate of the ignition condition can be

obtained considering stability of the solutions of stationary equations asso-

ciated with Eq. (4.6.1) with the energy source in the right hand part. If right

hand part is positive, then positive is time derivation of the temperature, which

can be view as instability and ignition. In such consideration cooling is asso-

ciated with energy loss due to thermal conduction. As larger temperature

gradient as larger thermal losses are. This leads to condition for ignition as

condition for the size of the spark where energy was released

r044:2Lf; (4:6:4)

where Lf is the width of the laminar flame defined by thermal conduction of the

combustible mixture.
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Problems

4.1. Explain the explosion limits for stoichiometric hydrogen-oxygen reaction.
4.2. Analyze possible regimes of thermal explosion of exothermal reaction for a

mixture in container, using steady state Semenv’s approach.
4.3. Explain the difference between chain explosion and the thermal explosion.
4.4. Derive equation for concentration of the intermediate product, B in a

consecutive reactions of the first order given by the equation:
Aðk1Þ ! B ðk2Þ ! CþD.

4.5. Explain what is the order of the reaction dCa=dt ¼ �kC2
aC0 and how the

reaction rate depends on pressure?
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Chapter 5

Velocity and Temperature of Laminar Flames

5.1 Reaction Waves Propagation Through a Combustible Mixture

Under ordinary conditions, i.e. atmospheric pressure and room temperature,
the rate of chemical reactions in most combustible mixtures is negligible. A
perfectly premixed fuel-oxidant mixture ignites only under conditions when
either there is a spark, which can heat considerably the mixture, or the walls of
the vessel can heat the mixture or some seed active centers are introduced. Let
these conditions are realized at a single place inside the vessel, for example, a
spark is used to produce local heating of the fuel mixture to create either a
sufficient number of active centers, or very high local temperature. After local
ignition a reaction wave starts moving through the mixture.

A self-sustained wave of the exothermic chemical reaction spreading through
a homogeneous combustible mixture is known to occur either as a subsonic
deflagration (premixed flame) or supersonic detonation waves. From the math-
ematical point of view, both deflagration and detonation appear to be stable
attractors each being linked to its own base of initial data. A detonation wave is
caused by rapid compression of the substance in a shock wave, which rapidly
compresses and heats the substance so the reaction can proceed at a high rate. In
turn, the heat released in the chemical reaction keeps the intensity of the shock
wave constant, thereby ensuring that it will propagate over large distances.
The second mode of propagation of a chemical reaction wave is at velocities
substantially below that of sound and is associated with molecular thermal
conductivity and diffusion. This is the flame propagation regime. During
thermal propagation of a wave, the heat released in the chemical reaction is
transmitted to neighboring parts of the unburned reactant gas by thermal
conductivity, heats this gas, and initiates the chemical reaction in the neighbor-
ing parts. In chain propagation, the reaction of new layers is driven by diffusion
of active centers. Also, it is possible that diffusion and thermal conductivitymay
act together.

Typically, during the propagation of the reaction, the burning proceeds in a
layer, which is very thin compared to length scales of the problem, for example,
the size of the combustion chamber. This layer is known as the reaction zone or
the flame thickness. In the first approximation the propagation of a flame can

M.A. Liberman, Introduction to Physics and Chemistry of Combustion,
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thus be treated as propagation of a geometrical surface of negligible thickness,
which separates by unburned reagents and combustion products, and which is
moving relative to the unburned gas with a known velocity. This velocity is
called the normal propagation velocity of the flame or also referred to as the
laminar flame speed. The thermal theory of flame propagation was first
suggested by Mallard and Le Chatelier (1883), who postulated that the heat
transfer controls the flame propagation, and the flame consists of two zones
separated at the point where the next layer of combustible mixture ignites.
Father development of the theory of flame propagation is due to Lewis and
von Elbe (1934) and Zel’dovich and Frank-Kamentskii (1939).

The normal propagation velocity of a flame determines the volume of fuel
mixture consumed per unit time per unit surface of the flame surface has the
dimensions of linear velocity (cm/s). For a curved flame front, the normal
combustion velocity characterizes the velocity of the flame front relative to
the unburned mixture in the direction normal to the surface of the flame front.
The magnitude of the normal propagation velocity of a flame is determined by
the kinetics of the chemical reaction and by mass transport processes inside the
flame front: thermal conductivity and diffusion. Because of poor knowledge of
the reaction kinetic coefficients, for practical applications usually the magni-
tude of the normal flame velocity is taken from experimental measurements
rather than calculated theoretically. Such experimental measurements can be
easily performed with a quite high precision. When the tube is opened at both
ends, the velocity of combustion wave is in the range from a few cm/s to 10m/s.
The normal flame velocity for most hydrocarbon-air mixtures is about 40 cm/s.

Considering a flame front as a geometrical surface of zero thickness it is
convenient to choose a coordinate system co-moving with the flame front, so
the flame front is at rest in this co-ordinate system. The unburned fuel mixture
moves into the flame front with velocity un (upstream flow) and the combustion
products flow out of the flame front with velocity ub (downstream flow).
Clearly, the upstream velocity un is equal to the normal velocity of the flame
relative to the motionless gas. The relationship between un and ub for a plane
flame front steams from the condition of conservation of the total mass flux.
The total mass of gas entering the flame per unit area of the front must be equal
to the mass of combustion products leaving this surface downstream:

ruun ¼ rbub; (5:1:1)

where ru and rb are the densities of the initial unburned mixture and combus-
tion products. Thus,

ub ¼
ru
rb

un: (5:1:2)

Obviously the velocity ub of the burned products is greater than un since the gas
is heated and expands during combustion, which means that the flame front
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propagating in the motionless gas mixture in a laboratory co-ordinate system

will inevitably involve gas in the motion. While gas is at rest ahead of the flame
front, the gas of the burned products will be involved in a motion. The overall
picture of the gas dynamics ahead and behind the flame depends on the
boundary conditions of the particular problem. For example, it is different
for a flame propagating through the tube with the closed or open ends. It is
important feature of the gaseous burning that the burning mixture undergoes
strong expansion. Because of the expansion the burning process becomes
strongly coupled to the gaseous flow; which leads to different flame instabilities,
generation of pressure waves, etc.

Since normal velocity of a flame is much smaller than sound velocity, the
pressure is practically constant over the gas volume. As we shall see, the
pressure varies as �P=P ffiM2 , where M / un=as551 is the Mach number.
Thus, taking into account that pressure is constant, we can rewrite (5.1.1) as

ub
un
¼ ru

rb
¼ mu

mb

Tb

Tu
; (5:1:3)

where Tu and Tb are the temperatures of the initial unburned mixture and the
adiabatic flame temperature – the temperature of combustion products, and mu
and mb are the molecular weight of the initial mixture and combustion products.
Since for ordinary combustion reactions mu � mb and the temperature changes by
a factor of 6/12, we find that ru=rb ¼ ub=un � 6=12. The expansion coefficient,
� ¼ ru=rb is one of the most important flame parameters. It is convenient to
introduce the combustion mass flux ruun, which is the product of the gas density
and velocity. This quantity has the dimensions g/cm2s and represents the mass of
material burned per square centimeter per second in the flame front. It is also
convenient to refer the rate of heat release to unit surface area of the flame. The
corresponding quantity has the dimensions cal/cm2s.

5.2 Velocity and Thickness of Laminar Flames

In this section we shall discuss the physical basis of the thermal flame propaga-
tion, which serves as the foundation of the concept of how reaction waves
propagate.

For the sake of simplicity we shall consider premixed flames propagating in
gaseous combustible mixture, which is the opposite case to diffusion flames.
This means that all components necessary for the reaction are present in the fuel
mixture from the very beginning and in order to start the reaction one has only
to heat the mixture. In the case of premixed flames the burning rate is not
controlled by the diffusion process, still even for premixed flames the fuel
diffusion is an important factor of propagation together with thermal conduc-
tion. Particularly, when the fuel diffusion is stronger than the thermal
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conduction, then the thermal-diffusion instability of a planar stationary flame
may develop. We shall consider mostly the situations of equally strong fuel
diffusion and thermal conduction, when the hydrodynamic flame properties
can be elucidated.

A remarkable feature of premixed combustion is a very strong dependence of
the reaction rate on temperature expressed by the Arrhenius law for the reaction
rate / exp �E=RTð Þ, for high activation energy, E=RT441. The activation
energy of many reactions is so large, that the reaction rate at the room tem-
perature may be taken zero. On the contrary, increase of the fuel temperature
even by a factor 2may lead to increase of the reaction rate by 10–12 orders of
magnitude. In the case of a strongly exothermic reaction when a considerable
amount of energy releases, relatively slight increase of the temperature at some
region ignites the reaction, which eventually extends over the whole gas. It is
obvious, that because of the strong dependence of the reaction rate on the
temperature, the chemical reaction will proceed nonuniformly inside a flame
front, and the reaction will be mainly concentrated in the portion of the flame
front adjacent to the hot combustion products. Where the temperature is lower
the reaction proceeds at a much lower rate and can generally be neglected.

In the flame the transport processes dominate because of the rapid drop in
the temperature and concentrations of the reactants through the flame front.
Once a reaction is ignited it can propagate in a self-supporting regime. The
burnt matter has larger temperature and thermal conduction transports energy
from the hot burned matter to the cold fuel: the temperature of the fuel close to
the burned matter increases, the reaction in this fuel develops faster until
another portion of the fuel is burned. The released energy is transported by
thermal conduction to the next fuel layer and so on, resulting in propagation of
the reaction front.

Flame velocity and thickness may be estimated on the basis of a simple
dimensional analysis. Let the burning process is characterized by some char-
acteristic time tb, which is the time of the heat release, then the only combina-
tion of velocity dimension that may be constructed out of the thermal diffusivity
coefficient l=ru CP and the reaction time tb is

Uf /
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

l
ru CPtb

s
; (5:2:1)

where l is the coefficient of thermal conduction and CP is the specific heat of the
fuel at constant pressure. In a similar way, the dimensional analysis gives the
formula for the flame thickness. The distance heated by thermal conduction can

be evaluated as �x ffi Lf ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
l

ruCP
tb

q
, and the reaction wave velocity is of the

order of Uf ffi �x=tb, so that taking into account (5.2.1) we have

Lf ¼
l

ruCPUf
: (5:2:2)
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The exact magnitude in these formulas depends on the definition since both a

thermal conduction and density are depending on the gas temperature. We can

choose the value l ¼ luðTbÞ as the definition for Lf. The first important conclu-

sion from these simple estimates is that as shorter the reaction time and stronger

the thermal conduction, as faster flame propagates and thinner the flame front.
Let us compare the flame velocity to the sound speed. From kinetic theory

the thermal diffusivity coefficient can be expressed through the sound speed as
(that is about the thermal velocity of molecules) and the mean free time tcoll,
which is the average time between molecules collisions, lru=CP � a2stcoll. Then
we obtain Uf=as /

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
tcoll=tb

p
. Since only a very small fraction of colliding

molecules react because of the large potential barrier of a reaction (because of

a large activation energy), then tcoll55tb and this means that flame velocity is

much smaller than the sound speed, Uf55as. Typical velocities of flame at the

normal laboratory conditions are given in Table 5.1.

Table 5.1 Velocities of flames at normal conditions (P ¼ 1 atm, Tu ¼ 300K)

Fuel Combustible mixture Ufðcm=sÞ TbðKÞ � ¼ ru=rb
Methane CH4 6% CH4þ94%Air 5 1850 6.3

Methane CH4 6.84% CH4-Air 15 1900 6.3

Methane CH4 7.76% CH4-Air 27 2000 6.7

Methane CH4 9.5% CH4-Air 43 2250 7.5

Methane CH4 11.6% CH4-Air 25 2100 7.5

Methane CH4 10%CH4-O2 80 2200 7.3

Methane CH4 25%CH4-O2 304 3000 10

Methane CH4 40%CH4-O2 305 3000 12.7

Methane CH4 50%CH4-O2 112 2650 13.3

Propane C3H8 2.86% C3H8-Air 28 1870 6.4

Propane C3H8 3.64% C3H8-Air 35 2170 7.5

Propane C3H8 4.02% C3H8-Air 40 2240 7.8

Propane C3H8 5.5% C3H8-Air 17 2030 7.5

Propane C3H8 5.9% C3H8-Air 5.9 1830 6.9

Propane C3H8 7.4%C3H8 -O2 240 2500 9

Propane C3H8 19.3%C3H8 -O2 320 3000 13.6

Propane C3H8 21.9%C3H8 -O2 235 2800 14.3

Propane C3H8 22.7%C3H8 -O2 190 2750 14.5

Ethane C2H6 C2H6þ3.5 O2 44 3086 10.3

Butane C4H10 C4H10þ6.5 O2 45 3101 10.3

Benzene C6H6 C6H6þ7.5 O2 48 3136

Hydrogen H2 20% H2-Air 100 1910 5.7

Hydrogen H2 30% H2-Air 195 2300 6.5

Hydrogen H2 40% H2-Air 265 2240 6.5

Hydrogen H2 57% H2-Air 190 1850 5.5

Hydrogen H2 H2þ0.5O2 900 3080 7.8

Hydrogen H2 H2þ0.5O2þ0.5N2 520

Acetylene C2H2 C2H2þ2.5O2 1330 3342

Carbon Monoxide COþ0.5O2 29 2977
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Let 1 will be molecule mean free path. The reaction time tb is the product of
the average number of collisions Z experienced in that time by a reactive

molecule and the mean collision time: tb ¼ Zðl=asÞ. Substituting this depen-

dence in the expression for flame velocity, we find

Uf � as=Z (5:2:3)

and the characteristic width of the flame to be

Lf � l
ffiffiffiffi
Z
p

(5:2:4)

Equation (5.2.3) is similar to the Einstein’s expression for the mean diffusion

velocity in a given direction with Z being the total number of collisions experi-

enced by a particle during the diffusion time and Eq. (5.2.4) is similar to the

Einstein’s formula for the mean distance covered by a molecule after Z colli-

sions. It is clear from the molecular picture of flame propagation: a fuel

molecule undergoes Z collisions in the combustion zone and during this time

it covers a distance Lf at mean velocity Uf. The difference between a diffusion

process and the propagation of a flame is that the mean velocity of diffusing

particles falls with time (as l=
ffiffi
t
p

) while the velocity of a flame is constant in time.

The point is that the motion of a flame does not involve displacement of the

molecules along the entire path followed by the flame front. A given molecule

moves within the combustion zone for only an extremely short time and under-

goes Z collisions on the average, after which it reacts and, thereby, creates the

conditions necessary for the next molecule to pass the same way.
Let us consider qualitatively propagation of the reaction wave from another

standpoint. In the co-moving co-ordinate system flame is at rest and we con-

sider the reaction zone as a surface located at x ¼ 0 with fixed temperature Tb.

Then, the temperature distribution is defined by equation of thermal

conduction

ruCp
dT

dx
¼ l

d2T

dx2
; (5:2:5)

with the boundary conditions Tð�1Þ ¼ Tu and Tð0Þ ¼ Tb. For simplicity, all

the material properties are assumed to be constant and independent of the

temperature. Obviously Eq. (5.2.5) is applicable only to the region x50 where

there is no source of heat release and the reaction is very slow due to strong

dependence on temperature. For x40 the combustion products are at a con-

stant temperature Tb. The Eq. (5.2.5) can be integrated introducing new vari-

able z ¼ dT=dx; the equation becomes

z ¼ l
rucp

dz

dx
;

94 5 Velocity and Temperature of Laminar Flames



which is easily integrated, and the solution of (5.2.5) satisfying the boundary

conditions is

T ¼ Tu þ ðTb � TuÞeu x=�; (5:2:6)

where � ¼ l=Cpr is the thermal diffusivity (the ratio of the thermal conduc-

tivity l to the product of the density and specific heat at constant pressure).
The solution (5.2.6) shows that we can choose the distance over which the

heating rises by a factor of e as the scale length for the heating zone with the

velocity of the flow entering the flame front being equal to the flame velocity Uf:

Lf ¼
�

Uf
¼ l

rCpUf
: (5:2:7)

We now calculate this length for typical laboratory flames: a slowly burning

mixture (6%methane in air) and one of the fastest the hydrogen-oxygen flame –

stoichiometric (2H2 þO2) mixture. Taking velocities from Table 5.1, and

setting � ¼ 0:3 cm2=s, we obtain Lf ¼ 0:06 cm (CH4) and Lf ¼ 0:00033 cm
(2H2 þO2). In both cases the width of the heating zone – thickness of the

flame is quite small. The typical thickness of combustion zone ranges from

5 � 10�2 to 5 � 10�4 cm.
The reaction time is of the same order as the residence time of the reactive

mixture in the heating zone. An order of magnitude of the residence time of the

reactive mixture in the flame can be evaluated by dividing the width of the

heating zone by the flame speed: tLf
¼ 4 � 10�3s for CH4 and tLf

¼ 4 � 10�7s for
2H2 þO2. This time is many times greater than the mean collision time of the

molecules in the gas. Because of the large activation energy a very large number

of molecular collisions takes place in a flame for each effective collision that

leads to a chemical reaction.We emphasize once again that the temperature and

composition of the mixture in a flame vary for other reasons besides the

chemical reaction. They also vary in the heating zone where there is no chemical

reaction: the temperature changes because of the thermal conductivity of the

gas and the composition may changes because of diffusion. In a flame the

chemical reaction takes place in a mixture which has already been heated and

whose composition has already been changed. Typical structure of a premixed

flame is shown in Fig. 5.1, compared to a structure of diffusion flame shown in

Fig. 5.2. In the later case the main chemical transformation is focused in a

narrow zone near the peak temperature. Diffusion continuously supplies

reagents to the reaction zone and redistributes them there. Completion of the

reaction and thermodynamic equilibrium is achieved asymptotically, where the

diffusive fluxes are practically become equal to zero.
Flame is not the only possible self-supporting regime of reaction propaga-

tion. A reaction can propagate also in a fast supersonic regime of detonation,

which will be discussed in Chap. 8. In case of a detonation the reaction is
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induced by a shock wave compressing and heating the fuel. The burning
mixture expands and acts like a piston pushing a leading shock and supporting
the detonation. Transitions from the slow deflagration regime of flame propa-
gation to a detonation regime are observed quite often in experiments. In
industrial combustion and for safety reasons this can be a very undesirable
phenomenon.

If initial temperature (or induction time) distribution is a non-uniform one,
then subsequent (though independent) development of the reaction in the
neighboring fuel layers may be interpreted as propagation of a reaction front
with the phase velocity depending on the initial temperature distribution. This is
specific regime known as spontaneous reaction (Ya. B. Zel’dovich, 1980).

We can equally consider another type of flames instead of chemical one,
where energy release may be supplied from other sources. An example is
thermonuclear burning of white dwarfs, which results in Supernova explosion.
In this case thermonuclear flame expands from the center of the star, and the
energy source is thermonuclear reactions. Another example is the laser radia-
tion absorbed by plasma layers close to the critical surface of a target used for
experiments on inertial confined fusion. For all these examples of ‘‘flame’’ the
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Fig. 5.1 Structure of the
flame front in premixed
combustion
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Fig. 5.2 Structure of a diffusion flame
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released energy is transported by thermal conduction and the flame propagates
relatively slow in comparison with speed of sound. Therefore a flame may also
be defined as a subsonic regime of reaction propagation, called a deflagration.

5.3 Temperature and Concentration Distributions in Flames

We saw that due to velocity of a flame is much smaller than the velocity of
sound; the conservation of momentum flux yields pressure to be nearly con-
stant. Also, conservation of the energy yields constancy of the enthalpy, so that
we have

Pu ¼ Pb;Hu ¼ Hb: (5:3:1)

For a simple case of constant specific heats we obtain

Hu ¼ Hu0 þ cpuTu ¼ Hb ¼ Hb0 þ cpbTb; (5:3:2)

where cpu and cpb are specific heats of the fuel and combustion product at
constant pressure. Since Q ¼ Hu0 �Hb0 is a heat released in the reaction, this
implies that the final temperature of the combustion products is determined
only by the initial enthalpy of the fuel mixture (Q ¼ Hu0 �Hb0).

Tb ¼
cpu
cpb

Tu þ
1

cpb
Q: (5:3:3)

With account of (5.1.3) we also obtain

ru
rb
¼ �uð�b � 1Þ
�bð�u � 1Þ 1þ Q

cpuTu

� �
; (5:3:4)

where �u and �b is adiabatic constants for fuel and combustion products.
Structure of a laminar flame is described by a system of thermal conductivity

and diffusion equations. We shall examine the simplest case of a plane flame
front and a chemical reaction described by a single stoichiometric equation. In a
coordinate system co-moving with the flame front we have:

d

dx
JT ¼ QWðai;TÞ; (5:3:5)

d

dx
Ji ¼ �

ni
n1

Wðai;TÞ (5:3:6)
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Here Q is the heat of reaction, ai denotes the relative mass concentrations of the

reagents, and Wðai;TÞ is the rate of the reaction. The chemical reaction rate is

calculated relative to one mole of the substance denoted by the subscript 1. We

shall assume that this substance is deficient in the initial mixture. The fluxes of

heat and mass are made up of convective and molecular transport terms:

JT ¼ �l
dT

dx
þ rucpT; (5:3:7)

Ji ¼ �rDi
dai
dx
þ ruai; (5:3:8)

where Di is the diffusion coefficient. Using the equation of continuity of the

mass flux, ru ¼ const, the system (5.3.7) and (5.3.8) can be rewritten as

rucp
dT

dx
¼ d

dx
l
dT

dx
þQWðai;TÞ; (5:3:9)

ru
dai
dx
¼ d

dx
rDi

dai
dx
� ni
n1

Wðai;TÞ; (5:3:10)

We assume for simplicity that the diffusion coefficients are the same form both

sides of the flame, for example, a mixture of gases has similar molecular weight.

In addition, we assume that the Lewis number (the ratio of the thermal diffu-

sivity to the diffusion coefficients) Le ¼ D=� ¼ 1 over the entire temperature

interval, which is true for many gases, i.e. l � rcpDi.
Multiplying the diffusion Eq. (5.3.10) for the concentration ai by 1=ni, and

the diffusion equation for aj by 1=nj, and subtracting one from the other, we

obtain a linear diffusion equation (without term with rate function) for the

linear combination ðai=niÞ � ðaj=njÞ of the densities. Its solution with the con-

ditions in the initial fuel mixture, can be written in the form

ai0 � ai
ni

¼ aj0 � aj
nj

; (5:3:11)

where the subscript 0 denotes the concentrations of the components in the initial

mixture.
Thus, the concentrations of all the reagents can be calculated using (5.3.11) if

the concentration distribution of one of them is known. Therefore, the Eqs.

(5.3.9) and (5.3.10) can be written as two equations for only one reagent (we

omit the subscript),
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rucp
dT

dx
¼ d

dx
l
dT

dx
þQWða;TÞ; (5:3:12)

ru
da

dx
¼ d

dx
rD

da

dx
�Wða;TÞ; (5:3:13)

in which the reaction rate is written as a function of the temperature and of only
one of the concentrations with the aid of (5.3.11).

Multiplying the diffusion Eq. (5.3.13) by the constant Q, adding it to the
thermal conductivity equation, and taking into account that � ¼ D, we obtain

equation for enthalpy H ¼ Qaþ
RT
0

cpdT

ru
dH

dx
¼ d

dx

l
cp

dH

dx

� �
; (5:3:14)

which does not include the reaction rate. The total enthalpy of the system is the
sum of the chemical and thermal energy at constant pressure per unit mass of
gas. The only solution of Eq. (5.3.14) that is bounded for all x is

H ¼ const; (5:3:15)

where the constant is defined by the initial fuel mixture conditions:

const ¼ H
0
¼ Qa

0
þ
ZT0

0

cp T: (5:3:16)

At the beginning of this section we have already received the same result,
Eqs. (5.3.2). The idea that the sum of the chemical and thermal energy is constant
in a flame was first proposed as a hypothesis (B. Lewis and G. von Elbe, 1934)
for a chain reaction initiated by the diffusion of active centers. However, as we
have shown, the constancy of the total enthalpy in a stationary flow depends on
the relationship between the coefficients of diffusion and thermal conductivity in
the medium, rather than on the mechanism of the reaction.

For constant specific heat, the constancy of the total enthalpy within the
flame can be written in the form

Qaþ cpT ¼ Qa0 þ cpT0 ¼ cpTb; (5:3:17)

that is, the temperature and concentration distributions are similar:

a0 � a

a0
¼ T� T0

Tb � T0
: (5:3:18)
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The temperature distribution and concentration distributions of the other

reactants, as well as the concentrations of the combustion products are similar

in exactly the same way since concentration of one of the reagent is linearly

related to others by Eq. (5.3.11). The similarity also exists when the rate of a

simple reaction depends on the concentrations of the end products as in a

reversible reaction or autocatalysis by the end products. When the reaction is

complex, stoichiometric relations do not relate the concentrations of intermedi-

ate products and these similarities do not exist. However, even in this case, when

all the transport coefficients are equal (Di ¼ �), the total enthalpy of the system
is still constant, but this fact can no longer be used to derive unique temperature

dependence for each of the substances involved in the reaction.
The simplest case, in which the propagation of a flame is described by the

system of Eqs. (5.3.9) and (5.3.10), is that when the reaction rate depends on the

concentration of only one of the reacting substances. This situation is often

encountered during the propagation of flames in fuel mixtures whose composi-

tion deviates strongly from stoichiometric. In such mixtures the reaction rate is

limited by the concentration of one substance that is deficient. When the

diffusion and thermal conductivity coefficients for this substance are equal,

its concentration and the temperature have similar distributions. The deficient

substance may be viewed as the carrier of chemical energy since the ultimate

temperature reached by the mixture during combustion depends on its

concentration.
As we already saw, the conservation of enthalpy

H0 ¼ Qa0 þ
ZT0

0

cpT ¼
ZTb

0

cpT (5:3:19)

implies that the final temperature of the combustion products is determined

only by the initial enthalpy of the fuel mixture Eq. (5.3.3). When D 6¼ � within

the flame the sum of the chemical and heat energies is not conserved, but it is

possible to predict the direction of the shift with the aid of some general

considerations. Thus in a lean mixture of hydrogen with air the diffusion

coefficient of the hydrogen (the carrier of chemical energy) is an order of

magnitude greater than the thermal conductivity of the mixture. Hence, diffu-

sion brings hydrogen from the gas layer into the heating zone more rapidly than

the gas is heated by molecular thermal conductivity. As a result, in a hydrogen-

air mixture (i.e., when D4�) the total enthalpy has a minimum in the heating

zone. On the other hand, in a lean mixture of a high-molecular-weight hydro-

carbon (for example, benzene and air), the thermal conductivity exceeds the

diffusion coefficient of benzene vapor (D4�) and heating of the mixture in the

heating zone is more intense than diffusion of benzene into the reaction zone.

Therefore, the total enthalpy has a maximum in the heating zone. Typical
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distributions of reagent concentration, temperature, and total enthalpy in a
flame for various relationships between the coefficients of diffusion and thermal
conductivity are shown in Fig. 5.3.

5.4 Normal Velocity of Flame Propagation.

Zel’dovich – Frank-Kamentskii Theory

In a simple case, when the diffusion and thermal conductivity coefficients are
equal and the concentration and temperature are expressed by the linear rela-
tion between them, we can reduce the two differential equations for the fuel
balance and energy to a single differential equation. To do this let us express the
concentration in terms of the temperature in the formula for the chemical
reaction rate and write the reaction rate Wða;TÞ as a function of only the
temperature W aðTÞ;T½ � ¼WðTÞ. Then we arrive to the energy equation
alone:

rucp
dT

dx
¼ d

dx
l
dT

dx

� �
þQWðTÞ: (5:4:1)

This is the second order equation for function T(x), where the mass velocity of
combustion ru enters, which means that the normal flame velocity is an
eigenvalue of the problem which must be found in solving the problem.

Here we shall obtain an approximate solution for the flame using the fact of
very strong dependence of the reaction rate on temperature, that is a rapid
chemical reaction takes place over a narrow range of temperatures close to the
final temperature achieved in the flame. The heat released in the reaction is

Fig. 5.3 Schematic
distributions of reagent
concentration, temperature,
and total enthalpy in a flame
front for various
relationships between the
diffusion coefficient and the
thermal conductivity
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mainly carried from the reaction zone to the heating zone by thermal conduc-
tion for heating the unburned mixture from the initial temperature to the
temperature of the reaction zone. In the narrow chemical reaction zone the
derivative of the temperature changes from a finite value on the side facing the
reactive mixture to zero on the side facing the combustion products where
thermal and chemical equilibrium is reached. This rapid change in the tempera-
ture gradient over a short distance means that the contribution of the thermal
conductivity is large. Because of this, the contribution of the convective heat
flux may be neglected compared to that of the thermal conductivity in the heat
conduction equation for the reaction zone where the temperature drop is small.
Hence, in the reaction zone we can take the ‘‘truncated’’ equation without the
convective heat flux

d

dx
l
dT

dx

� �
þQWðTÞ ¼ 0: (5:4:2)

This equation can be integrated using the independent variable T and setting
ldT=dx ¼ z

d

dx
l
dT

dx
¼ z

l
dz

dT
(5:4:3)

z
dz

dT
þ lQWðTÞ ¼ 0: (5:4:4)

In the reaction products a ¼ 0 and the temperature is nearly constant, being
equal to the combustion temperature Tb, so that the boundary conditions
behind the flame are

T ¼ Tb; l
dT

dx
¼ z ¼ 0: (5:4:5)

Integrating Eq. (5.4.4) with respect to the variable temperature T up to Tb (the
thermal conductivity is constant over the reaction zone, l ¼ lb ¼ const), we
obtain the thermal flux from the reaction zone into the heating zone

lb
dT

dx

����
Tb

¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2lbQ

ZTb

T

WðTÞdT

vuuut : (5:4:6)

The integration in Eq. (5.4.6) can be extended to the initial temperature T0 ¼ Tu

since at low temperatures the reaction rate is negligibly small and the integral
can be regarded as equal to zero in the low temperature region: the heat release
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function will contribute to the integral only at high temperatures. The actual

integration region is on the order of the characteristic temperature interval (for

an Arrhenius heat release function). The functionWðTÞ includes the concentra-
tion dependence aðTÞ, so that WðTbÞ ¼ 0. The amount of heat released per unit

time by the chemical reaction and removed by thermal conductivity is equal to

the chemical energy stored in the flowing fuel mixture (in co-moving with the

flame coordinate system the flame is at rest while the fuel mixture moves at a

speed equal to the normal propagation velocity of the flame). Thus, we can

write

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2lbQ

ZTb

T0

WðTÞdT

vuuut ¼ rucpunQa0: (5:4:7)

This equation gives formula for the normal propagation velocity of a laminar

flame

Uf ¼ un ¼
1

r0cpa0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2lb
Q

ZTb

T0

WðTÞdT

vuuut : (5:4:8)

We used here subscript ‘‘0’’ for the variables in the unburned mixture.
Formula (5.4.8) shows that the flame speed depends on the integral of the

heat release function and is, therefore, related to the order of the chemical

reaction, its activation energy, and other kinetic and physical-chemical char-

acteristics of the fuel mixture. The only assumption used in deriving it was that

about strong temperature dependence of the rate of heat release, which is true

for large activation energy.
Since W depends strongly on the temperature according to the Arrhenius

law, the integral in Eq. (5.4.8) can be estimated as the product of the maximum

value W ¼Wmax and the effective width of the temperature interval equal to

RT2
b=E � ZTb, where Z ¼ RTb=E551 is the Zel’dovich number. We thus

obtain putting a0 ¼ 1

Uf ¼ un �
1

r0cp

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2lbWmaxZTb

Q

s
: (5:4:9)

Introducing the reaction time tR as the time over which all the heat contained in

the initial mixture is released at the maximum heat production rate, with the aid

of the heat balance equation

QWmaxtR ’ r0cpTb; (5:4:10)
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we obtain

un �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2lbZ
r0cpTb

1

tR

s
¼

ffiffiffiffiffiffi
2Z

Tb

r
�
ffiffiffiffiffiffi
�b

tR

r
(5:4:11)

The relationship Uf ¼ un /
ffiffiffiffiffiffiffiffiffiffiffiffiffi
�b=tR

p
was obtained earlier, see Eq. (5.2.1) from

dimensional considerations.
It is useful to obtain expression for the normal velocity of a laminar flame in

a slightly different fashion. Integrating (5.4.2) we obtain similar to Eq. (5.4.6)

lb
dT

dx

����
Tb

¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2lbQ

ZTb

T

WðTÞdT

vuuut : (5:4:12)

At the same time integrating Eq. (5.4.1) in the thermal conduction zone, where

the reaction term can be dropped, we consider integral of the equation

rucp
dT

dx
¼ d

dx
l
dT

dx

� �
; (5:4:13)

which is

l
dT

dx
¼ rcPuTþ const: (5:4:14)

With the boundary condition T ¼ T0 and dT=dx ¼ 0 at x ¼ �1 , we obtain

l
dT

dx
¼ rcPuðT� T0Þ: (5:4:15)

The continuity of the heat flux leads to the equation similar to (5.4.12)

rcPuðT� T0Þ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2lQ

ZTb

T

WðTÞdT

vuuut ; (5:4:16)

where T is the temperature at the end of the thermal conduction zone.
Taking into account that for large activation energy maximum reaction is

very close to T ¼ Tb and the reaction zone is very narrow, we can take T ¼ Tb in

the left-hand part of (5.4.16). To estimate integral in the right-hand part of

(5.4.16) we expand in the power series argument at the Arrhenius exponent in

the expression for WðTÞ ¼ Aexpð�E=RTÞ.
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expð�E=RTÞ ’ exp � E

RTb
1þ Tb � T

Tb

� �� �

¼ exp � E

RTb

� �
� exp � E

RTb
ðTb � TÞ

� �
:

Then integral in the right part can be easily calculated, and the result is

ZTb

T

WðTÞdT ’ A
RT2

b

E
exp � E

RTb

� �
: (5:4:17)

Finally, substituting (5.4.17) to (5.4.16) we obtain for the normal flame velocity

Uf ¼ un �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2l
r0cP

A �RT2
b

EðTb � T0Þ

s
� e�E=2RTb : (5:4:18)

If we allow to remove the restricting assumptions for Lewis number not to be

equal to unity and allow arbitrary for the ratio of number of moles of reactant

and products (nr=np), then the result for a first order reaction becomes

Uf ¼ un ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2lcPb
r0 cPh i2

T0

Tb

nr
np
ðLeÞ A �R2T2

b

E2ðTb � T0Þ2

s
� e�E=2RTb ; (5:4:19)

and for a second order reaction

Uf ¼ un ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2lc2Pb
r0 cPh i3

T0

Tb

nr
np

� �2

ðLeÞ2 A �R3T3
b

E3ðTb � T0Þ3

s
� e�E=2RTb ; (5:4:20)

where cPb is specific heat at T ¼ Tb, and cPh i is the average specific heat in the

interval between T0 and Tb.
The structure of the reaction zone is a consequence of the nonlinearity of the

rate of heat release, which is zero everywhere except of a narrow region near the

final temperature. It is precisely this circumstance, which makes it possible both

to find the temperature distribution inside the flame and to find the conditions

for yet another parameter of the equation – the flame velocity.
The constant characteristic velocity of the normal flame propagation is

associated with the structure of the zone in which the chemical transformation

takes place. The temperature distribution within this zone in the used approx-

imation of this section, and the resulting rate of change of the fuel mixture into

combustion products are independent on the velocity of the flame. The reaction

zone thus ‘‘dictates’’ its condition, the magnitude of the heat flux that goes into

heating the fuel mixture, which in turn determines the flame propagation

velocity.
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5.5 Consequences of the Formula for Normal Flame Velocity

It might seem surprising that the heat of reaction Q of the mixture appears
in the denominator of the formula (5.4.8) for the flame velocity. This seems
to be obvious that as the heat of reaction is increased the flame velocity
rises too. The paradox is explained by the fact that a rise in Q also causes a
rise in the combustion temperature, so that the increase in the integral of
the reaction rate even larger than the increase in Q in the denominator. It
should be noticed also that the initial fuel concentration enters formula
(5.4.8) both in the denominator as well as through the fact that as a0
increases, Tb increases and the rate of reaction also becomes larger in the
integration region.

Since the density is proportional to the pressure and the reaction rate
depends on the pressure exponentially as Pn (where n is the order of the
reaction), we find that

un / P
n
2 � 1: (5:5:1)

Thus, for bimolecular reactions the flame velocity is independent of the pres-
sure, and it rises with pressure for trimolecular reactions, and for the first order
reactions it falls with pressure.

For the second order reactions the rate of chemical change is determined by
the number of binary collisions between reactive molecules, which is indepen-
dent of the pressure. The mean free path and the collision time decrease in
inverse proportion to the pressure while the speed of the molecules is inde-
pendent of the pressure. This conclusion steams also from the Eq. (5.2.3),
which says that the flame velocity is proportional to as and, thus, is indepen-
dent of P. Furthermore, it can be stated that the propagation of a flame in
which the chemical change involves an arbitrary number of bimolecular reac-
tions will be self-similar as the pressure is changed. This is because as the
pressure is increased, all the spatial scales (the dimensions of the heating and
chemical reaction zones) and temporal scales (mean collision times of the
molecule, chemical reaction time) are decreased in proportion to 1=P while
the number of collisions, the thermal velocity of the molecules, and the flame
velocity are unchanged. This similarity is destroyed in the case of monomole-
cular or three-molecular reactions for which it is necessary to take into
account the characteristic decay time of the molecule or the lifetimes of
metastable chemical complexes. On the other hand, the combustion mass
flux r0un increases with pressure. Since r0un / Pn=2, this means that the
reaction rate increases with pressure. According to experimental data, the
dependence on pressure of the flame velocity varies from un / P�0:5

(r0un / P0:5) for slowly burning mixtures (hydrocarbons) to un / P0:5

(r0un / P1:5) for rapidly burning mixtures (rich carbon monoxide-oxygen
mixtures, hydrogen-oxygen mixtures).
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Problems

5.1. Estimatewidthofaflamepropagating in6%CH4þair (� ¼ l=rCp ¼ 0:3 cm2=s;
Uf ¼ 5 cm=s) and in 2H2þO2, (� ¼ 0:3 cm2=s, Uf ¼ 1000 cm=s).

5.2. Proof that the velocity of a reaction propagating due to thermal conduc-
tion or diffusion is less than the sound speed.

5.3. Assuming that for a given combustion mixture the characteristic
time of the reaction is tR ¼ 3 � 10�11 exp ð180 kcal=molÞ=RTð Þs, and
� ¼ 0:3ðT=298KÞ1:7 cm2=s calculate the values of the laminar flame velo-
city and its thickness, if the adiabatic flame temperature is 2500K.

5.4. How the laminar flame velocity depends on initial temperature and pres-
sure of the combustible mixture? Explain.

5.5. For a flame propagating in the two-dimensional channel the quenching
width of the channel can be defined as the distance between the walls such
that the rate of heat production is equal to the rate of heat loss to the walls.
Assuming that the reaction rate, heat of reaction and thermal conduction
is known derive formula for the minimal width of 2D channel at which the
flame can propagate. How the quenching width depends on the flame
velocity?
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Chapter 6

Introduction to Hydrodynamics of Ideal Fluids

The combustion of a gas mixture is necessarily accompanied by motion of the

gas. The process of combustion, flame propagation, detonation and explosion,

are therefore not only a chemical phenomena but also one of gas dynamics. The

goal of this chapter is to provide the basic knowledge in gas dynamics, which is

necessary to study dynamics of combustion processes. Those who had taken

course in fluid mechanics may find in this chapter some materials, which are

missed in university courses.

6.1 The Fluid Dynamics

Fluid dynamics concerns itself with the study of themotion of fluids.Whenwe are

talking about fluids we keep in mind liquids or gases. Since the phenomena

considered in fluid dynamics are macroscopic, a fluid is regarded as a continuous

medium.Thismeans that any small volume element in the fluid is always supposed

so large that it still contains a very great number of molecules. Accordingly, when

we speak of infinitely small elements of volume,we shall alwaysmean those,which

are ‘‘physically’’ infinitely small, i.e. very small compared with the volume of the

body under consideration, but large compared with the distances between the

molecules. The expressions fluid particle and point in a fluid are to be understood

in a similar sense. If, for example, we speak of the displacement of some fluid

particle, we mean the displacement of a volume element containing many mole-

cules, though still regarded as a point.
The mathematical description of the state of a moving fluid is effected by

means of functions, which give the distribution of the fluid velocity u ¼ uðr; tÞ
and of any two thermodynamic quantities pertaining to the fluid, for instance

the pressure Pðr; tÞ and the density rðr; tÞ. All the thermodynamic quantities are

determined by the values of any two of them, together with the equation of

state. Therefore, if we are given five quantities, namely the three components of

the velocity uðr; tÞ, the pressure Pðr; tÞ and the density rðr; tÞ, the state of the

moving fluid is completely determined.

M.A. Liberman, Introduction to Physics and Chemistry of Combustion,
DOI: 10.1007/978-3-540-78759-4_6, � Springer-Verlag Berlin Heidelberg 2008
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The situation is opposite to that we deal in mechanics when we can describe
motion of a single particle if we do know how the radius vector changes in time
r ¼ rðtÞ:When the problem of interest involves many particles, we, in principle,
can also introduce a radius vector ri ¼ ri tð Þ for each particle. However, for a
large number of particles not only analytical but also numerical solution of the
problem becomes hopeless. For example, 1 cm3 of a gas under the normal
conditions (room temperature, atmospheric pressure) contains 1019 particles.
There is no and there will not be computers in the nearest future which can
calculate such huge number of equations of motions. Besides, for any practical
applications it is sufficient to know only averaged magnitudes characterizing
macroscopic properties of the particles flow.

Thus, in fluid dynamics approach we need to know the velocity of the flow
u ¼ u r; tð Þ, the density r ¼ r r; tð Þ, the pressure P ¼ P r; tð Þ, etc. in some fixed
reference frame. All these quantities are, in general, functions of the coordinates
r ¼ ðx; y; zÞ and of the time t. We emphasize that any function, for example
uðr; tÞ, is the velocity of the fluid at a given point r ¼ ðx; y; zÞ in space and at a
given time t, i.e. it refers to fixed points in space and not to specific particles of
the fluid. In the course of time, the latter move in space.

We first introduce the notion of a fluid element, with a size of an element
much smaller than the typical length scale of the flow LV55Lflow, so that any
part of the fluid element has the same velocity, density, pressure, etc. as the
other parts of the element. From the microscopic point of view a fluid element
contains huge number of particles (atoms or molecules). This means that the
size of the fluid element is much larger than the mean free path – the average
distance that molecules or atoms pass between collisions. We also assume that
the fluid or gas is in local thermodynamic equilibrium for every fluid element.
Otherwise we cannot define the thermodynamic parameters of a fluid element r,
P, T, etc.

The velocity of the fluid elementwith coordinate r ¼ r tð Þ can be calculated as

u ¼ dr

dt
: (6:1:1)

In general, thermodynamic function of this fluid element, for example, density
changes in time and it is also function of space coordinates, which can be written
as r ¼ r r tð Þ; tð Þ. This means that the time derivative of density consists of two
parts; one is related to the partial time derivative of density, and another is due
to space coordinate time dependence

dr
dt
¼ @r
@t
þ dr

dt
� dr
dr
¼ @r
@t
þ dr

dt
� rr ¼ @r

@t
þ u � rr: (6:1:2)

The combination @
@tþ u � r is called the substantive derivative. If we have a

vector value u ¼ ux; uy; uz
� �

, then the substantive derivative for any component

of the vector is
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dux
dt
¼ @ux

@t
þ u � rð Þux; (6:1:3)

and for the whole vector value it becomes

du

dt
¼ @u
@t
þ u � rð Þu; (6:1:4)

where

u � rð Þu ¼ ux
@

@x
þ uy

@

@y
þ uz

@

@z

� �
u ¼ ux

@u

@x
þ uy

@u

@y
þ uz

@u

@z
: (6:1:5)

6.2 The Equation of Continuity

The complete set of hydrodynamic equations corresponds to the conservation

laws of mass, momentum and energy together with the equation of state

describing thermodynamic properties of a fluid. In hydrodynamics we assume
that all thermodynamic properties of the fluid under consideration are known.

In this chapter we will discuss the hydrodynamic equations of an ideal fluid

neglecting the transport phenomena related to the thermal motion of particles
such as viscosity, thermal conduction, etc.

We shall now derive the fundamental equations of fluid dynamics. Let us

begin with the equation, which expresses the conservation of matter. Consider

first a simple example of a tank with two tubes of cross sections S1 and S2 as
shown in Fig. 6.1. A fluid of density r1 flows into the tank through the first tube

with a uniform velocity U1, and it moves out through the second tube with

another uniform velocity U2 and with another density r2.
The fluid mass that enters the tank in a time interval dt is r1S1U1dt and the

mass of the fluid leaving the tank is r2S2U2dt, so that the resulting change of

mass in the tank is

dM ¼ r1S1U1 � r2S2U2ð Þdt

U1dt U2dt

flux in flux out

S1 S2

Fig. 6.1 A fluid flows
through the tank
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or

dM

dt
¼ r1S1U1 � r2S2U2:

Obviously, if the fluid is an incompressible one, which means that its density

does not change, r1 ¼ r2 ¼ const, flowing in a tube of a changing cross section,

then the fluid velocity is related to the cross section as U1S1 ¼ U2S2. Which

means that the larger the cross section of a tube, the slower the velocity of the

flow being inversely proportional to the cross section area.
Consider a volume V0, which is fixed in the laboratory reference frame with

the fluid flowing in and out of the volume (Fig. 6.2). The mass of fluid in this

volume is
Ð
rdV, where r is the fluid density, and the integration is taken over

the volume V0. The mass of fluid flowing in unit time through an element

dS ¼ ndS of the surface bounding this volume is rudS, with the magnitude of

the vector dS ¼ ndS being equal to the area of the surface element and directed

along the normal vector.
The total mass in the volume is the integral

M ¼
ð

V0

rdV: (6:2:1)

The change per unit time in the mass of fluid in the volume V0 is

@M

@t
¼
ð

V0

@r
@t

dV: (6:2:2)

Thus, the law of mass conservation may be written by equating the two

expressions

ðChange of mass per unit timeÞ ¼ �ðTotal mass flux outwardsÞ: (6:2:3)

The mass flux through an elementary surface area dS ¼ ndS is

ru � dSdt
dt

¼ ru � dS: (6:2:4)

n

V0

n
uudt

dS

dS = n dS

Fig. 6.2 Calculation of mass
flux through volume V0; n is
a normal unit vector to the
volume surface
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The total flux is given by the surface integral, which can be transformed into a
volume integral with the help of the Gauss theorem:

ðTotal mass flux outwardsÞ ¼
ð

S0

ru � dS ¼
ð

V0

r � ruð ÞdV: (6:2:5)

Then the conservation of mass Eq. (6.2.3) takes the form

ð

V0

@r
@t

dV ¼ �
ð

V0

r � ruð ÞdV; (6:2:6)

or

ð

V0

@r
@t
þr � ruð Þ

� �
dV ¼ 0: (6:2:7)

Since the Eq. (6.2.7) must hold for any volume, the integrand in (6.2.7) must
vanish, and we come to the equation of mass conservation, which is called
the equation of continuity:

@r
@t
þr � ruð Þ ¼ 0: (6:2:8)

Using r � ruð Þ ¼ rr � uþ u � rr, we can rewrite (6.2.8) as

@r
@t
þ rr � uþ u � rr ¼ 0: (6:2:9)

The vector j ¼ ru is called the mass flux density. Its direction is that of the
motion of the fluid, while its magnitude equals the mass of fluid flowing in unit
time through unit area perpendicular to the velocity.

6.3 The Euler Equation

The Newton law for a fluid element of a small fixed mass dM ¼ rdV is

dM
du

dt
¼ dF: (6:3:1)

The force acting on an elementary surface dS ¼ ndS is the product of pressure
and surface area dS ¼ ndS

d dFpressure ¼ �PndS ¼ �PdS: (6:3:2)
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We take the negative sign in (6.3.2), since the pressure force acts inward, while
the normal vector n and the elementary surface area dS conventionally point
outwards. The total force acting on the volume is equal to the surface integral of
(6.3.2), which can be transformed into the integral over the volume:

d dFpressure ¼
I

s

PdS ¼ �
ð

dV

rPdV � �rPdV: (6:3:3)

Hence we see that the fluid surrounding any volume element dV exerts on that
element a force �rP ¼ �gradP. In other words, we can say that a force �rP
acts on unit volume of the fluid. In general, the gravity force acting on the fluid
element is

d dFgravity ¼ rgdV: (6:3:4)

Substituting the obtained expressions for the forces into (6.3.1), we come to the
equation

rdV
du

dt
¼ �rPþ rgð Þ dV: (6:3:5)

The derivative du=dt must be expressed in terms of quantities referring to points
fixed in space. Notice that the change in the velocity of the given fluid particle
during the time dt consists of two parts, namely the change during dt in the
velocity at a point fixed in space, and the difference between the velocities (at the
same instant) at two points dr apart, where dr is the distance moved by the given
fluid particle during the time dt. The first part is ð@u=@tÞdt where the derivative
@u=@t is taken for constant x,y,z i.e. at the given point in space. The second part
is ðdr � rÞu. Thus, taking into account the expression for the substantive deri-
vative we find

r
@u

@t
þ r u � rð Þu ¼ �rPþ rg: (6:3:6)

This is the equation of motion of the fluid, which is called Euler equation
(L. Euler, 1755).

In deriving the equations of motion we have taken no account of processes of
energy dissipation, which may be consequence of internal friction (viscosity) in
the fluid and heat exchange between different parts. Such fluids are said to be
ideal. Below in this section we will be dealing mainly with ideal fluids and gases.
The absence of heat exchange between different parts of the fluidmeans that the
process is adiabatic throughout the fluid. Thus the motion of an ideal fluidmust
necessarily be adiabatic and the entropy of any particle of fluid remains con-
stant. Thus the condition for adiabatic motion is
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dS=dt ¼ 0; (6:3:7)

where the total derivative with respect to time denotes the rate of change of
entropy for a given fluid particle as it moves. So that the equation describing
adiabatic motion of an ideal fluid is

@S

@t
þ u � rð ÞS ¼ 0: (6:3:8)

Using the continuity equation, we can rewrite it as ‘‘continuity equation’’ for
entropy:

@ðrSÞ
@t
þr � ðrSuÞ ¼ 0: (6:3:9)

The product ðrSuÞ is the entropy flux density.
If the entropy is constant throughout the volume of the fluid at some initial

instant, it retains everywhere the same constant at all times and for any sub-
sequent motion of the fluid. In this case a motion is called isentropic and the
adiabatic equation is simply

S ¼ constant: (6:3:10)

Using the thermodynamic relation dH ¼ TdSþ VdP, where H is enthalpy per
unit mass of fluid, V ¼ 1=r is the specific volume, and T is the temperature, we
obtain for S=const

dH ¼ VdP ¼ dP=r

and therefore

1

r
rP ¼ rH: (6:3:11)

Taking into account Eq. (6.3.11), equation of motion takes the form

@u

@t
þ u � rð Þu ¼ �rH (6:3:12)

(for the sake of simplicity, we did not consider gravity force in the last
equation).

With help of known formula of vector analysis,

1

2
rðu2Þ ¼ u�r� uþ ðu � rÞu: (6:3:13)
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we can rewrite the (6.3.12) as

@u

@t
� u�r� u ¼ �r Hþ 1

2
u2

� �
: (6:3:14)

Acting by operation ðr�Þ to both sides of the last equation, we obtain the Euler
equation for isentropic flow, which involves only velocities

@

@t
r� uð Þ ¼ r� u�r� uð Þ: (6:3:15)

The equations of motion have to be supplemented by the boundary condi-

tions that must be satisfied at the surfaces bounding the fluid. For an ideal fluid,
the boundary condition is simply that the fluid cannot penetrate a solid surface.

This means that the component of the fluid velocity normal to the bounding
surface must vanish if that surface is at rest:

ðu � nÞ ¼ un ¼ 0: (6:3:16)

In the case of a moving surface, un must be equal to the corresponding compo-
nent of the velocity of the surface. At a boundary between two ideal fluids, the

condition is that the pressure and the velocity component normal to the surface
of separation must be the same for both fluids, and each of these velocity

components must be equal to the corresponding component of the velocity of
the surface.

A complete system of equations of fluid dynamics should be five in number.
For an ideal fluid these are the Euler equations, the continuity equation, and

the adiabatic equation.

6.4 Conservation of Energy

Similar to the derivation of the continuity equation we consider a volume,
which is fixed in the laboratory reference frame. Let us choose some volume
element fixed in space. The total energy E in the volume is given by the integral

of the thermal energy per unit volume re, where e is the thermal (internal)
energy per unit mass, and the kinetic energy per unit volume ru2=2

E ¼
ð

V0

reþ r
u2

2

� �
dV: (6:4:1)

The equation of energy conservation is
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(change of energy per unit time)

¼ �(energy flux outwards)þ (work of external forces per unit time):
(6:4:2)

The change of energy per unit time in a fixed volume is

@E

@t
¼
ð

V0

@

@t
reþ r

u2

2

� �
dV; (6:4:3)

and the energy flux may be calculated similar to the mass flux. Using transfor-

mation from integral over the surface into a volume integral with the help of the

Gauss theorem (compare with Eq. (6.2.5)) we obtain:

ð

S0

reþ r
u2

2

� �
u � dS ¼

ð

V0

r � ru eþ u2

2

� �� �
dV: (6:4:4)

The external forces acting on the fluid are the pressure force applied to the fluid

surface of the volume and the gravity force that acts on all fluid particles inside

the volume. The work of the pressure force per unit time performed on the fluid

is the product of the elementary force and the fluid velocity:�PdS � u. The total
work of the pressure force per unit time is the surface integral of the elementary

work

ð

S0

�Puð Þ � dS ¼ �
ð

V0

r � uPð ÞdV: (6:4:5)

The elementary work of the gravity force per unit time is rg � udV and the total

work is

ð

V0

rg � udV: (6:4:6)

Similar to the derivation of continuity equation, substituting all the terms into

(6.4.2) we obtain equation of energy conservation for an ideal fluid

@

@t
reþ r

u2

2

� �
þr � ru eþ P

r
þ u2

2

� �� �
¼ rg � u: (6:4:7)

The term with the partial derivative @=@t can be transformed as

@

@t
r
u2

2

� �
¼ 1

2
u2
@r
@t
þ ru � @u

@t
:
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Using the continuity equation for @r=@t, and the equation of motion
ðEuler equation for @u=@tÞ, we rewrite this as

@

@t
r
u2

2

� �
¼ � 1

2
u2rðruÞ � ru � ðu � rÞu� u � rP: (6:4:8)

The second term in the right hand side of (6.4.8) we shall transform using vector

analysis formula
1

2
rðu2Þ ¼ u�r� uþ ðu � rÞu (see Eq. (6.3.13)), so that it

will be

ru � ðu � rÞu ¼ 1

2
ru � rðu2Þ:

Let us consider this equation without gravity force and transform it using the

continuity equation and the thermodynamic relation dH ¼ TdSþ 1

r
dP

u � rP ¼ rrH� rTrS:

So that (6.4.8) becomes

@

@t
r
u2

2

� �
¼ �ru � r 1

2
u2 þH

� �
� 1

2
u2r � ðruÞ þ rTu � rS: (6:4:9)

In order to transform the derivative @ðreÞ=@t, we use the thermodynamic
relation

de ¼ TdS� PdV ¼ TdSþ P

r2
dr:

Since eþ PV ¼ eþ P=r ¼ H is the enthalpy per unit mass, we obtain

dðerÞ ¼ edrþ rde ¼ edrþ rTdSþ P

r
dr ¼ Hdrþ rTdS; (6:4:10)

and for @ðreÞ=@t we obtain

@ðreÞ
@t
¼ H

@r
@t
þ rT

@S

@t
: (6:4:11)

Using for the terms in the right hand side of this equation the continuity
equation for time variation of density and adiabatic motion equation for an

ideal fluid,
@S

@t
þ u � rð ÞS ¼ 0, we can write (6.4.11) as

@ðreÞ
@t
¼ �Hr � ðruÞ � rTu � rS: (6:4:12)
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Combining (6.4.9) and (6.4.12), we find the change in the energy

@

@t
r
u2

2
þ re

� �
¼ �ru � r 1

2
u2 þH

� �
� 1

2
u2 þH

� �
r � ðruÞ; (6:4:13)

or

@

@t
r
u2

2
þ re

� �
¼ �r � ru

1

2
u2 þH

� �� �
: (6:4:14)

Let us integrate the last equation over some volume V:

@

@t

ð

V

r
u2

2
þ re

� �
dV ¼ �

ð

V

r � ru
1

2
u2 þH

� �� �
dV:

Transforming the volume integral on the right side into a surface integral with
help of Gauss theorem, we can rewrite this equation as

@

@t

ð

V

r
u2

2
þ re

� �
dV ¼ �

I

S

ru
1

2
u2 þH

� �
� dS: (6:4:15)

The left-hand side in Eq. (6.4.15) is the rate of change of the energy of the fluid
in some given volume, while the right-hand side is the amount of energy flowing
out of this volume per unit time. Hence we see that the expression

ru
1

2
u2 þH

� �
(6:4:16)

is nothing but the energy flux density vector. Its magnitude is the amount of
energy transporting in unit time through unit area perpendicular to the direc-
tion of the velocity.

The expression (6.4.16) shows that any unit mass of fluid carries with it
during its motion an amount of energy ðHþ u2=2Þ. The fact that the enthalpy
(H) appears here, and not the internal energy ðeÞ has a simple physical signifi-
cance. Putting H ¼ eþ P=r, we can write the flux of energy through a closed
surface in the form

�
I

S

ru
1

2
u2 þ e

� �
� dS�

I

S

Pu � dS: (6:4:17)

The first term is the sum of kinetic and internal energy transported through the
surface in unit time by the mass of fluid, and the second term is the work done
by pressure forces on the fluid within the surface.
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Summarizing, we write down the total set of hydrodynamic equations for an
ideal fluid

@r
@t
þr � ruð Þ ¼ 0; (Continuity)

r
@u

@t
þ r u � rð Þu ¼ �rPþ rg (Euler)

@

@t
reþ r

u2

2

� �
þr � ru eþ P

r
þ u2

2

� �� �
¼ rg � u (Energy)

As has been said in earlier, the state of a moving fluid is determined by five
quantities: three components of the velocity and by two thermodynamic func-
tions, for example, the pressure and the density. Accordingly, a complete system
of equations of fluid dynamics should be five in number. For an ideal fluid these
are the equation of continuity, the Euler equations, and the equation of energy,
which in the case of ideal fluid is the adiabatic equation.

6.5 The Equation of State

The set of hydrodynamic equations includes two scalar equations (continuity
and energy) and one vector equation (Euler), which makes totally five partial
differential equations. These equations involve three unknown scalar functions:
density r, pressure P, internal energy e, and one vector function u, which imply
total 6 unknown functions. The missing equation is not a hydrodynamic
equation, but it is the equation of state describing thermodynamic properties
of a fluid (or gas). It is supposed in fluid mechanics that thermodynamic
properties of the fluid are known. In general, the equation of state can be
written as an algebraic equation

P ¼ P r; eð Þ: (6:5:1)

More often it is convenient to introduce temperature T of the substance and
present the equation of state in the form

P ¼ P r;Tð Þ; e ¼ e r;Tð Þ: (6:5:2)

For example, the equation of state for an ideal gas is

P ¼ g� 1ð ÞCvrT; e ¼ CvT; (6:5:3)
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where g ¼ CP=CV is the adiabatic exponent of the gas, and CP and CV are the
specific heat at constant pressure and constant volume, respectively. As a rule,
both these values can be considered as constants for a perfect gas. Particularly
g ¼ 5=3 for a one-atomic gas and g ¼ 7=5 for a two-atomic gas. Since the Earth
atmosphere consists mostly of nitrogen and oxygen molecules, then for the air
one can also take g � 7=5.

Two Eqs. (6.5.3) can be combined into one that does not contain
temperature

e ¼ 1

g� 1

P

r
: (6:5:4)

Sometimes we do not need to use the complete set of the hydrodynamic
equations. For example, for certain flows it is possible to specify in advance
an unambiguous relation between pressure and density P ¼ P rð Þ. The most
typical examples are considered below.

Adiabatic Flow of an Ideal Gas The adiabatic flow takes place, when
exchange of internal energy between fluid (gas) elements due to the random
thermal motion of fluid particles is negligible. The approximation of negligible
thermal motion implies that viscosity, thermal conduction, diffusion, etc. are
zero. For the adiabatic approximation pressure is related to density as
P=rg ¼ const. The adiabatic approximation is applicable when we consider
sound waves.

Isothermal Flow The isothermal flow corresponds to the case when temperature
is constant everywhere, for example, when thermal conduction is very large.
The equation of state is P=r ¼ const.

Incompressible Fluids In many cases of the density of the gas flow may be
supposed invariable, i.e. constant throughout its motion. This is approxima-
tion of incompressible flow. The condition of incompressible flows is justified
when variations of density are much smaller than the density itself, i.e.
�r=r551. The equations of fluid dynamics are considerably simplified for
an incompressible fluid. The equation of continuity for constant density
becomes

r � u ¼ 0: (6:5:5)

The Euler equation is not much simplified if we put r ¼ constant, except that r
can be taken under the gradient operator:

@u

@t
þ u � rð Þu ¼ �r P

r

� �
þ g: (6:5:6)
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Since the density is no longer an unknown function, the equations in fluid
dynamics for an incompressible fluid can be taken to be equations involving the
velocity only. These may be the equation of continuity (6.5.5) and Eq. (6.3.15):

@

@t
r� uð Þ ¼ r� u�r� uð Þ: (6:5:7)

As a matter of fact, an incompressible flow may be a particular case of
adiabatic or isothermal flows.

Let us consider the conditions under which the fluid may be regarded as
incompressible. When the pressure changes adiabatically by �P the density
variation may be expressed through the pressure variation as

�r ¼ @P

@r

� ��1
ad

�P ¼ 1

a2s
�P; (6:5:8)

where as is the sound speed. Let us estimate the pressure variations �P using
the Euler equation. For characteristic length scale and velocity of the flow
being L and U, we have and rP / �P=L, i.e. �P / rU2. Substituting this
estimate in (6.5.8) we obtain �P / rU2 / �ra2s , i.e. condition of small density
variation is

�r
r
/ U2

a2s
551; U255a2s (6:5:9)

which means that condition for incompressible flow is that the fluid velocity is
small compared with that of sound speed, U255a2s .

In fact condition U255a2s is sufficient only for steady flow. In non-steady
flow, a further conditionmust be fulfilled. Let L and t be a length scale and time
over which the fluid velocity undergoes significant changes. Estimating in the
Euler equation terms du=dt / u=t and ð1=rÞrP / �P=rL, we find, in order of
magnitude, u=t � �P=Lr, or �P � Lur=t, and the corresponding change in
r then can be estimated as �r � Lur=a2s t. Comparing the terms @r=@t � �r=t
and rr � u � ru=L in the equation of continuity, we find that the derivative
@r=@t may be neglected if �r=t55ru=L, or

L=ast551: (6:5:10)

The condition (6.5.10) has an obvious meaning: the time L=as required for
sound to pass the distance L must be small compared with the time t during
which the flow changes appreciably, so that sound propagates through the flow
‘‘instantaneously’’.
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6.6 Hydrostatics

The simplest solutions of the hydrodynamic equations correspond to the case of

a fluid at rest. In this case u ¼ 0, all time derivatives are zero, @@t . . .ð Þ ¼ 0, and

the continuity equations of mass and energy conservation are satisfied
identically

@r
@t
þr � ruð Þ ¼ 0 ) 0 ¼ 0:

The Euler equation now expresses balance of the pressure force and the gravity
force on any fluid element, and describes themechanical equilibrium of the fluid

r
@u

@t
þ r u � rð Þu ¼ 0; ) rP ¼ rg; (6:6:1)

If there is no external force, the equation of equilibrium is simply rP ¼ 0, i.e.;
the pressure is the same at every point in the fluid.

If in addition the fluid (gas) can be regarded as incompressible, then the
Eq. (6.6.1) can be integrated immediately. For the z-axis directed upward, and
gravity acceleration, g ¼ 0; 0; �gð Þ the equation of hydrostatics becomes

@P

dx
¼ @P

dy
¼ 0;

dP

dz
¼ �rg; (6:6:2)

which expresses balance of the pressure force and the gravity force on any fluid
element, so that

P ¼ �rgzþ const: (6:6:3)

Constant is defined here from the boundary conditions. For example, if the
fluid at rest has a free surface at height z ¼ h, where an external pressure P ¼ P0,
then, P ¼ P0 þ rgðh� zÞ.

Let us find pressure distributions for the case of constant gravity acceleration
in the models of an adiabatic, isothermal and incompressible gas. Let the
pressure and the density at z ¼ 0 are P0 and r0. Substituting the relation
between pressure and density for an adiabatic gas, P ¼ P0 r=r0ð Þg,
T ¼ T0 r=r0ð Þg�1 into Eq. (6.6.2) we come to the differential equation

gP0
r
r0

� �g�1
d

dz

r
r0

� �
¼ �rg; or r

r0

� �g�2
d

dz

r
r0

� �
¼ � r0g

gP0
:

Integrating this equation, we obtain the density, pressure and temperature
distributions

6.6 Hydrostatics 123



r ¼ r0 1� g� 1

g
r0g
P0

z

� � 1
g�1

; P ¼ P0
r
r0

� �g

¼ P0 1� g� 1

g
r0g
P0

z

� � g
g�1

;

T ¼ T0 1� g� 1

g
r0g
P0

z

� �
:

It is seen that, the characteristic length scale of the adiabatic atmosphere is

L / P0

r0g
:

Assuming air to be an ideal gas with the adiabatic exponent g ¼ 7=5, we find the
air density, pressure and temperature changes with height. Taking the air

density, pressure and temperature at the surface of the Earth, r0 ¼ 1:3 kg=m3,

P0 ¼ 105 Pa, T0 ¼ 300K and the gravity acceleration, g ¼ 9:8m=s2, we obtain
the temperature decrease with height, dT=dz � �10�2 K=m. According to this

estimate at the top of Everest (z ¼ 8:7 km), the temperature is about�50� when
it is 40� at the sea level, and the level of snow at 0� in mountains starts at height

of about 3 km. By this reason snow is always at the peaks of highmountains, for

example, at Mont-Blanc, which is about 5 km. We see that the adiabatic

approximation is a quite a good model for the Earth atmosphere.

In the case of an isothermal gas P ¼ P0
r
r0
, and integrating the equation of

hydrostatics we find the distributions of density and pressure

r ¼ r0 exp �
r0g
P0

z

� �
P ¼ P0 exp �

r0g
P0

z

� �
:

For incompressible gas density is constant, r ¼ r0, and pressure changes as

P ¼ P0 � r0gz:

Let us consider equilibrium of a very large mass of gas like a star atmosphere,

which is kept by the gravitational forces. The Newtonian gravitational poten-

tial, f satisfies the equation

�f ¼ 4pGr; (6:6:4)

where G is the Newtonian constant of gravitation, the gravitational accelera-

tion is �rf, and the force acting on a mass r is �rrf. Then the condition of

equilibrium is

rP ¼ �rrf: (6:6:5)
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For large masses of a gas or liquid, the approximation of incompressibility
cannot be used, the density r cannot be supposed constant. Dividing both sides
(6.6.5) by r, taking the divergence of both sides, and using Eq. (6.6.4), we obtain

r 1

r
rP

� �
¼ �4pGr: (6:6:6)

It must be emphasized that the present discussion concerns only mechanical
equilibrium; Eq. (6.6.6) does not presuppose the existence of complete thermal
equilibrium. If the body is not rotating, its shape is spherical when in equili-
brium, and the density and pressure distributions will be spherically symme-
trical. In spherical polar coordinates then Eq. (6.6.6) takes the form

1

r2
d

dr

r2

r
dP

dr

� �
¼ �4pGr:

If fluid is not only in mechanical equilibrium but also in thermal equilibrium,
then the temperature is the same at every point. For constant temperature,
introducing the Gibbs free energy G per unit mass we have

dG ¼ �SdTþ VdP ¼ VdP ¼ 1

r
dP;

Since g ¼ �rf, the equation of equilibrium (6.6.1) takes the form

r� ¼ g: (6:6:7)

For a constant vector g directed along the negative z-axis we can write
g ¼ �rðgzÞ, and (6.6.7) becomes

�þ gz ¼ constant: (6:6:8)

This is condition for thermodynamic equilibrium of a system in an external
gravity field.

A simple consequence of Eq. (6.6.1) is that if a fluid is in mechanical
equilibrium in a gravitational field, the pressure can be function only of the
altitude z. Indeed, if the pressure were different at different points with the same
altitude, motion would result. From (6.6.1) it follows that the density is also a
function of z only, as well as the temperature is therefore a function of z only.
Thus, in mechanical equilibrium in a gravitational field, the pressure, density
and temperature distributions depend only on the altitude. If, for example, the
temperature is different at different points with the same altitude, then mechan-
ical equilibrium is not possible.
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6.7 A Stationary Flow. The Bernoulli Equation

The equations of fluid dynamics are much simplified in the case of steady flow

with the velocity being constant in time. This means that u is a function of the

coordinates only, so that @u=@t ¼ 0. We shall transform the Euler equation

@u

@t
þ u � rð Þu ¼ � 1

r
rPþ g

with the help of the vector formula

u � rð Þu ¼ 1

2
ru2 � u� r� u½ � ¼ 1

2
ru2 � u� w;

where we introduced the definition of a flow vorticity as

w ¼ r� u½ �: (6:7:1)

For an adiabatic flow, Eq. (6.3.14), obtained in Sect. 6.3 then reduces to

1

2
rðu2Þ � u�r� u ¼ �rðHþ �Þ; (6:7:2)

or, using definition (6.7.1), we can write this equation as

u� w ¼ r 1

2
u2 þHþ �

� �
: (6:7:3)

We now introduce the concept of streamlines, which are lines such that the

tangent to a streamline at any point gives the direction of the velocity at that

point. The streamlines show direction of the fluid velocity, so that a streamline

is a continuous line, the tangent of which at any point is in the direction of the

velocity at this point~t ¼ u=u. According to the definition, the streamlines are

determined by the system of differential equations:

dx

ux
¼ dy

uy
¼ dz

uz
: (6:7:4)

The definition of a streamline is illustrated in Fig. 6.3, which also gives a typical

sketch of the streamlines of a flow past a fixed cylinder. According to the

definition, two streamlines cannot intersect, otherwise at the point of intersec-

tion the velocity would be directed in two different ways simultaneously. The

only exception is the stagnation points of a flow, where the flow velocity is zero.

A single streamline shows only the velocity direction in a flow, but provides no

information about the velocity value. However, when several streamlines are

drawn, then the distance between the streamlines tells us about the velocity

value: the smaller the distance, the larger the velocity.
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If we choose a closed loop and draw all streamlines through all points of this
loop, then we get a stream-tube (Fig. 6.4).When we consider a flow in a real tube
then the tube plays the role of a stream tube too. The particle path showsmotion
of a fluid element in a flow.

In steady flow the streamlines do not vary with time, and coincide with the
paths of the fluid particles. In non-steady flow this coincidence no longer
occurs: the tangents to the streamlines give the directions of the velocities of
fluid particles at various points in space at a given instant, whereas the tangents
to the paths give the directions of the velocities of given fluid particles at various
times.

Equation (6.7.3) can be integrated along a streamline. To do this we form the
scalar product of Eq. (6.7.3) with the unit vector along a streamline w1 ¼ u=u,
which is tangent to the streamline at each point. The projection of the gradient
on any direction is the derivative in that direction, so that rH is @H=@r1. The
vector u� w is perpendicular to u, and its projection on the direction of~t ¼ u=u
is zero. Thus we obtain from (6.7.3)

@

@r1

u2

2
þHþ �

� �
¼ 0: (6:7:5)

It follows from this equation that expression in bracket is constant along a
streamline:

1

2
u2 þHþ � ¼ constant: (6:7:6)

Fig. 6.3 Streamlines of a
flow past a cylinder

Fig. 6.4 A stream tube
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Equation (6.7.6) is called the Bernoulli equation (D. Bernoulli, 1738). It is
important to note that the constant is different for different streamlines. The
Bernoulli integral expresses conservation of energy for a fluid element with
the first term of Eq. (6.7.6) representing kinetic energy, the second term corre-
sponding to internal energy and the last term describing potential energy of an
element in a gravitational field.

Let us take the direction of gravity as the z-axis, with z directed upwards.
Then the cosine of the angle between the directions of g and~t1 is equal to the
derivative dz=d~t1, so that the projection of g on~t1 is (�gdz=d~t1). Accordingly,
we now have

@

@r1

u2

2
þHþ gz

� �
¼ 0;

and the Bernoulli equation states that along a streamline

1

2
u2 þHþ gz ¼ constant: (6:7:7)

Consider examples illustrating application of the Bernoulli equation. Let us
calculate pressure at the stagnation point in a flow around an obstacle shown in
Fig. 6.5, where the fluid velocity u ¼ 0.

Far ahead of the obstacle the flow is uniform with the flow velocity U0 and
pressure P0, andwe suppose that influence of gravity is negligible. Let us assume
here that inner energy is constant so that H ¼ P=r and consider the Bernoulli
integral that starts at infinity and ends at the stagnation point S:

u2

2
þ P

r
þ � ¼ 1

2
U2

0 þ
P0

r
¼ Ps

r
¼ constant

Thus, pressure at the stagnation point exceeds pressure in the flow ahead of the
obstacle:

Fig. 6.5 A flow streamlines
ahead of a cylinder
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�P ¼ Ps � P0 ¼
1

2
rU2

0: (6:7:8)

A simple consequence of the Bernoulli integral is the lifting force acting on an

asymmetric airfoil in a channel, shown in Fig. 6.6. Far ahead of the airfoil the

flow is uniform with velocity U0 and pressure P0. Because of the asymmetric

shape of the airfoil the effective cross-section (1) above the airfoil decreases, the

fluid velocity increases in comparison with U0 and pressure decreases P15P0.
On the contrary, the cross-section (2) increases in the flow below the airfoil,

so that fluid velocity decreases and pressure increases in comparison with the

initial one P24P0. As a result pressure below the airfoil is larger than pressure

above it, and the resulting pressure force acts upwards.

6.8 The Conservation of Velocity Circulation

Let us consider a closed contour drawn in the fluid at some instant. We suppose

it to be a ‘‘fluid contour’’, i.e. composed of the fluid particles that lie on it. In the

course of time these particles move about, and the contour moves with them.

The integral

� �
I

u � dl; (6:8:1)

being calculated conventionally in the counter-clockwise direction taken along

some closed contour C, is called the velocity circulation.
Let us calculate the time derivative

d

dt

I
u � dl: (6:8:2)

We have written here the total derivative with respect to time, since we

are seeking the change in the circulation round a ‘‘fluid contour’’ as it moves

about, and not round a contour fixed in space. To avoid confusion, we shall

2

1

Fig. 6.6 Flow stream lines
for asymmetric airfoil
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temporarily denote differentiation with respect to the coordinates by the sym-
bol d, retaining the symbol d for differentiation with respect to time. Next, we
notice that an element dl of the length of the contour can be written as the
difference dr ¼ r2 � r1 between the position vectors r of the points at the ends of
the element. Thus we write the velocity circulation as

H
u � dr. In differentiating

this integral with respect to time, it must be kept in mind that not only the
velocity but also the shape of contour changes. Hence, on taking the time
differentiation under the integral, we must differentiate not only u but also dr:

d

dt

I
u � dr ¼

I
du

dt
� drþ

I
u � ddr

dt
: (6:8:3)

Since the velocity u is the time derivative of the position vector r, we have

u � ddr
dt
¼ u � ddr

dt
¼ u � du ¼ d

1

2
u2

� �
(6:8:4)

Thus, the second integral vanishes, since the integral of a total differential along
a closed contour is zero, and we obtain from (6.8.3):

d

dt

I
u � dr ¼

I
du

dt
� dr: (6:8:5)

Substituting for isentropic flow du=dt ¼ �rH (Eq. (6.3.12)) using the Stokes
formula, and taking into account that r� ðrHÞ � 0, we obtain:

I
du

dt
� dr ¼

I
r� du

dt

� �
� dS ¼

I
r�rHð Þ � dS ¼ 0: (6:8:6)

Thus, we found that:

d

dt

I
u � dl ¼ 0; (6:8:7)

or

I
u � dl ¼ constant: (6:8:8)

This is the Kelvin’s theorem (1869) or it is also known as the law of conservation
of circulation, which says that in an ideal fluid the velocity circulation round a
closed ‘‘fluid’’ contour is constant in time. It should be emphasized that this
result has been obtained by using the Euler equation in the form of Eq. (6.3.12),
and therefore involves the assumption that the flow is isentropic. The theorem
does not hold for flows, which are not isentropic.
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Applying Kelvin’s theorem to an infinitesimal closed contour dC and trans-
forming the integral according to Stokes’ theorem, we obtain

I
u � dl ¼

I
r� u � dS ffi dS � ðr � uÞ ¼ constant; (6:8:9)

where dS is a fluid surface element spanning the contour dC. The vector
w ¼ r� u is called the vorticity of the fluid flow at a given point. The constancy
of the product (6.8.9) can be intuitively interpreted as meaning that the vorticity
moves with the fluid.

Calculations above gives us the qualitative idea whether a flow goes with
rotation of fluid elements or not, with the corresponding characteristic of a flow
being vorticity, w ¼ r� u. Flows with non-zero circulation are called rota-
tional flows, and flows with zero circulation are called irrotational.

The circulation theorem holds also for adiabatic flows and remains valid if
fluid elements experience any other potential force as well. On the contrary, a
non-potential force like the Coriolis force, a viscous force, etc. breaks down the
conservation of circulation: these forces may produce circulation in an initially
irrotational flow. Viscous forces may also lead to dissipation of vorticity.

6.9 Potential Flow

There is an important consequence of the law of conservation of circulation. Let
us at first suppose that the flow is steady, and consider a streamline where
w ¼ r� u is zero at some point. We draw an arbitrary infinitely small closed
contour to encircle the streamline at that point. In the course of time, this
contour moves with the fluid, but always encircles the same streamline. Since
the product dS � ðr � uÞ must remain constant (Sect. 6.8), it follows that
w ¼ r� u must be zero at every point on the streamline. Thus we came to
the conclusion: if at any point on a streamline the vorticity is zero, the same is
true at all other points on that streamline. If the flow is not steady, the same
result holds, except that instead of a streamline we must consider the path
described in the course of time by some particular fluid particle. We recall
that in non-steady flow these paths do not in general coincide with the stream-
lines. A flow for which w ¼ r� u ¼ 0 in all space is called a potential flow or
irrotational flow, as opposed to rotational flow, in which the circulation of the
velocity is not everywhere zero.

To avoid misunderstanding, we may mention here that this result has no
meaning in turbulent flow. We may also remark that a non-zero vorticity may
occur on a streamline after the passage of a shock wave and a flame front. We
shall see that this is because the flow is no longer isentropic (see Sect. 6.10). Also
the proof given above that w ¼ r� u ¼ 0 all along a streamline is, strictly
speaking, invalid for a line which lies in the surface of a solid body past which
the flow takes place, since in the presence of this surface it is not possible to draw
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a closed contour in the fluid encircling such a streamline. A stationary flow

ahead and behind the body is shown in Fig. 6.7. The equations of motion of an

ideal fluid therefore admit solutions for which separation occurs at the surface

of the body: the streamlines, having followed the surface for some distance,

become separated from it at some point and continue into the fluid. The

resulting flow pattern is characterized by the presence of a ‘‘surface of tangential

discontinuity’’ proceeding from the body. On this surface the fluid velocity,

which is everywhere tangential to the surface, has a discontinuity. From math-

ematical point of view, the discontinuity in the tangential velocity corresponds

to a surface on which the circulation of the velocity is non-zero.
Any realistic fluid has a certain viscosity, even if the viscosity is small and has

practically no effect on themotion ofmost of the fluid, but, nomatter how small

it is, it will be important in a thin layer of fluid adjoining the body (boundary

layer). In the general case of flow past bodies will result in development of

turbulence.
An important case of potential flow occurs for small oscillations of a body

immersed in fluid. If the amplitude of the oscillations is small compared with the

linear dimension of the body (a55L), the flow past the body will be potential

flow. To show this, we estimate the order of magnitude of the various terms in

the Euler equation

@u

@t
þ u � rð Þu ¼ �rH: (6:9:1)

The velocity u changes markedly, by an amount of the same order as the

velocity U of the oscillating body, over a distance of the order of the dimension

L of the body. Hence the derivatives of u with respect to the coordinates are of

the order of U/L. The order of magnitude of u itself at fairly small distances

from the body is determined by the magnitude of U. Thus we have

u � rð Þu � U2=L. The derivative @u=@t is of the order of oU, where o / U=a
is the frequency of the oscillations, so that @u=@t / U2=a. It follows that the
term u � rð Þu / U2=L is small compared with @u=@t / U2=a and can be

neglected if a551, that so that the equation of motion of the fluid becomes

Fig. 6.7 Stream-lines of stationary flow ahead and behind the body
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@u

@t
¼ �rH: (6:9:2)

The fact that for small oscillations we can neglect by nonlinear term in the Euler
equationwill be used below, when wewill consider gravity and soundwaves and
problems of stability against small disturbances.

Applying the operation r�½ � of both sides of (6.9.2), we obtain

@

@t
r� u½ � ¼ 0; and, consequently; r� u½ � ¼ constant:

In oscillatory motion, however, the time average of the velocity is zero, and
therefore r� u½ � ¼ constant implies that r� u½ � ¼ 0. Thus, the motion of a
fluid executing small oscillations is potential flow to a first approximation.

We recall that the derivation of the law of conservation of circulation, and
therefore all its consequences, were based on the assumption that the flow is
isentropic. If the flow is not isentropic, the law does not hold, and therefore,
even if we have potential flow at some instant, the vorticity will in general be
non-zero at subsequent instants. Thus only isentropic flow can in fact be
potential flow. In rotational flow the velocity circulation is not in general
zero. In this case there may be closed streamlines, but it must be emphasized
that the presence of closed streamlines is not a necessary property of rotational
flow.

Like any vector field having zero circulation, r� u½ � ¼ 0, the velocity in
potential flow can be expressed as the gradient of some scalar function. This
scalar is called the velocity potential. Let us denote it by

u ¼ rf: (6:9:3)

Writing the Euler equation in the form (6.9.1), using formula from vector
analysis

u � rð Þu ¼ 1

2
ru2 � u� r� u½ �;

and substituting u ¼ rf, we obtain the following equation

@

@t
ðrfÞ þ r u2

2
þH

� �
¼ r @f

@t
þ u2

2
þH

� �
¼ 0: (6:9:4)

Integration of this equation gives

@f
@t
þ u2

2
þH ¼ fðtÞ; (6:9:5)

where f(t) is an arbitrary function of time. This equation is a first integral of the
equations of potential flow. The function f(t) in Eq. (6.9.5) can be put equal to
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zero without loss of generality, because the potential is not uniquely defined:
since the velocity is the space derivative off, we can add to � any function of the
time.

For steady flow, taking the potentialf to be independent of time: @f=@t ¼ 0,
we have, fðtÞ ¼ const and (6.9.5) becomes the Bernoulli equation for a station-
ary flow

u2

2
þH ¼ constant: (6:9:6)

It must be emphasized here that there is an important difference between the
Bernoulli equation for potential flow and that for other flows. In the general
case, the ‘‘constant’’ on the right-hand side is a constant along any given
streamline, but is different for different streamlines. In potential flow, however,
it is constant throughout the fluid. This enhances the importance of the
Bernoulli equation in the study of potential flow.

6.10 Linear Waves and Instabilities

Not every flow allowed by equations of fluid dynamics may exist in reality.
Some flow created with especially elaborated initial conditions, may be
destroyed by hydrodynamic instabilities. Therefore, one of the very important
subjects of fluid dynamics is investigation of stability of a solution against
infinitely small disturbances imposed on the solution. The basic idea of a stable
or unstable configuration may be understood considering a simple example of a
small ball at the top of a hill and at the bottom of a well (Fig. 6.8). In both cases
the balls are in equilibrium: the net forces acting on the balls are zero and they
can remain in their present positions forever. However, if we slightly shift the
balls, then the ball at the bottom will return to its previous position, while the

Fig. 6.8 The stable configuration of a ball in a well and the unstable configuration of a ball on
a hill

134 6 Introduction to Hydrodynamics of Ideal Fluids



ball at the top of the hill will leave its position going down. In the last case the
initial configuration will be destroyed completely.

Let us consider stability of a flow of an ideal incompressible fluid. Suppose
the velocity and pressure distributions, u ¼ u0 r; tð Þ, P ¼ P0 r; tð Þ, are solutions of
the fluid equations:

r � u0 ¼ 0; (6:10:1)

@u0
@t
þ u0 � rð Þu0 ¼ �

1

r
rP0 þ g: (6:10:2)

In order to investigate stability of the flow given by the solution u ¼ u0 r; tð Þ,
P ¼ P0 r; tð Þ we must study whether the flow being slightly disturbed will return
to its initial configuration, or small disturbances will grow, and the initial
configuration of the flow will be destroyed.

Let us assume that some small external disturbances perturb the initial flow
leading to new velocity and pressure distributions

u ¼ u0 þ ~u r; tð Þ; P ¼ P0 þ ~P r; tð Þ; (6:10:3)

where ~u and ~P are small perturbations, such that ~u55u0, ~P55P0. These new
velocities and pressure for the perturbed flow must also satisfy the equations of
fluid dynamics

r � u0 þ ~uð Þ ¼ 0; (6:10:4)

@

@t
u0 þ ~uð Þ þ u0 þ ~uð Þ � r½ � u0 þ ~uð Þ ¼ � 1

r
r P0 þ ~P
� �

þ g: (6:10:5)

Extracting Eqs. (6.10.1) and (6.10.2) for the initial flow out of Eqs. (6.10.4) and
(6.10.5) we come to the set of equations for small perturbations ~u and ~P

r � ~u ¼ 0; (6:10:6)

@~u

@t
þ u0 � rð Þ~uþ ~u � rð Þu0 þ ~u � rð Þ~u ¼ � 1

r
r~P; (6:10:7)

where the coordinate and time dependence of the unperturbed flow, u ¼ u0 r; tð Þ
and P ¼ P0 r; tð Þ is supposed to be known.

The nonlinear term ~u � rð Þ~u is of the second order and it is small in compar-
ison with the linear term u0 � rð Þ~u, which of the first order in ~u. Therefore,
neglecting by ~u � rð Þ~u we obtain the linearized equation of momentum transfer
in an incompressible ideal fluid
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@~u

@t
þ u0 � rð Þ~uþ ~u � rð Þu0 ¼ �

1

r
r~P: (6:10:8)

Stability analysis implies investigation of perturbation dynamics on the basis

of the linearized Eqs. (6.10.6) and (6.10.8). If solution of these equations is

found, and the time dependence of small perturbations ~u ¼ ~u r; tð Þ shows that
amplitude grows with no limit, then we can say that the initial flow u ¼ u0 r; tð Þ,
P ¼ P0 r; tð Þ is unstable. If the perturbation amplitude decreases with time, then

the initial flow is stable.
In the case of stationary unperturbed flows, when velocity and pressure,

u ¼ u0 rð Þ, P ¼ P0 rð Þ, are time independent, the time dependence of perturba-

tions takes the form

~u r; tð Þ ¼ ~u rð Þ exp �iOtð Þ; (6:10:9)

whereO is some complex number. Now, the unperturbed flow is unstable, if the

imaginary part of the frequency is positive s ¼ ImO40, while in the opposite

case of a negative imaginary part ImO50 the initial flow is stable. At the same

time the real part of O may be zero or non-zero. The imaginary part of O
is called the instability growth rate, while the real part is called frequency. If

the flow is unstable then the amplitude of small perturbations grows

exponentially

~u r; tð Þ ¼ ~u rð Þ exp st� iotð Þ ¼ ~u rð Þ exp stð Þ cos otð Þ � i sin otð Þ½ � (6:10:10)

Since stability problems are linear, it is often convenient to work with complex

functions exp �iotð Þ ¼ cos otð Þ � i sin otð Þ. If the instability growth rate is zero

s ¼ 0, while the frequency is non-zero o ¼ Re� 6¼ 0, then the perturbation

amplitude oscillates in time

~u r; tð Þ ¼ ~u rð Þ exp �iotð Þ ¼ ~u rð Þ cos otð Þ � i sin otð Þ½ �: (6:10:11)

In case of uniform unperturbed fluid a solution for small perturbations takes

the form

~u r; tð Þ ¼ ~u exp ik � r� iotð Þ: (6:10:12)

In this case the solution represents linear waves propagating in a fluid, with k

being the wave number inversely proportional to the perturbation wavelength

k ¼ 2p=l. Another important value that specifies propagation of waves is the

phase velocity Up ¼ o=k, which is the propagation velocity of harmonic wave

with a frequency o and a wave number k. In the next sections we will consider

several examples of linear waves and instabilities: gravitational waves on the

liquid surface, the Rayleigh-Taylor instability and sound waves.
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6.11 The Gravity Waves

The free surface of a liquid in equilibrium in a gravitational field is a plane
surface. If, under the action of some external perturbation, the surface is moved
from its equilibrium position at some point, motion will occur in the liquid. This
motion will propagate over the whole surface in the form of waves, which are
called gravity waves, since they are due to the action of the gravitational field.
Suppose that some external force has created a hump on the fluid surface.
Pressure below the hump is larger than the ambient pressure, which makes
the fluid flow out of the hump. As a result the hump goes down and overshoots
the stationary planar level because of inertia creating a well on the fluid surface
with reduced pressure below the well. The fluid is pushed towards the well until
a hump is created once more by inertia: the fluid level oscillates. Interaction of
neighboring fluid elements makes these oscillations propagate in a form of a
wave. Gravity waves, which appear on the surface of the liquid also affect the
interior, but as less as greater depths.

We shall here consider gravity waves in which the velocity of themoving fluid
is so small that wemay neglect the term ðu � rÞu in comparison with du=dt in the
Euler equation. The physical meaning of this is easily seen. During a time
interval of the order of the period T of the oscillations of the fluid particles in
the wave, these particles travel a distance of the order of the amplitude a of the
wave. Their velocity u is therefore of the order of a/T. It varies noticeably over
time intervals of the order of T and distances of the order of the wavelength l in
the direction of propagation. Hence the time derivative of the velocity is of the
order of u/T, and the space derivatives are of the order of u=l. Thus,
@u=@t � u=T; u � a=T; r � 1=l, and the condition ðu � rÞu55@u=@t is
equivalent to

1

l
a

T

� 	2
55

a

T2
; ) a55l; (6:11:1)

i.e. the amplitude of the oscillations in the wave must be small compared with
the wavelength.

Thus, the term ðu � rÞu in the equation of motion may be neglected, as we
have seen the motion of a fluid executing small oscillations is potential flow. Let
us take the z-axis directed upward and the xy-plane (plane z ¼ 0) is the equili-
brium surface of the liquid. Assuming the fluid incompressible, we can therefore
use Eq. (6.9.6), which with account gravity potential and the velocity potential
u ¼ rf takes the form:

@f
@t
þ 1

2
rfð Þ2þP

r
þ gz ¼ fðtÞ; (6:11:2)

The term u2=2 ¼ ðrfÞ2=2 in the Eq. (6.11.2) may be neglected, since it contains
the square of the velocity. We have seen also in Sect. 6.9 that the function fðtÞ in
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the Eq. (6.11.2) can be put equal to zero, because the potential is defined with an
arbitrary additive constant. Thus, we obtain from (6.11.2)

P ¼ �r @f
@t
� rgz: (6:11:3)

According to what was said in Sect. 6.9, there is no vorticity in the fluid under
consideration and small deviations of the fluid surface from the initial level
produce no vorticity either. Therefore, the perturbed motion is potential, and
using continuity equation r � u ¼ 0 we obtain equation for the velocity
potential

r � u ¼ r � ðrfÞ ¼ r2f ¼ �f ¼ 0: (6:11:4)

The Laplace Eq. (6.11.4) must be supplemented by boundary conditions on
the free surface and at the bottom of the fluid. The boundary conditions on the
free surface are the continuity condition related to the mass conservation and
the condition of pressure balance. In the unperturbed state we suppose that the
fluid is at rest, u ¼ 0, and the pressure balance follows from the Bernoulli
equation P0 þ rgz ¼ const ¼ Patm.

Let us denote by & the z coordinate of a point on the surface. z is a function of
x,y and t. In equilibrium zðx; y; tÞ ¼ 0 so that z gives the vertical displacement of
the surface in its oscillations (see Fig. 6.9). Let a constant external (atmosphere)
pressure P0 acts on the surface. Then at the surface the Eq. (6.11.3) gives

P0 ¼ �r
@f
@t
� rgzðx; yÞ: (6:11:5)

The constant P0, can be eliminated by redefining the potential f, adding to it
a quantity P0t=r, independent of the coordinates. We then obtain the condition
at the surface in the form

@f
@t

� �
z¼z
þ gzðx; yÞ ¼ 0: (6:11:6)

We can come to the same condition (6.11.6) considering the pressure balance
at the free surface of the liquid. Let us consider forces acting on a surface element

λ

g

x

–L

0

z = ζ(x,y)

Fig. 6.9 The linear
(gravitational) waves
on a liquid surface
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of a small mass dm ¼ rdSd1. These are the pressure acting on the upper surface

dFout ¼ P0dS, the force acting at the lower surface of the element dFin ¼ PindS
and the gravity, gdm (Fig. 6.10). According to the Newton law we have

rdSd1
du

dt
¼ P0 � Pinð ÞndSþ grdSd1:

For the infinitely small width of the element, d1! 0, we obtain the condition of

pressure balance, P0 ¼ Pin. Since pressure of the gas above the fluid interface is
not perturbed the condition of the pressure balance is equivalent to the condi-
tion of zero perturbed pressure just below the fluid surface.

According to the continuity condition, the fluid particles at the surface

moves together with the fluid, that is the normal velocity of the fluid close to
the surface must be equal to the normal velocity of the surface element,

usurface ¼ ðn � uÞz¼zðx;yÞ, where the vector normal to the surface has the
components

n ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ rzð Þ2

q ;� rzffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ rzð Þ2

q
0
B@

1
CA:

In the simplest case of a planar fluid surface oscillating up and down the
continuity boundary condition is simply uz ¼ @z=@t. In the case of small ampli-

tude linear gravitational waves the continuity condition has the same form in
spite of ripples on the water surface. Indeed, both terms in the left and the right

sides in (6.11.6) are of the first order, and account of non-zero curvature of the
fluid surface will bring nonlinear terms, which are of the second order in

a=l551. Indeed, for the normal component of velocity of a fluid particle
close to the surface we have with accuracy of the first order terms

Fig. 6.10 The pressure balance at the free surface
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un ¼ n � ujz¼zðnzuz þ nxuxÞ ¼
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ @z=@xð Þ2
q uzjz¼z�

@z
@x

uxjz¼z
� �

� uzjz¼z:

That is, since the amplitude of the wave oscillations is small, the displacement

z is small, and we can suppose, to the same degree of approximation, that the

vertical component of the velocity of points on the surface is simply the time

derivative of z. Writing z-component of velocity with the help of velocity

potential we come to the continuity condition

un ¼ uzjz¼z¼
@z
@t
¼ @f

@z

� �
z¼z
: (6:11:7)

Taking time derivative of (6.11.6) and substituting (6.11.7) we obtain

@f
@z
þ 1

g

@2f
@t2

� �
z¼0
¼ 0: (6:11:8)

Two Eqs. (6.11.4) and (6.11.8) completely specify the problem for gravitational

waves of small amplitudes at the surface, if depth is large compared to the

wavelength of the waves. If bottom is not too far, the equations must be

complemented by boundary conditions at the bottom, which is condition that

normal component of the velocity vanishes at the bottom, i.e. uz ¼ @f=@z ¼ 0

at z ¼ �h.
Let us consider waves on the surface of a liquid whose area is unlimited,

propagating along the x-axis and uniform in the y-direction, and suppose the

wavelength is small in comparison with the depth of the liquid, which means

that we shall consider the liquid as infinitely deep. In such a wave, all quantities

are independent of y. We shall seek a solution, which is a simple periodic

function of time and of the coordinate x, i.e. the velocity potential is

f z; x; tð Þ ¼ f zð Þc x; tð Þ ¼ f zð Þ cosðkx� otÞ; (6:11:9)

where o ¼ 2p=T is the circular frequency (or simply the frequency) of the wave,

and k ¼ 2p=l is the wave number with l being the wavelength.
Then, substituting (6.11.9) in (6.11.4), we obtain

r2f ¼ �f ¼ d2f

dz2
� k2f

� �
cosðkx� otÞ ¼ 0: (6:11:10)

The general solution to Eq. (6.11.10) is

f x; z; tð Þ ¼ A1 exp kzð Þ þA2 exp �kzð Þ½ � cosðkx� otÞ; (6:11:11)
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where A1 and A2 are constants depending on boundary conditions. The solu-
tion, which is limited as z! �1, i.e. into interior of the liquid, is

f x; z; tð Þ ¼ A1e
kz cosðkx� otÞ: (6:11:12)

Substituting this solution into the boundary condition on the free surface
(6.11.8), we obtain equation, which gives the relation between the wave number
and the frequency of a gravity wave – dispersion relation:

@f
@z
þ 1

g

@2f
@t2

� �
z¼0
¼ k� o2

g

� �
A1 cosðkx� otÞ ¼ 0: (6:11:13)

Thus, the dispersion relation for the gravitational waves is

o2 ¼ kg: (6:11:14)

The problem can be generalized for the case of gravity waves separating two
liquids, the upper liquid being unbounded from above, and the lower liquid
being unbounded below, with the density of the lower liquid r and of the upper
liquid r0, with r4r0. In this case the dispersion relation is

o2 ¼ r� r0

rþ r0
kg; (6:11:15)

which is obviously transformed in (6.11.14) when r0 ! 0.
Let us consider also the velocity distribution in the moving liquid. Taking the

space derivatives of f, given by (6.11.12), we have

ux ¼ @f=@x ¼ �A1ke
kz sinðkx� otÞ;

uz ¼ @f=@z ¼ A1ke
kz cosðkx� otÞ:

(6:11:16)

We see that at any given point in space (i.e. for given x, z) the velocity vector
rotates uniformly in the x,z-plane, with its magnitude remaining constant, and
the velocity diminishes exponentially as we go deeper into the liquid. The fluid
particles move along circles with the radius, which diminishes exponentially
with increasing depth.

6.12 The Rayleigh-Taylor Instability

In the previous section we considered the gravity waves at the interface between
two fluids of different density, when the fluid of higher density is below,
while the fluid of less density is above. Particular case of such configuration is
the gravity waves at the surface of water, when the density of air is negligible
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compared with the density of water, r055r, so that we can put r0 ¼ 0. What

happens if the lower density fluid supports from below the heavy fluid in a

gravitational field? This configuration corresponds to many physical problems,

in particular, related to problem of energy cumulating. For example, this is the

configuration of a matter accelerated by high temperature gases from strong

explosion. Similar problem is the plasma compressed or confined by the pres-

sure of magnetic field. In the last case the magnetic field can be viewed as

massless fluid.
Obviously the interface between two fluids cannot be ideally planar; there are

always infinitely small disturbances at the surface z ¼ z x; y; tð Þ arising due to a

noise. Let us consider development of small perturbations in the case of a semi-

infinite fluid of density r supported by a low-density gas, which density is

negligibly small. From the mathematical point of view the problem is almost

identical to the problem of gravity waves with the only exception that the

gravity acceleration now directed not from the light to the heavy fluid as on

Fig. 6.9, but in the opposite direction. This means that we can use formulas

derived in previous section, but must change the sign of gravity acceleration in

all formulas. In particular, we obtain formula the dispersion relation

o2 ¼ �gk; (6:12:1)

which means that frequency is pure imaginary: o ¼ 
i
ffiffiffiffiffiffi
gk
p

, and the amplitude

of small oscillations, z x; y; tð Þ ¼ Aexp ikx� iotð Þ, growth exponentially fast the
positive imaginary o as exp

ffiffiffiffiffiffi
gk
p

t
� �

. This instability of the interface surface

separating two liquids of different densities is called the Rayleigh-Taylor

instability; its growth rate is

s ¼ io ¼
ffiffiffiffiffiffi
gk

p
: (6:12:2)

The Rayleigh-Taylor instability always develops when a heavy liquid is

supported in a gravitational field by a lower density liquid, or if a heavy liquid

is accelerated by a liquid of smaller density. In general, the condition of the

instability is

g � rr50: (6:12:3)

In usual life we can see manifestation of the Rayleigh-Taylor instability when

we turn over the glass of water. The water flows out of the glass even though the

atmospheric pressure is more than enough for keeping the water in the glass.

This is manifestation of the Rayleigh-Taylor instability that makes the water

surface unstable and very fast results in a water jet flowing from the glass. Of

course, the final result – water jet flowing from the glass is the nonlinear stage of

the instability. It is well know that if we put a sheet of paper attached to the glass

of water, and then carefully turn over the glass, the paper remains attached to
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the glass and water will not flow out. The role of the paper is that it damps small
initial perturbations on the water surface and stops the instability.

So far we considered perturbations of small amplitude. With the growth of
the perturbation’s amplitude, when perturbation amplitudes become larger and
the condition of linearity breaks down, the problem becomes nonlinear. The
nonlinear effects as well as other physical effects that are not taken into con-
sideration in scope of ideal fluid approximation, limit the growth of the initial
disturbances. Also there are different factors, which may limit from below the
growth of short wavelength perturbations. For example, this is the surface
tension; another factors are dissipations, surface curvature, etc. Interesting
example of the Rayleigh-Taylor instability is the gas bubbles rising to the
water surface. It is evident from what was said above, that the gas layer or a
large bubble under the water surface is unstable.Manifestation of the instability
in this case is a gas bubble rising to the water surface. Of course, the instability in
that case is complicated by influence of the surface tension and the surface
curvature. However, using dimensional considerations we can obtain a simple
estimate for the velocity of the rising bubble. From the parameters of the
problem: the gravity acceleration g, the density of the fluid r (we assume that
the density of the gas is negligible compared to the fluid density and put it equal
to zero) and the bubble radius, we can form only one combination of the
velocity dimension: Ububble /

ffiffiffiffiffiffiffi
gR
p

. This means that as larger the bubble is, as
the faster it flows up to the surface. Though, the obtained estimate for the
bubble velocity agrees with experimental observations, its application is limited:
bubbles of very large radius are broken into bubbles of smaller radius, while
bubble of very small radius will collapse due to the surface tension faster than it
flows up.

6.13 Sound Waves

We proceed now to the study oscillatory motion with small amplitude in a
compressible fluid. Such a small amplitude oscillatory motion is called sound
waves. When propagating in a gas or fluid, a sound wave causes alternate
compression and rarefaction at each point in the fluid. Since the oscillations
are supposed to be small, the characteristic velocity of the fluid particles is small
also. The relative changes in the fluid density and pressure are supposed to be
small also. We write the variables for pressure, P and density r in the form

P ¼ P0 þ P0; r ¼ r0 þ r0 (6:13:1)

where P0 and r0 are the constant equilibrium pressure and density, and P0 and r0

are their small variations in the sound wave (P055P0, and r055r0).
Substituting r ¼ r0 þ r0 in the equation of continuity and neglecting small

quantities of the second order (we consider P0, r0and u being small quantities of
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the first order; we shall verify from the obtained solution that u is indeed small
quantity of the same order as P0, r0), we obtain

@r0

@t
þ r0r � u ¼ 0: (6:13:2)

The term ðu � rÞu in Euler equation may be neglected since it is of the second
order. Substituting expressions for pressure and density in the form (6.13.1) and
neglecting small quantities of the second order, we obtain in the same first order
approximation

@u

@t
þ 1

r0
rP0 ¼ 0: (6:13:3)

The condition that the linearized Eqs. (6.13.2) and (6.13.3) should be applic-
able to the propagation of sound waves is that the velocity of the fluid particles
in the wave should be small compared with the velocity of sound: u55as.
Below we shall see that this condition can be obtained, for example, from the
requirement that r055r0.

Equations (6.13.2) and (6.13.3) contain the unknown u; P0; r0. To eliminate
one of them we notice that a sound wave in an ideal fluid is adiabatic, like any
other motion in an ideal fluid. Hence the small change P0 in the pressure is
related to the small change r0 in the density by

P0 ¼ @P

@r0

� �
s

r0 ¼ a2sr
0 (6:13:4)

where as ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð@P=@rÞs

p
is the sound velocity.

Substituting for r0 according to this equation in the linearized Eq. (6.13.2),
we find

@P0

@t
þ r0

@P

@r0

� �
s

r � u ¼ @P
0

@t
þ r0a

2
sr � u ¼ 0: (6:13:5)

The two Eqs. (6.13.3) and (6.13.5) for contain u and P0 giving a complete
description of the sound wave.

As it was discussed above, the flow with small oscillations is potential. In
order to express all the unknowns in terms of one of them, it is convenient to
introduce the velocity potential by putting u ¼ rf. Then, Eq. (6.13.3) can be
written as

@

@t
ðrfÞ þ 1

r0
rP0 ¼ 0; or r @f

@t
þ 1

r0
P0

� �
¼ 0: (6:13:6)

From the last equation we have
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P0 ¼ �r0
@f
@t
; (6:13:7)

where we omit constant integrating Eq. (6.13.6) since the velocity potential can

be taken with arbitrary additive function f0, such that rf0 ¼ 0.
Substituting P0 from (6.13.7) and u ¼ rf in the Eq. (6.13.5) we obtain

@2f
@t2
� a2s�f ¼ 0: (6:13:8)

Applying the gradient operator to (6.13.8), we find that each of the three
components of the velocity u satisfies the equation having the same form.

Also differentiating (6.13.8) with respect to time we see that the pressure P0

and therefore r0 also satisfies the equation having the same form, which is a

wave equation.
For a plane wave propagating along only one coordinate (x) and when and

the flow is completely homogeneous in the yz-plane, the wave Eq. (6.13.8)

becomes

@2f
@t2
� a2s

@2f
@x2
¼ 0: (6:13:9)

Solution of this equation can be obtained replacing independed variables x

and t by the new variables � ¼ x� ast and Z ¼ xþ ast. In these variables

(6.13.9) becomes

@2f
@x@Z

¼ 0; (6:13:10)

which is easily integrated

f ¼ F1ðx� astÞ þ F2ðxþ astÞ; (6:13:11)

where F1 and F2 are arbitrary functions of their arguments.
To be definite, we shall take the density as r0 ¼ F1ðx� astÞ þ F2ðxþ astÞ.

Let, for example, F2=0, so that r0 ¼ F1ðx� astÞ. The meaning of this solution

is evident. In any plane x=constant the density varies with time, and at any
given time it is different for different x, but it is the same for coordinates and

times such that x� ast ¼ constant, or for coordinates x ¼ constantþ ast. This

means that, if at some instant and at some point the fluid density has a certain

value, then after a time t the same value of the density is found at a distance ast

along the x-axis from the original point. The same is true of all the other
quantities in the wave. Thus the pattern of motion is propagated through the

medium in the x-direction with a velocity as, which is called the velocity of
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sound. The functional dependence of the type F ¼ F1ðx� astÞ represents what
is called a traveling plane wave propagating in the positive direction of the
x-axis. It is evident that another function F ¼ F2ðxþ astÞ represents a traveling
plane wave propagating in the opposite direction.

Of the three components of the velocity u ¼ rf in a plane wave, only
ux ¼ @f=@x is not zero. Thus the fluid velocity in a sound wave is in the

direction of the wave propagation, therefore, sound waves in a fluid are
longitudinal.

In a travelling plane wave, the velocity ux � u is related to the pressure P0

and the density r0 in a simple manner. Putting f ¼ Fðx� astÞ, we find
u ¼ @f=@x ¼ F0ðx� astÞ and P0 ¼ �r0@f=@t ¼ r0asF

0ðx� astÞ ¼ r0asu,
where F0 means a derivative of function F. Thus, we find

u ¼ P0=ras: (6:13:12)

Substituting in (6.13.12) expression for P0 from (6.13.6) P0 ¼ a2sr
0, we find the

relation between the velocity and the density variation in the sound wave:

u ¼ asr0=r; (6:13:13)

which confirm the condition made at the beginning that P0, r0and u are small
quantities of the same first order.

Let us calculate the velocity of sound in an ideal gas. The equation of state

for ideal gas is PV ¼ P

r
¼ RT=m, where R is the universal gas constant and m is

the molecular weight. Substituting expression for pressure from the equation of

state in the formula for sound velocity, as ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð@P=@rÞs

p
, and taking into

account that the adiabatic compressibility is related to isothermal compressi-

bility by the following thermodynamic formula

@P

@r

� �
S

¼ cP
cV

@P

@r

� �
T

¼ g
@P

@r

� �
T

; (6:13:14)

where g ¼ cP=cV is adiabatic constant, we obtain for the velocity of sound in

ideal gas

as ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
gRT=m

p
: (6:13:15)

Since adiabatic constant usually depends only slightly on the temperature, the

velocity of sound in the gas may be supposed proportional to the square root of
the temperature, and for a given temperature it does not depend on the pressure.
It should be noticed that the velocity of sound in the gas is of the same order as
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the mean thermal velocity of molecules in the gas; the magnitude of the

adiabatic constant is g ¼ 5=3 and 7/5 for mono-atomic and two-atomic gases,

respectively.
In an important case of monochromatic waves all quantities are harmonic

functions of the time. Importance of the monochromatic waves is due to any

wave can be represented as a sum of superposed monochromatic plane waves

with various wave vectors and frequencies. This decomposition of a wave into

monochromatic waves is simply an expansion as a Fourier series or integral,

which is called also spectral resolution. It is convenient to write such functions

as the real part of a complex quantity. For example, we put for the velocity

potential

f ¼ Re f0ðx; y; zÞ � e�iot
� �

; (6:13:16)

where o ¼ 2p=T is the frequency of the wave, and here T is period.
Then the function f0ðx; y; zÞ satisfies the equation

�f0 þ
o2

a2s
f0 ¼ 0: (6:13:17)

Let us consider a monochromatic traveling plane wave, propagating in the

positive direction of the x-axis, so that all quantities are functions of argument

ðx� astÞ only, and the potential of the form (6.13.16) obtained by solving the

Eq. (6.13.17) is

f ¼ Re A exp �io t� x=asð Þ½ �f g; (6:13:18)

where A is the complex amplitude.
Writing this as A ¼ aeia with real constants a and a, we obtain the solution

with a being amplitude of the wave, and a being the phase:

f ¼ a cosðox=as � otþ aÞ: (6:13:19)

Let us denote by n a unit vector in the direction of wave propagation. The

vector

k ¼ o
as
n ¼ 2p

l
n (6:13:20)

is called the wave vector, and its magnitude k ¼ kj j the wave number; here l
is the wavelength. In terms of the wave number the expression (6.13.18) can be

written as

f ¼ Re A exp �iðot� krÞ½ �f g: (6:13:21)
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6.14 One-Dimensional Traveling Waves

In the previous section discussing sound waves, we assumed that the amplitude
of oscillations is small, so that the equations of motion were linear. A particular
solution of these equations was a plane wave, that is any function of ðx
 astÞ,
corresponding to a traveling wave whose distribution of density, velocity, etc.,
along the direction of propagation, moves with velocity as, remaining
unchanged. Since u, r and P in such a wave are functions of the same quantity
ðx
 astÞ, they can be expressed as functions of one another, in which the
coordinates and time do not explicitly appear, P ¼ PðrÞ, so on.

When the wave amplitude is not small, these simple relations do not hold.
However, a general solution of the exact equations of motion can be obtained in
the form of a traveling plane wave, which is a generalization of the solution
Fðx
 astÞ of the approximate equations valid for small amplitudes. In the
absence of shock waves the flow is adiabatic. If the gas is homogeneous at
some initial instant, then its entropy is constant at all times. The pressure is thus
a function of the density only P ¼ PðrÞ, and we assume also that the velocity
can be expressed as a function of the density u ¼ uðrÞ.

In a plane wave, propagating in the x-direction, all quantities depend on x
and t only, the velocity is ux ¼ u, uy ¼ uz ¼ 0. So that the continuity and the
Euler equations are

@r
@t
þ @ðruÞ

@x
¼ 0; (6:14:1)

@u

@t
þ u

@u

@x
þ 1

r
@P

@x
¼ 0: (6:14:2)

Using the fact that u is a function of r or P only, we can write these equations as

@r
@t
þ dðruÞ

dr
@r
@x
¼ 0; (6:14:3)

@u

@t
þ uþ 1

r
@P

@u

� �
@u

@x
¼ 0: (6:14:4)

From the relation: dr ¼ ð@r=@tÞdtþ ð@r=@xÞdx follows that

ð@r=@tÞ
ð@r=@xÞ ¼ �

@x

@t

� �
r
: (6:14:5)

Then, using the relation (6.14.5), we obtain from (6.14.3)

@x

@t

� �
r
¼ � ð@r=@tÞð@r=@xÞ ¼

dðruÞ
dr

¼ uþ r
du

dr
; (6:14:6)
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and from (6.14.4) follows

@x

@t

� �
u

¼ � ð@u=@tÞð@u=@xÞ ¼ uþ 1

r
dP

du
: (6:14:7)

Since the value of r uniquely determines that of u, the derivatives for constant r
and constant u are the same, i.e. @x=@tð Þu¼ @x=@tð Þr, so that from (6.14.6) and
(6.14.7) we obtain

r
du

dr
¼ 1

r
dP

du
¼ 1

r
dP

dr
dr
du
¼ 1

r
a2s

dr
du
: (6:14:8)

From (6.14.8) follows

du

dr
¼ 
 as

r
; u ¼ 


ð
as
r
dr ¼


ð
1

asr
dP: (6:14:9)

The Eq. (6.14.9) gives the general relation between the velocity and the density
or pressure in the wave. In a wave of small amplitude, when r ¼ r0 þ r0, and
r055r0, (6.14.9) gives in the first approximation u ¼ as0r0=r0, i.e. the usual
formula for sound wave (Sect. 6.13). Combining (6.14.9) and (6.14.7) we
obtain

@x

@t

� �
u

¼ uþ 1

r
dP

du
¼ uþ 1

r
@P

@r
@r
@u
¼ uþ 1

r
a2s 


r
as

� �
¼ u
 asðuÞ;

which is integrated and gives

x ¼ u
 asðuÞ½ � � tþ fðuÞ; (6:14:10)

where f(u) is an arbitrary function of the velocity, and asðuÞis given by (6.14.9).
This general solution was first obtained by B. Riemann (1880). It determines

the velocity (and therefore all other quantities) as an implicit function of x and t,
i.e. the wave profile at every instant. According to (6.14.10) the point where the
velocity has a given valuemoves with constant velocity, whichmeans that in this
sense, the solution obtained is a traveling wave. The two signs in (6.14.10)
correspond to waves propagating in the positive or negative x-directions rela-
tive to the gas. The flow described by the solution (6.14.9) and (6.14.10) is called
a simple wave.

Let us write out the relations for a simple wave explicitly for an ideal gas. We
recall that for adiabatic process, rT1=ð1�gÞ ¼ constant. Since sound velocity is
proportional to

ffiffiffiffi
T
p

, we have P=rg ¼ const and r ¼ r0 as=as0ð Þ2=ðg�1Þ. Substitut-
ing this in (6.14.9) we obtain
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u ¼ 
 2

g� 1

ð
das ¼


2

g� 1
ðas � as0Þ: (6:14:11)

Integration constant in (6.14.11) corresponds to as ¼ as0 at the point in the
wave for which u ¼ 0. Correspondingly, using (6.14.11), we can write down

as ¼ as0 

g� 1

2
u; (6:14:12)

r ¼ r0 1
 g� 1

2

u

as0

� �2=ðg�1Þ
; (6:14:13)

P ¼ P0 1
 g� 1

2

u

as0

� �2g=ðg�1Þ
: (6:14:14)

Since as40, we conclude that u � 2
g�1 as0. It is convenient to present (6.14.10) in

the form

u ¼ F x� gþ 1

2
u
 as0

� �
� t

� �
; (6:14:15)

where F is another arbitrary function.
It is seen from (6.14.12) that the velocity in a direction opposite to that of the

propagation of the wave (relative to the gas itself) is of limited magnitude. For a
wave propagating in the positive x-direction we have

� u � 2as0
g� 1

: (6:14:16)

A simple wave described by formulae (6.14.12), (6.14.13), and (6.14.14) is
essentially different from the limiting case of waves of small amplitude. The
velocity of a point in the wave profile is

U ¼ u
 as: (6:14:17)

It may be viewed as a superposition of the propagation of a disturbance relative
to the gas with the velocity of sound and the movement of the gas itself with
velocity u. The velocity u is now a function of the density, and therefore is
different for different points in the profile. Thus, in the general case of a plane
wave with arbitrary amplitude, there is no definite constant ‘‘wave velocity’’.
Since the velocities of different points in the wave profile are different, the
profile changes its shape in the course of time.
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Let us consider a wave propagating in the positive x-direction, for which
U ¼ uþ as. The derivative of uþ as with respect to the density is

dðuþ asÞ
dr

¼ as
r
þ das

dr
¼ 1

r
dðrasÞ
dr

¼ a2s
r
dðrasÞ
dP

¼ r2a5s
2

@2V

@P2

� �
s

40; (6:14:18)

where we used formula (6.14.9): du=dr ¼ as=r.
Let’s take x-derivative of general solution (6.14.10) with sign plus, we obtain

t
dðuþ asÞ

dr
@r
@x
¼ 1: (6:14:19)

From (6.14.18) steams that for t40 also @r=@x40, and it is easy to see that also
@P=@x40 and @u=@x40. However, for full time derivative we have, using
continuous equation

dr
dt
¼ @r
@t
þ u

@r
@x
¼ �r @u

@x
;

which means that dr=dt50 and dP=dt50, and also du=dt50.
This means that density and pressure are decreasing in every fluid elements of

fluid in course of its move in space accompanying by rarefaction. Such motion
is called rarefaction wave. In the form x=t ¼ uþ as the solution (6.14.10)
represents the rarefaction wave, which moves with velocity x=t relative to the
laboratory system, and the head of the rarefaction wave moves with the local
sound velocity x=t� u ¼ as relative to the gas.

Contrary to the rarefaction wave for a wave propagating in the negative
x-direction the velocity of propagation of a given point in the wave profile
increases with the density. If as0 is the velocity of sound for the equilibrium
density r0, then in compressed region, r4r0 and as4as0, while in rarefactions
r5r0 and as5as0.

The inequality of the velocity of different points in the wave profile causes its
shape to change in the course of time: the points of compression move forward
and those of rarefaction are left behind as it is shown in Fig. 6.11. Finally, the
profile may become such that the function rðxÞ for given t is no longer one-
valued, when three different values of r correspond to the same value of x
(Fig. 6.11c), i.e. the wave profile is turned-over. This is, of course, physically
impossible. In reality, discontinuities are formed where rðxÞ is not one-valued,
and rðxÞ is consequently one-valued everywhere except at the discontinuities
themselves. The wave profile then has the form shown by the dashed line in
Fig. 6.11c. When the discontinuity is formed, the wave ceases to be a simple
wave. The cause of this can be briefly stated thus: when surfaces of discontinuity
are present, the wave is reflected from them, and therefore ceases to be a wave
traveling in one direction. The assumption on which the whole derivation is
based, namely that there is a one-to-one relation between the various quantities,
consequently ceases to be valid in general.
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The presence of discontinuities (shock waves) results in the dissipation of
energy. The formation of discontinuities therefore leads to a marked damping

of the wave. When the discontinuity is formed, the highest part of the wave

profile is cut off. In the course of time, as the profile is bent over, its height

becomes less, and the profile is smoothed to one with smaller amplitude, i.e. the

wave is damped. It is clear from the above that discontinuities must ultimately

be formed in every simple wave, which contains regions where the density

decreases in the direction of propagation.

6.15 Flow in a Pipe Ahead of the Moving Piston

Although the wave is no longer a simple one when a discontinuity has been

formed, the time and place of formation of the discontinuity can be determined

analytically. We saw that the occurrence of discontinuities is mathematically

due to the fact that, in a simple wave the quantities P, r and u become

many-valued functions of x at times greater than a certain value t0, whereas
for t5t0 they are one-valued functions. Therefore, the time t0 is the time of

formation of the discontinuity. It is evident from geometrical considerations

that, at the instant t0, the curve u ¼ uðxÞ as a function of x becomes vertical at

some point x ¼ x0, which is the point where the function is subsequently

Fig. 6.11 Formation of
discontinuity in a simple
wave
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many-valued. Analytically, this means that the derivative ð@u=@xÞt, becomes

infinite, and ð@x=@uÞt becomes zero. It is also clear that, at the instant t0, the

curve u ¼ uðxÞ must lie on both sides of the vertical tangent, since otherwise

uðxÞ would already be many-valued. In other words, the point x ¼ x0 must be,
not an extremum of the function xðuÞ, but a point of inflexion, and therefore the
second derivative ð@2x=@u2Þt must also vanish. Thus the place and time of

formation of the shock wave are determined by two equations

ð@x=@uÞt ¼ 0; ð@2x=@u2Þt ¼ 0: (6:15:1)

For an ideal gas, we found

x ¼ gþ 1

2
uþ as0

� �
� tþ fðuÞ: (6:15:2)

Then, the Eqs. (6.15.1) give

t ¼ � 2

gþ 1
f 0ðuÞ; f 00ðuÞ ¼ 0: (6:15:3)

From this condition we can obtain explicit expressions for the time and place of

formation of the discontinuity.
Let us use the above general theoretical consideration for a flow in a semi-

infinite cylindrical pipe (x40) formed ahead of a moving piston. We assume

that the piston is pushed into the pipe, and begins to move at time t ¼ 0 with

velocity Up ¼ at. In this case we find from (6.15.2) at the surface of the piston
(x ¼ 0)

fðuÞ ¼ fðatÞ ¼ �as0t�
g
2
at2; (6:15:4)

and from (6.15.2) we obtain

x� ðas0 þ
gþ 1

2
uÞt ¼ fðuÞ ¼ � as0

a
u� g

2a
u2: (6:15:5)

It is seen from (6.15.5) that the gas velocity monotonically decreases in a simple

compression wave formed ahead of the piston and it vanishes ahead of the

wave, at x ¼ as0t. The time and location of the breakdown of the compression
wave are defined by the two conditions (6.15.3). In fact, the shock wave is

formed at the boundary where the simple wave adjoins a gas at rest. Here also

the curve u ¼ uðxÞ must become vertical, i.e. the derivative ð@x=@uÞt must
vanish at the time when the discontinuity occurs. However, in this case the

second condition is simply that the velocity vanish at the boundary of the gas at

rest, so that ð@x=@uÞt ¼ 0 for u ¼ 0. From (6.15.5) we have f 0ðu ¼ 0Þ ¼ �as0=a,
and substituting this in (6.15.3) we obtain time and location for the shock wave

formation
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tsh ¼
2

gþ 1

as0
a
; xsh ¼ asotsh ¼

2

gþ 1

a2s0
a
: (6:15:6)

Note that discontinuity that must appear in a sound wave leads to a strong
damping of the wave. It must be remarked, however, that this happens only for
a sufficiently strong sound wave. Before nonlinear effects can develop, the usual
effects of viscosity and thermal conduction will damp amplitude of a weak
sound eliminating appearance of higher order effects in the amplitude. In the
case of a strong sound wave and with account of damping due to viscosity, the
time of the discontinuity formation is

tsh ¼
l

pU0ðgþ 1Þ expðmtshÞ; (6:15:7)

where the sound wave is u ¼ U0 sinðotÞ, o and l are of frequency and wave-
length, and m / n=l2. It is seen that solution to (6.15.7) exists only for large
enough amplitudes of the sound wave, if U04mel=pðgþ 1Þ.

Problems

6.1. Determine the shape of the surface of an incompressible fluid subject to a
gravitational field, contained in a cylindrical vessel, which rotates about its
vertical axis with a constant angular velocity �.

6.2 Calculate and draw streamlines of the flows with the velocity components:

(a) ux ¼ Uy=L, uy ¼ Ux=L; b) ux ¼ U
yL

x2 þ y2
, uy ¼ �U

xL

x2 þ y2
;

(b) ux ¼ Uexp �kxð Þ cos kyð Þ, uy ¼ Uexp �kxð Þ sin kyð Þ.

Are these flows incompressible? Irrotational? Find the velocity potential
and the stream function.

6.3. Use the Bernoulli equation to find the time dependence of water level in the
tank hðtÞ shown in the figure.

h

S0

S1
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6.4. An infinitely light gas supports from below a layer of a heavy fluid.
Thickness of the fluid layer is L, the upper surface of the fluid is free.
Find the dispersion relation of the Rayleigh-Taylor instability at the low
surface of the layer. Is the instability growth rate reduced in comparison
with the maximal possible growth rate of the Rayleigh-Taylor instability
smax ¼

ffiffiffiffiffiffi
gk
p

?
6.5. Find position and time of the shock wave formed ahead of the piston,

which starts moving with acceleration at t ¼ 0.
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Chapter 7

Energy Dissipation in Gases and Liquids

In Chap. 6we considered dynamics of ideal gases and fluids assuming that there
is no energy dissipation. In reality gases have non-zero viscosity and thermal
conduction. In this chapter we shall consider the effect of energy dissipation,
which is the result of the thermodynamic irreversibility of the motion. This
irreversibility always occurs due to internal friction (viscosity) and irreversible
energy diffusion – thermal conduction.

7.1 Viscous Fluids

In order to obtain the equations describing the motion of a viscous fluid, we
have to include additional terms in the equation of motion. The equation of
continuity, as it is seen from its derivation, is equally valid for any fluid, whether
viscous or not. Euler’s equation, on the other hand, requires modification. The
equations of motion of a viscous fluid can be obtained by adding the expression
which gives the irreversible ‘‘viscous’’ transfer of momentum in the fluid to the
right-hand side of Euler’s equation obtained for ideal fluid (we will not be
considering gravity here)

r
du

dt
¼ r

@ui
@t
þ uk

@ui
@xk

� �
¼ �rPþ viscous forceð Þ (7:1:1)

Processes of internal friction occur in a fluid only when different fluid
particles move with different velocities, so that there is a relative motion
between various parts of the fluid. The viscous force is actually a friction
force on the surface separating fluid layers. The physical reason for the viscous
force is random thermal motion of fluid particles accompanied by particles
exchange between two neighboring layers. Thus, the friction force between the
layers must depend on the space derivatives of the velocity. Since the viscous
force is a surface force, it is convenient to introduce the force per unit surface
area called viscous stress, s. If the friction force acting along the element
surfaces in x-direction, so the x-component of the stress is
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s � Ffriction=Slayer ¼ Z
@ux
@y

: (7:1:2)

The viscous force acting on the fluid element is

viscous forceð Þ ¼ Z
@ux
@y

����
yþdy
�Z @ux

@y

����
y

 !
dS � @

@y
Z
@ux
@y

� �
dSdy

¼ @

@y
Z
@ux
@y

� �
dV; (7:1:3)

and the equation of momentum transfer for this simplified case of motion along

x-axis takes the form

rdV
dux
dt
¼ � @P

@x
dVþ @

@y
Z
@ux
@y

� �
dV

or

r
dux
dt
¼ � @P

@x
þ @

@y
Z
@ux
@y

� �
:

Here Z is the viscosity coefficient. The viscosity coefficient depends on a parti-

cular fluid or gas. Typically, the viscosity coefficients are very small for gases, for

example, for air Z ¼ 1:8 � 10�4g=s cm, for hydrogen Z ¼ 9:5 � 10�5g=s cm, for

oxygen Z ¼ 2:1 � 10�4g=s cm, for nitrogen Z ¼ 1:84 � 10�4g=s cm. For fluids the

viscosity coefficients are larger: for water Z ¼ 0:01 g=s cm, for gasoline

Z ¼ 6:5 � 10�3g=s cm, for glycerin Z ¼ 8:5 g=s cm:
In general case, the quantity s ¼ sik is tensor, which is called the stress

tensor. Its form can be established in a very general form. If the velocity

gradients are small, we may suppose that the momentum transfer due to

viscosity represents a linear function of the first order space derivatives of the

velocity. The stress tensor obviously must vanish when the whole fluid under-

goes to a uniform rotation, since there is no internal friction for such motion,

and there should not be terms independent on velocity derivatives, since the

stress tensor must vanish for uniform motion with a constant velocity. There-

fore the stress tensor may contain only symmetrical combinations of the deri-

vatives @ui=@xk. It can be shown that the most general tensor of rank two

satisfying the above conditions is

sik ¼ Z
@ui
@xk
þ @uk
@xi
� 2

3
dik

@ui
@xi

� �
þ �dik

@ui
@xi

; (7:1:4)

with coefficients Z40 and �40 which are called the first and the second

coefficients of viscosity, and dik being the unit tensor:
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dik ¼
1 0 0

0 1 0

0 0 1

0
B@

1
CA:

Thus, we came to the general form of the momentum equation with the viscous
force

r
dui
dt
¼ � @P

@xi
þ rgi þ

@

@xk
Z

@ui
@xk
þ @uk
@xi
� 2

3
dik

@uj
@xj

� �
þ @

@xi
�
@uj
@xj

� �
: (7:1:5)

This is the most general form of the equations of motion of a viscous fluid. The
quantities Z and � are functions of pressure and temperature, and therefore are
not constant throughout the fluid, so that Z and � cannot be taken outside the
gradient operator. However, in most cases, the viscosity coefficients do not
change noticeably in the fluid, and they may be regarded as constant. Under
these assumptions the Eq. (7.1.5) can be considerably simplified, written in
vector form, known as the Navier-Stokes equation

r
@u

@t
þ r u � rð Þu ¼ �rPþ rgþ Zr2uþ ð� þ 1

3
ZÞr r � uð Þ: (7:1:6)

The Navier-Stokes equation becomes considerably simpler if the fluid may be
regarded as incompressible, so that r � u ¼ 0; the last term on the right side of
(7.1.6) vanishes, and we obtain

@u

@t
þ u � rð Þu ¼ � 1

r
rPþ Z

r
r2uþ g: (7:1:7)

We see that the viscosity of an incompressible fluid is determined by only one
coefficient, and the stress tensor takes the simple form

sik ¼ �Pdik þ Z
@ui
@xk
þ @uk
@xi

� �
: (7:1:8)

Frequently used the ratio n ¼ Z=r, which is called the kinematic viscosity
(contrary to the dynamic viscosity coefficients). The kinematic viscosity coeffi-
cients at T=20 C are: for air n ¼ 0:15 cm2=s, for glycerin n ¼ 6:8 cm2=s, for
water n ¼ 0:01 cm2=s.

7.2 Energy Dissipation in Viscous Fluids

The presence of viscosity results in the dissipation of energy, which is finally
transformed into heat. For the considerably simplified case of an incompres-
sible fluid, the total kinetic energy is
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Ekin ¼
1

2
r
Z

u2dV: (7:2:1)

Taking the time derivative of (7.2.1), writing @ð12 ru2Þ ¼ ruið@ui=@tÞ and sub-
stituting for @ui=@t the expression for it from the Navier-Stokes equation:

@ui
@t
¼ � 1

r
@P

@xi
� uk

@ui
@xk
þ 1

r
@sik

@xk
; (7:2:2)

we obtain for the incompressible fluid ðr � u ¼ 0Þ:

@

@t

1

2
ru2

� �
¼ �r � ru

1

2
u2 þ P

r

� �
� u � ŝ

� �
� sik

@ui
@xk

: (7:2:3)

The expression in brackets in the right side of (7.2.3) is the energy flux density in

the fluid, where the first term is the energy flux due to the actual transfer of fluid

mass, and the second term is the energy flux due to processes of internal friction.
The presence of viscosity results in a momentum flux. A transfer of momentum,

however, always involves a transfer of energy. Integrating (7.2.3) over volume

V, we obtain

@

@t

Z
1

2
ru2

� �
dV ¼ �

I
ru

1

2
u2 þ P

r

� �
� u � ŝ

� �
� dS�

Z
sik

@ui
@xk

dV: (7:2:4)

The first termon the right gives the rate of change of the kinetic energy of the fluid

in volume V owing to the energy flux through the surface bounding V. The
integral in the second term is consequently the decrease per unit time in the

kinetic energy owing to dissipation. If the integration is extended to the whole

volume of the fluid, the surface integral vanishes since the velocity vanishes at

infinity, and taking into consideration that sik is symmetrical tensor, we find the

energy dissipated per unit time in the whole fluid

@

@t
Ekin ¼ �

1

2

Z
sik

@ui
@xk
þ @uk
@xi

� �
dV (7:2:5)

Substituting in (7.2.5) expression for the tensor sik given by (7.1.8), we obtain
for the energy dissipation in an incompressible fluid

@

@t
Ekin ¼ �

1

2
Z
Z

sik
@ui
@xk
þ @uk
@xi

� �2

dV: (7:2:6)

The dissipation leads to a decrease in the mechanical energy, i.e. @
@t Ekin50.

Since the integral in (7.2.6) is positive, we conclude that the viscosity coefficient

Z is always positive too.
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Finally, some words should be said about boundary conditions for a viscous
fluid, which are somewhat different from the boundary conditions for an ideal
fluid. Let us consider boundary conditions at a rigid wall. A fluid cannot
penetrate into a rigid wall, therefore the normal velocity component should
vanish at a wall both for ideal and viscous fluids, un ¼ u � n ¼ 0. However,
unlike an ideal fluid, a viscous fluid flow cannot slip along a wall since the
friction force stops fluid elements close to the wall. Therefore, in the case of a
viscous fluid the tangential components of the velocity along a wall are also zero
ut ¼ 0. Combining both of these conditions we can formulate the boundary
condition at a rigid wall: velocity of a viscous fluid is zero at the wall, ujrigid wall ¼ 0.

7.3 Thermal Conduction

A complete system of equations of fluid dynamics must contain five equations.
For a fluid in which processes of thermal conduction and internal friction occur,
one of these equations is the equation of continuity, the Euler equations are
replaced by the Navier-Stokes equations. While for an ideal fluid the fifth
equation is the equation of conservation of entropy, in a viscous fluid this
equation does not hold since irreversible processes of energy dissipation occur
in it. So far we have considered flows in fluids and gases of constant density that
are not affected by energy release and heat transfer. However, if some part of a
gas is heated, then density of the gas drops in comparison with the surroundings
and the buoyant force pushes the heated gas of the smaller density upwards,
leading to the effect called convection. In this chapter we shall consider the
processes of heat transfer and flows caused by density difference.

7.3.1 The Equation of Thermal Conduction

We now shall take into account the transport processes related to viscosity and
thermal conduction:

@

@t
reþ 1

2
ru2

� �
þr � ru eþ P

r
þ 1

2
u2

� �� �
¼

¼ �fðthermal conductionÞ þ ðViscous lossesÞg
(7:3:1)

The first term on the left side of (7.3.1) is the rate of change of energy in unit
volume of the fluid, and the second term is the energy flux due to the hydro-
dynamic flow and to work of pressure forces on the fluid. Two terms on the
right are the energy flux due to random thermal motion of fluid particles. In a
viscous fluid the law of conservation of energy holds: the change per unit time in
the total energy of the fluid in any volume must be equal to the total flux of
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energy through the surface bounding that volume. The energy flux density,
however, now has a different form. Besides the second term on the left
of (7.3.1) – the flux ruðHþ u2=2Þ due to the simple transfer of mass by the
motion of the fluid, there is also a flux due to processes of internal friction,
which is given by the vector u � s, with components uisik. In addition, if the
temperature of the fluid is not constant throughout its volume, there will be a
transfer of heat, which is called thermal conduction. This signifies the direct
molecular transfer of energy from points where the temperature is high to those
where it is low. It does not involve macroscopic motion, and occurs even in a
fluid at rest. We denote the heat flux density due to thermal conduction by q:

Energy flux per unit surface ¼ q ¼ �krT: (7:3:2)

The coefficient k is called the coefficient of thermal conduction (or the thermal
conductivity). This coefficient characterizes how efficient the process of energy
transfer is for a particular type of fluid, gas or solids. The minus sign in (7.3.2)
appears since energy is transferred from hot to cold layers in the direction
opposite to the direction of the temperature gradient. It is always positive,
that is seen from the fact that the energy flux must be from points at a high
temperature to those at a low temperature, i.e. q and rT must be in opposite
directions. The coefficient k is in general a function of temperature and
pressure.

Accordingly, the general law of conservation of energy is given by the
equation

@

@t
reþ 1

2
ru2

� �
þr � ru eþ P

r
þ 1

2
u2

� �� �
¼ r � krTþ s � uð Þ: (7:3:3)

The Eq. (7.3.3) could be taken to complete the system of fluid-mechanical
equations of a viscous fluid. By virtue of the continuity equation and
the Navier-Stokes equation, and using the thermodynamic relation
de ¼ TdS� PdV ¼ TdSþ ðP=r2Þdr , it is convenient to present (7.3.3) in
another form

rT
@S

@t
þ u � rS

� �
¼ sik

@ui
@xk
þr � ðkrTÞ: (7:3:4)

The expression on the left side of (7.3.4) is the total time derivative of the
entropy, multiplied by rT. The quantity dS=dt gives the rate of change of
the entropy of a unit mass of fluid as it moves about in space, with rTdS=dt
being the quantity of heat gained per unit volume. In the presence of dissipa-
tions the production of the entropy is associated with viscosity and thermal
conduction on the right side of the Eq. (7.3.4), where the first term is the energy
dissipated into heat by viscosity, and the second is the heat conducted into the
volume.
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7.3.2 Thermal Conduction in an Incompressible Fluid

The equation of thermal conduction is considerably simplified if the fluid

velocity is small compared to the sound speed, u55as. In this case the pressure

variations occurring as a result of the motion, which can be evaluated as

�P / r � u2, are small, and the variation in the density and in the other thermo-

dynamic quantities caused by themmay be neglected. However, a non-uniformly

heated fluid is not completely incompressible in the sense that the density

varies with the temperature, so that this variation cannot in general be

neglected. Therefore, even at small velocities, we can suppose the pressure

constant, but not the density. Taking into account that the specific heat at

constant pressure is CP ¼ Tð@S=@TÞP, we can write for the terms in the left side

of the Eq. (7.3.4)

T
@S

@t
¼ T

@S

@T

� �
P

@T

@t
¼ CP

@T

@t
; and TrS ¼ CPrT: (7:3:5)

Then, Eq. (7.3.4) takes the form

rCP
@T

@t
þ u � rT

� �
¼ sik

@ui
@xk
þr � ðkrTÞ; (7:3:6)

When the fluid may be supposed incompressible in the usual sense, and if the

temperature differences in the fluid is small so thats and k does not change with
the temperature, then we obtain the equation of heat transfer in an incompres-

sible fluid in the form:

@T

@t
þ u � rT ¼ rð�rTÞ þ n

2CP

@ui
@xk
þ @uk
@xi

� �2

; (7:3:7)

where n ¼ Z=r is the kinematic viscosity, and � ¼ k=rCP is the thermal

conductivity.
Let us compare viscosity and thermal conduction terms on the right side of

the Eq. (7.3.7) for the case of subsonic flow, which characteristic velocity is

much less than the speed of sound, U55as, and typical length scale of the flow

is L. Taking into consideration that the sound speed for an ideal gas is

a2s ¼ �P=r ¼ � � 1ð ÞCPT;

we can evaluate viscous term as

n
2CP

@ui
@xk
þ @uk
@xi

� �2

/ n
CP

U2

L2
;
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and the thermal conduction term as

rð�rTÞ / � T

L2
� � a2s

� � 1ð ÞCPL
2
:

Contribution of the viscous and thermal conduction can be characterized by the

ratio

ð� � 1Þ n
�

U2

a2s
: (7:3:8)

The dimensionless ratio of the coefficients of viscosity and thermal diffusion is

called the Prandtl number

Pr ¼ n
�
¼ ZCP

k
: (7:3:9)

For gases the Prandtl number is of the order of unity, for air Pr= 0.733 at 20 C.

For liquids the Prandtl number can be larger than unity, for example, for water

Pr = 6.75. Therefore, we conclude that the equation of energy transfer for a

subsonic flow can be taken in the form

@T

@t
þ u � rT ¼ rð�rTÞ: (7:3:10)

The equation of heat transfer is particularly simple for an incompressible fluid

at rest, in which the transfer of energy takes place entirely by thermal conduc-

tion. Omitting the terms, which involve the velocity, we obtain

@T

@t
¼ ��T: (7:3:11)

This equation is known as the Fourier equation.
It should be mentioned that the applicability of the thermal conduction

equation in the form (7.3.11) to fluids is actually very limited. The reason is

that, in fluids in a gravitational field, even a small temperature gradient usually

results in considerable convection, parts of the fluid of lower density flow up.

Hence we can actually have a fluid at rest with a non-uniform temperature

distribution only if the direction of the temperature gradient is opposite to that

of the gravitational force, or if the fluid is very viscous.
Let Q be the quantity of heat generated by external sources of heat, for

example, a chemical reaction in unit volume of the fluid per unit time. In

general, Q is a function of time and coordinates. Then the heat balance equation

with the heat source, i.e. the equation of thermal conduction, is

rCP
@T

@t
þ u � rT

� �
¼ r � ðkrTÞ þQ: (7:3:12)
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The boundary conditions on the equation of thermal conduction hold at the

boundary between twomedia: the temperatures of the twomedia must be equal
at the boundary, T1 ¼ T2. The heat flux out of one medium must be equal the
heat flux into the other medium. Denoting @T=@n the derivative of T along the

normal to the surface, we obtain the boundary condition in the form

k1
@T1

@n
¼ k2

@T2

@n
: (7:3:13)

If there are external sources of heat on the surface of separationwhich generate an

amount of heat Qext on unit area in unit time, then (7.3.13) must be replaced by

k1
@T1

@n
� k2

@T2

@n
¼ Qext: (7:3:14)

The boundary condition at a rigid wall is ðTÞat thewall ¼ T0, and the condition of
fixed thermal flux to the wall is ðdT=dxnÞat thewall ¼ q:

7.3.3 Heat Propagation

Consider solution of the Fourier equation for some simple problems. Let at initial
instant, t = 0, amount of heat Q was released at some small volume, near the
origin of the coordinate system r = 0 (local explosion). Later on, at t > 0, heat

propagates in space, and we want to find temperature variation T ¼ Tðr; tÞ. The
solution to the problem is given by the Fourier equation (7.3.11) together with
condition

Z
Tðx; y; zÞd3x ¼ Q; (7:3:15)

where Q ¼ E=rcP if this is process at constant pressure, and Q ¼ E=rcV for the
process at constant volume; E is the density of the energy released. Two Eqs.
(7.3.11) and (7.3.15) are equivalent to the Eq. (7.3.12) with the sources of energy

in the form of delta-function, q ¼ QdðrÞdðtÞ.
To solve the problem, let us expand T(r,t) in the Fourier integral

Tðr; tÞ ¼
Z

TkðtÞ eikr
d3k

ð2pÞ3
;TkðtÞ ¼

Z
Tðr; tÞ e�ikrd3x: (7:3:16)

Substituting (7.3.16) in the Fourier equation (7.3.11) we obtain for each Fourier
component TkðtÞeikr equation

dTk

dt
¼ k2�Tk; (7:3:17)
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so that

TkðtÞ ¼ T0ke
�k2�t: (7:3:18)

Let the initial temperature distribution is Tðt ¼ 0; rÞ ¼ T0ðrÞ, then we can write

for the coefficients T0k in (7.3.18)

T0k ¼
Z

Tðr0Þ e�ikr0d3x0: (7:3:19)

Substituting TkðtÞ in (7.3.16), we obtain

Tðr; tÞ ¼
Z

T0ðr0Þe�k
2�t eikðr�r

0Þd3x0
d3k

ð2pÞ3
: (7:3:20)

Integral on d3k in (7.3.20) can be presented as a product of three identical

integrals

Zþ1

�1

e�ak
2
x cosðx� x0Þkxdkx ¼

ffiffiffi
p
a

r
e�
ðx�x0 Þ2

4a ; where a ¼ �t: (7:3:21)

Similar integrals but with sinðx� x0Þ instead of cosðx� x0Þ vanish because of sin

is even function. The simplest way to calculate integral of the form (7.3.21) is the

following. Consider integral

IðbÞ ¼
Zþ1

�1

e�ax
2

cos bx dx

as function of the parameter b, and calculate its derivative relative to b

dIðbÞ
db
¼ �

Zþ1

�1

e�ax
2

x sin bx dx ¼ 1

2a

Zþ1

�1

d e�ax
2

� 	
sin bx ¼

1

2a
e�ax

2

sin bx þ1�1
�� � b

2a

Zþ1

�1

e�ax
2

cos bx dx ¼ � b
2a

IðbÞ

:

Thus we came to equation

dIðbÞ
db
¼ � b

2a
IðbÞ
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Which can be elementary solved, giving IðbÞ ¼ Ce�b
2=4a. For b ¼ 0 we have

Ið0Þ ¼
Zþ1

�1

e�ax
2

dx ¼
ffiffiffiffiffiffiffiffi
p=a

p
:

Thus, we obtain IðbÞ ¼
ffiffip
a

p
e�b

2=4a:
Finally, we obtain solution for the temperature distribution in the following

form

Tðr; tÞ ¼ 1

8ðp�tÞ3=2
Z

T0ðr0Þ exp
ðr� r0Þ2

4�t

( )
d3x0 (7:3:22)

If initial temperature distribution depends on x-coordinate only, then after

integrating on dy0dz0 in (7.3.22) we obtain

Tðx; tÞ ¼ 1

2ðp�tÞ1=2
Z

T0ðx0Þ exp
ðx� x0Þ2

4�t

( )
d3x0: (7:3:23)

Let us assume that all heat was released at the one point at r=0at t=0, which

can be presented as

T0ðrÞ ¼ const � dðrÞ;
Z

Tðx; y; zÞd3x ¼ Q: (7:3:24)

Integrating (7.3.22) with this initial temperature distribution gives

Tðr; tÞ ¼ Q

8ðp�tÞ3=2
exp � r2

4�t

� �
: (7:3:25)

It is seen form the obtained solution that temperature decreases at the point

r=0with time as 1/t3/2, and simultaneously temperature of the surrounding gas

is gradually increasing. The heating and characteristic length of the heat pene-

tration in the surrounding gas are defined mainly by the exponent in (7.3.25), so

that width of the heating zone is

L / ffiffiffiffi
�
p

t: (7:3:26)

If initially heat was released at the plane x=0, then the temperature distribution

at the latter instants is

Tðx; tÞ ¼ Q

2ðp�tÞ3=2
exp � x2

4�t

� �
(7:3:27)
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Notice that the obtained temperature distribution and, in particular, instant
character of the temperature increase up to infinity is due to the assumption that
thermal conductivity coefficient does not depend on temperature, though tem-
perature increase at large distances is infinitely small according to the Gauss
character of temperature distribution (7.3.27). For more realistic situation,
when � is a decreasing function of temperature, the heat will propagate at a
finite distance at every given instant of time.

In solving this problem we assumed that gas is motionless. In reality this is
not true. When energy is released at some location, the compression wave or
shock wave will start from the location of the energy release. The compression
wave propagates with velocity of the order of sound velocity, as, while heat
propagates due to thermal conduction with the velocity

dx

dt
/ d

dt

ffiffiffiffiffi
�t
p

/
ffiffiffiffi
�

t

r
/ �

x
/ l

x
as; (7:3:28)

where we used that from kinetic theory � ¼ las, with l being an average distance
between molecule collision (mean free path). If total amount of energy released
at x=0 is not very large, then we came to conclusion that the heat propagates
with velocity much less that the sound speed, since the scales in the problem of
question are much larger than the mean free path. In this case the gas velocity
is small compared to the sound velocity, and the process of heat propagation
proceeds with almost constant pressure. This is what we discussed considering
thermal mechanism of the flame propagation. In the opposite case, when
energy release is large, compression wave became a shock wave after it left
the location of the energy release. This is the case of strong explosion. Now the
process is pure gasdynamic one and thermal conductivity of the gas does not
important.

7.4 Stationary Flow of Incompressible Viscous Fluid

7.4.1 Flow of Viscous Incompressible Fluid in a Duct

Let us consider the flow of a viscous fluid enclosed between two parallel planes,
one of which (upper plane in Fig. 7.1) is moving with a constant velocity U

relative to the other. We shall choose the planes as the xz -plane with the x-axis
in the direction of U. A fluid layer of thickness L (distance between the plates)
separates the plates. We choose the x-axis to be along the channel walls and the
y-axis perpendicular to the walls.

Obviously, that all the quantities depend only on y, and the fluid velocity
everywhere is in x-direction, which follows from the symmetry of the problem.
Boundary conditions on the plates may be written as

168 7 Energy Dissipation in Gases and Liquids



uxðy ¼ 0Þ ¼ 0; uxðy ¼ LÞ ¼ U:

We assume that there is no pressure gradient in the flow and that the gravita-

tional force is negligible. Taking into account the geometry of the flow, it is

natural to look for solution in the form u ¼ ðux; 0; 0Þ. Since we consider a steady
flow, then the flow velocity should be independent of time and the x-coordinate,

that is ux ¼ uxðyÞ: In that case the continuity equation is satisfied identity

r � u ¼ 0) @ux
@x
þ @uy
@y
¼ 0; (7:4:1)

since uy ¼ 0 and @ux=@x ¼ 0.
In the case of a flow in the x-direction with zero pressure gradient and zero

gravitational force the Navier-Stokes equation for the incompressible fluid can

be written in the form

@u

@t
þ ðu � rÞu ¼ � 1

r
rPþ nr2u; (7:4:2)

where n ¼ Z=r is the kinematic viscosity, and in our case (7.4.2) becomes

r
@ux
@t
þ rðu � rÞux ¼ Zr2ux:

The left-hand side of the equation is zero since velocity is independent of time, and

the nonlinear part of substantive derivative is zero, since u � rð Þux ¼ ux
@ux
@x ¼ 0.

Then the Navier-Stokes equation is reduced to the equation

Zr2ux ¼ Z
@2ux
@y2
¼ 0;

which has a solution

ux ¼ Ayþ B

with the numerical coefficients A and B that have to be determined from the

boundary conditions. Substituting the obtained solution into the boundary

conditions we obtain B=0, AL=U, so that the velocity distribution in the

channel is: ux=Uy/L.

U

L

y + δy

y

δS

Fviscous + δF

–Fviscous

Fig. 7.1 The viscous flow
between two plates and
viscous forces acting on a
fluid element
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7.4.2 The Poiseuille Flow

Now let us consider a viscous flow between two parallel planes separated by a

fluid layer of a thickness 2R.We take the x-axis directed along the channel walls

and the y-axis perpendicular to the walls with the origin y = 0 in the centre of

the channel. It is clear that all quantities depend only on y, and that the fluid

velocity is everywhere in the x-direction. Taking into account the geometry of

the flow, it is natural to look for solution in the form u ¼ ux; 0; 0ð Þ with the x-

coordinate of the velocity ux ¼ ux yð Þ. The continuity equation then satisfied

identically

r � u ¼ 0) @ux
@x
þ @uy
@y
¼ 0 (7:4:3)

From the Navier-Stokes equation (7.4.2) without gravitational force (g=0) and

for steady flow we have

0 ¼ � @P
@x
þ Z

@2ux
@y2

; 0 ¼ � @P
@y

: (7:4:4)

The second of Eq. (7.4.4) means that the pressure is independent of y-co-ordinates,

i.e. it is constant across the depth of the fluid between the planes, so that P=P(x).

Therefore the first term in the first Eq. (7.4.4) depends only on the variable x, while

the second is a function of y only. This is possible only if both terms are constant,

which implies the constant pressure gradient dP=dx ¼ P1�P2

L � � ¼ const, which

can be written as the following pressure distribution

P ¼ P1 �
P1 � P2

L
x: (7:4:5)

The equation for the flow velocity becomes

Z
@2ux
@y2
¼ ��; (7:4:6)

which solution is

ux ¼ �
�

2Z
y2 þAyþ B: (7:4:7)

Substituting the obtained solution into the boundary conditions at the walls:

ux=0, at y=–R, we have

� �

2Z
R2 þARþ B ¼ 0; � �

2Z
R2 �ARþ B ¼ 0:
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From these equations the integration constants are: A=0, B ¼ �
2ZR

2, and the

velocity distribution is

ux ¼
�

2Z
R2 � y2

 �

¼ P1 � P2

2LZ
R2 � y2

 �

: (7:4:8)

The velocity for the Poiseuille flow varies parabolically across the fluid

(Fig. 7.2), reaching its maximum value in themiddle of the channel axis, at y=0:

umax ¼
P1 � P2

2ZL
R2: (7:4:9)

For the velocity averaged over the channel width we obtain

�u ¼ �R2

3Z
dP

dx
¼ �R2

3Z
P1 � P2

L
:

The tangential friction force acting on one of the fixed plane wall is

sxy ¼ Z
du

dy

� �
y¼0
¼ �RdP

dx
:

Let us discuss some interesting conclusions, which are not obvious. It follows

from (7.4.8) and (7.4.9) that the flow velocity increases if: (1) pressure gradient

increases; (2) the channel becomes wider or (3) the fluid is less viscous (for

smaller viscosity). It is also interesting to calculate the mass flux through the

channel. Since the flow is two-dimensional, we calculate the mass flux per unit

length in x-direction J=Lx

J=Lx ¼
ZR

�R

ruxdy ¼
r�

2Z

ZR

�R

R2 � y2

 �

dy ¼ 2

3

P1 � P2

ZL
rR3: (7:4:10)

R

x

y

–R

L

P1 P2

Fig. 7.2 The Poiseuille flow
in a rectangular channel
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The mass flux increases linearly with pressure gradient, while the dependence of

the mass flux on the channel width is much stronger J / R3.
The expressions (7.4.8)–(7.4.10) give an exact stationary solution to the

Navier-Stokes equation for a stationary flow of viscous fluid in a channel. If

such flow can really exist it depends on dimensionless parameters of the pro-

blem, which are the Reynolds number and the ratio of the tube length to the

characteristic tube width L=R. For an infinitely long tube L=R441, the

Reynolds number remains the only dimensionless parameter of the flow. Tak-

ing the maximal velocity of the flow as a characteristic velocity, the Reynolds

number may be expressed through the pressure gradient in the tube

Re ¼ rumaxR

Z
¼ P1 � P2

2Z2L
rR3: (7:4:11)

Experiments show that for small and moderate values of the Reynolds number

the flow in a channel remains stationary and laminar. However, as soon as the

Reynolds number exceeds some critical value Re4Rec, then transition to a

turbulent non-stationary flow occurs. The critical value of the Reynolds num-

ber measured experimentally is about 103.
Still the velocity distribution in a channel may be different from the Poi-

seuille formula even in the case of a laminar flow, if the channel length is finite.

Obviously, close to the end of a channel the velocity distribution is determined

by the boundary conditions for the incoming flow. The typical boundary

condition at the entry is the condition of uniform velocity independent of the

transverse coordinate y: ux ¼ const ¼ J=2rRLx at x = 0with the mass flux per

unit length determined by the pressure gradient Eq. (7.4.5). In that case fluid

passes certain distance from the channel entry before the stationary velocity

profile Eq. (7.4.8) is established as shown in Fig. 7.3. The length X needed to

establish the Poiseuille flow is called the entry length.
From dimensional considerations one may write the general dependence for

the entry length X=R ¼ f Reð Þ. Experiments show that the entry length increases

linearly with the pressure gradient. The entry length depends strongly on the

channel width X / R4; therefore it is rather difficult to observe the Poiseuille

flow in wide tubes, even if the flow is still laminar.

X
Fig. 7.3 The effect of an
entry length in a channel

172 7 Energy Dissipation in Gases and Liquids



7.4.3 A Stationary Viscous Flow in a Cylindrical Tube

Let us consider now a viscous flow in a cylindrical tube of radius R. As before,

we suppose that the length of the tube is L (along the z-axis) and pressure at the

different ends of the tube is P1 and P2, ðP25P1Þ. The fluid velocity is evidently

directed along the z-axis at all points, and is a function of x and y only. The

equation of continuity is satisfied identically, while the x and y components of

the Navier-Stokes equation again give @P=@x ¼ @P=@y ¼ 0, i.e. the pressure is

constant over the cross-section of the tube.
It is convenient to solve the problem in cylindrical coordinates with the z-axis

directed along the tube axis (see Fig. 7.4). The boundary condition at the tube

walls are: uzðr ¼ RÞ ¼ 0. Due to the symmetry of the flow, the velocity and

pressure distributions are stationary and independent of the angle coordinate y.
We look for the velocity distribution in the form u ¼ 0; 0;uzð Þ with uz ¼ uz rð Þ.
The continuity equation is satisfied identically

r � u ¼ 1

r

@

@r
rurð Þ þ 1

r

@uy
@y
þ @uz
@z
¼ 0: (7:4:12)

The Navier-Stokes equation for z and r components gives

0 ¼ � @P
@z
þ Z

1

r

@

@r
r
@uz
@r

� �
; (7:4:13)

0 ¼ � @P
@r
; (7:4:14)

where we used the expression for the Laplacian in polar coordinates (see

Appendix).
As before, we see that the pressure is constant over the cross-section of the

tube and varies dP=dz ¼ �� ¼ � P1�P2

L only along the tube axis, with the

pressure gradient being constant. Then the Eq. (7.4.13) becomes

Z
1

r

@

@r
r
@uz
@r

� �
¼ ��: (7:4:15)

z

L

P1

R

P2

Fig. 7.4 Poiseuille flow in a
tube
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Integration gives

uz ¼ �
�

4Z
r2 þA ln rþ B: (7:4:16)

The second term diverges at the tube axis. Since the velocity must remain finite

at the centre of the tube, we must take A=0. The boundary condition at the

tube wall determines the other integration constant from the requirement that

uzðr ¼ RÞ ¼ 0

B ¼ �

4Z
R2:

We then find the velocity distribution

uz ¼
�

4Z
R2 � r2

 �

: (7:4:17)

The velocity distribution is parabolic again similar to the two-dimensional flow

(7.4.8) with the only difference in the numerical coefficient. The maximal

velocity is achieved at the tube axis

umax ¼
P1 � P2

4ZL
R2; (7:4:18)

Let us calculate the mass Q of fluid passing per unit time through any cross-

section of the tube. A mass ruz2prdr passes per unit time through an annular

element 2prdr of the cross-sectional area, and the total mass is

Q ¼ 2p
ZR

0

ruzrdr ¼
p
8

P1 � P2

ZL
rR4:

For the average velocity of the flow we obtain

�u ¼ P1 � P2

8ZL
R2:

The interesting feature of the Poiseuille flow in a cylindrical tube is very strong

dependence of the mass flux on the tube radius Q / R4. For example, if we

increase the tube radius twice, then the mass flux increases 16 times. Similar to

the two-dimensional case the laminar Poiseuille flow in a cylindrical tube holds

only if the Reynolds number of the flow is small enough.
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7.5 Dimensional Analysis: The Law of Similarity

We shall consider steady flow, for example, a flow past a solid body in which
case the velocity of the main stream must be constant. We shall suppose the
fluid incompressible. The kinematic viscosity n ¼ Z=r in the Navier-Stokes
equations is the only parameter, which characterizes the fluid. The unknown
functions, which have to be determined by solving the equations, are the
velocity u and the ratio of the pressure to the constant density P=r. Moreover,
the flow depends, through the boundary conditions, on the shape and dimen-
sions of the body moving through the fluid and on its velocity. Since the shape
of the body is supposed given, its geometrical properties are determined by one
linear dimension, which we denote by L. Let the velocity of the main stream is u.
Then any flow is specified by three parameters, n ¼ Z=r, u, L. These quantities
have the following dimensions:

n ¼ l½ �2 t½ ��1¼ cm2sec�1; u½ � ¼ l½ � t½ ��1¼ cm � sec�1 L½ � ¼ l½ � ¼ cm:

One can verify that only one dimensionless quantity can be formed from the
above three parameters. This combination is called the Reynolds number:

Re ¼ uL

n
¼ ruL

Z
: (7:5:1)

It is convenient to introduce the scaled dimensionless variables

u0 ¼ u=U0; x
0 ¼ x=L0; t0 ¼ tU0=L0; P0 ¼ P=r0U

2
0: (7:5:2)

The hydrodynamic equations in the new variables may be rewritten in the form

U0

L0
r0 � u0 ¼ 0; orr0 � u0 ¼ 0; (7:5:3)

U2
0

L0

@u0

@t0
þU2

0

L0
u0 � r0ð Þu0 ¼ �U2

0

L0
r0P0 þ Z0U0

r0L
2
0

r0ð Þ2u0; or

@u0

@t0
þ u0 � r0ð Þu0 ¼ �r0P0 þ 1

Re0
r0ð Þ2u0; (7:5:4)

which shows that Re0 ¼ r0U0L0=Z0 is the only dimensionless parameter of the
problem. Any other dimensionless parameter can be written as a function of the
Reynolds number. Since the only dimensionless parameter is the Reynolds
number, it is evident that the velocity distribution obtained by solving the
equations of incompressible flow is given by a function having the form
u ¼ U0fðr=L;ReÞ. It is evident that, in two different flows of the same type
(for example, flow past spheres with different radii by fluids with different
viscosities), the velocities u=U0 are the same functions of the ratio r=L if the
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Reynolds number is the same for each flow. Flows, which can be obtained from

one another by simply changing the unit of measurement of coordinates and

velocities, are called similar. The law of similarity says that the flows of the same

type with the same Reynolds number are similar.
Let us consider the flow caused by the body of characteristic L1, whichmoves

with velocity U1 in a fluid with some density r1 and viscosity Z1. In this case the

scaled variables become

u00 ¼ u=U1; x
00 ¼ x=L1; t

00 ¼ tU1=L1; P
00 ¼ P=r1U

2
1;

and we obtain the same Eqs. (7.5.3) and (7.5.4) for the new variables with some

other value of the Reynolds number Re1 ¼ r1U1L1=Z1. Since the geometrical

shapes of the original body are the same, then the boundary conditions for the

scaled equations of fluid dynamics are also the same, and from the mathema-
tical point of view two problems are completely identical, if

Re0 ¼ Re1 ) r0U0L0

Z0

¼ r1U1L1

Z1

:

Suppose that we perform experiments with themodel in the same fluid as for the

original model (r0 ¼ r1 and Z0 ¼ Z1). If the new model is 100 times smaller

L0=L1 ¼ 100, then the model should move 100 times faster U1=U0 ¼ 100.
Suppose that we have found experimentally the following flow for the one

model

umodel ¼ U x; tð Þ:

Then the scaled flow of dimensional variables is described by the function

u0 ¼ 1

U1
U x=L1; tU1=L1ð Þ

and the flow for another model is given by the expression

u ¼ U0u
0 ¼ U0

U1

U
L0

L1

x;
U0L1

U1L0
t:

If we know the drag force acting on the model F ¼ Fmodel, then the scaled

force is given by the expression F0 ¼ Fmodel

r1U
2
1L

2
1

, because the dimension of a

force is equal to the dimension of pressure r1U
2
1 multiplied by the dimen-

sion of a surface area L2
1. The real drag on the body is calculated as

F ¼ r0U
2
0L

2
0

r1U
2
1L

2
1

Fmodel:
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If we take into account the gravitational force with the gravity acceleration
g ¼ gêz, and perform similar scaling, then the scaled Navier-Stokes equation
takes the form

@u0

@t0
þ u0 � r0ð Þu0 ¼ �r0P0 þ 1

Re
r0ð Þ2u0 þ 1

Fr
e0z; (7:5:5)

where Fr ¼ U2=gL is the Froude number, which shows the relative strength of
the inertial force compared to the gravity force. When gravity is taken into
consideration, then two flows may be mathematically identical only if both
dimensionless numbers of the flow are equal: Re1 ¼ Re2, Fr1 ¼ Fr2 and the
boundary conditions (the geometrical shapes of the objects) are the same.
Obviously, this condition is much more restrictive. Particularly, we cannot
decrease the size of the experimental model in comparison with the real object,
unless we take another fluid to perform experiments with another density and
another viscosity coefficient.

Another important dimensionless hydrodynamic number is the Mach num-
ber, which is the ratio of typical velocity of a flow to the sound speed,
M ¼ U=as. This number characterizes importance of compressibility of a
flow. For example, the Mach number defined as the shock velocity divided by
the sound speed in front of the shock measures strength of a shock wave. For
shock waves it is always M41. On the contrary, the condition of an incom-
pressible flow is M551.

For the reference purpose the dimensions of different physical quantities
expressed through the basic values are given below.

Velocity: u½ � ¼ L½ � t½ ��1, acceleration: g½ � ¼ du=dt½ � ¼ L½ � t½ ��2,
Frequency: s½ � ¼ O½ � ¼ t½ ��1,
surface area: S½ � ¼ L½ �2, volume: V½ � ¼ L½ �3, density: r½ � ¼ m½ � L½ ��3,
force: F½ � ¼ mdu=dt½ � ¼ m½ � L½ � t½ ��2, pressure: P½ � ¼ F=L2

� 

¼ m½ � L½ ��1 t½ ��2,

momentum: mu½ � ¼ m½ � L½ � t½ ��1, energy: mu2
� 


¼ m½ � L½ �2 t½ ��2,
momentum density: ru½ � ¼ m½ � L½ ��2 t½ ��1, energy density:
ru2
� 


¼ m½ � L½ ��1 t½ ��2.

Dimension of other quantities can be found from hydrodynamic equations. For
example, consider Navier-Stokes equation and compare dimensions of different
terms in this equation: r@u=@t½ � ¼ mr2u

� 

. From here we can see that

m½ � ¼ r@u=@t½ �
r2u½ � ¼ m½ � L½ ��1 t½ ��1:

The situation becomes especially interesting when there are no free dimension-
less parameters in a problem under consideration. As an example, we consider
the gravitational waves in deep water, kL441. In this case propagation of the
waves is independent of the depth L of the fluid, and the problem is character-
ized by three-dimensional parameters, which are the fluid density, the
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gravitational acceleration and the wave number of perturbations. It is impos-
sible to form any dimensionless number from the quantities characterizing of
the problem: r½ � ¼ m½ � L½ ��3, g½ � ¼ L½ � t½ ��2, and k½ � ¼ L½ ��1. However, we can
form a combination of frequency dimension as

O½ � ¼ t½ ��1¼
ffiffiffiffiffiffiffiffiffiffiffi
g½ � k½ �

p
:

Then we may conclude that O ¼ C
ffiffiffi
g
p

k in the dispersion relation. Exact solu-
tion to the problem gives us the value C ¼ 1. If the water layer has a finite
thickness L, then we can create one dimensionless number kL. In this case the
general expression for the dispersion relation becomes

O ¼
ffiffiffiffiffiffi
gk

p
fðkLÞ:

Suppose that we have found experimentally, that the phase velocity O=k is
independent of the wave-number k for long wavelength perturbations with
kL551, then the dimensional analysis gives

O=k ¼
ffiffiffiffiffiffiffiffi
g=k

p
fðkLÞ ¼ C1

ffiffiffiffiffiffiffiffi
g=k

p
kLð Þ1=2:

So that the dispersion relation for the shallow water waves takes the form
O ¼ C1k

ffiffiffiffiffiffi
gL
p

.
Finally, let us compare terms of the thermal conductivity transfer with

mechanical energy transfer in the equation of thermal conduction. Their ratio
is dimensionless Peclet number

Pe ¼ rCPUL

k
¼ UL

�
/ UL

n
/ Re: (7:5:6)

The Pecle number in gases is of the order of Reynolds number since the
coefficient of thermal conductivity and kinematic viscosity are very close for
gaseous mixtures.

7.6 Flow with Small Reynolds Numbers

The Navier-Stokes equation is considerably simplified in the case of flow with
small Reynolds numbers. The Navier-Stokes equation for a steady flow of an
incompressible fluid is

u � rð Þu ¼ � 1

r
rPþ Z

r
rð Þ2u (7:6:1)

The first term in (7.6.1) is of the order of u2/L, and the viscosity term is of the
order of Zu=rL2. The ratio of these two terms is the Reynolds number,
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therefore the term in the left-hand part of (7.6.1) may be neglected if the

Reynolds number is small, and the Navier-Stokes equation for small Reynolds

numbers reduces to a linear equation

rP� Z�u ¼ 0: (7:6:2)

Equation (7.6.2) together with the equation of continuity, which in the case of

incompressible fluid isru ¼ 0 determines the flow in the case of small Reynolds

numbers. It is can be also useful to note that taking the curl of Eq. (7.7.2), we

come to the system of equations for velocity only

� ðr � uÞ ¼ 0:

Classical example of application of these equations is uniform motion of a

sphere in a viscous fluid. Solution of this problem gives well-known Stocks

formula for the drag force on a sphere of radius R slowly moving in a fluid

F ¼ 6pZRu:

This expression can be obtained with accuracy of the numerical factor from

dimensional consideration, if we notice that density does not appear in the Eq.

(7.6.2), and therefore the force must be expressed only in terms of Z, u and R.

The only combination with the dimension of force, which can be formed from

these quantities, is ZRu.

7.7 Turbulence: Stability of Steady Viscous Flow

In principle, for any problem of viscous flow under given steady conditions,

and formally for an arbitrary Reynolds numbers, there must exist an exact

steady solution of the equations of fluid dynamics. However, the existence of

the exact solution is not enough condition for realizing a real flow in Nature.

The solution must also be stable against infinitesimal small disturbances,

which inevitably present in a flow. Stability of the solution means that any

small perturbations, which arise must decrease in the course of time. On the

contrary if the small perturbations, which always may occur in the flow, tend

to grow with time, the flow is unstable and cannot exist actually as a steady

flow.
Let us suppose that the steady solution of the Navier-Stokes equation for the

incompressible fluid is known, u ¼ u0ðrÞ, and we superpose on this solution a

non-steady small perturbation, u1ðr; tÞ, such that the resulting velocity

u ¼ u0 þ u1 satisfies the equation of motion. Substituting u ¼ u0 þ u1 in the

equation of motion, we have for the incompressible fluid
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@u

@t
þ u � rð Þu ¼ � 1

r
rPþ nr2u (7:7:1)

r � u ¼ 0; (7:7:2)

where u ¼ u0 þ u1, P ¼ P0 þ P1, and the known functions u0 and P0 satisfy the
unperturbed equations

u0 � rð Þu0 ¼ �
1

r
rP0 þ nr2u0; (7:7:3)

r � u0 ¼ 0: (7:7:4)

Subtracting (7.7.3–4) from (7.7.1–2) and omitting terms above the first order in
u1, we obtain linear equations for the perturbations

@u1
@t
þ u0 � rð Þu1 þ u1 � rð Þu0 ¼ �

1

r
rP1 þ nr2u1; (7:7:5)

r � u1 ¼ 0; (7:7:6)

with the boundary conditions that the perturbations vanish either at infinity or
on the solid surfaces bounded the flow.

The general solution of the system of homogenous linear equations (7.7.5–6)
with coefficients that are functions of the coordinates only, and not of the time, can
be represented as a sum of particular solutions, in which the time dependence is
given by expð�iotÞ, where the frequencies o are determined by the solution of the
Eqs. (7.7.5–6) with the appropriate boundary conditions. If the imaginary parts of
frequencies are positive, the perturbations will unlimited increase with time, and
once occur they will indefinitely increase; the flow is unstable with respect to these
perturbations. The flow is stable if imaginary parts of frequencies are negative.

Such a mathematical program of stability investigation is extremely compli-
cated in general case. The experimental data indicates that, in general, steady flow
is stable for sufficiently small Reynolds numbers, and when Reynolds number
increases and reaches some critical value Recr ffi 10=100, the flow becomes
unstable with respect to infinitely small perturbations. For example, transition
from laminar to turbulent motion in a wake behind a moving cylinder was
observed in experiments with Recr � 30. As a matter of fact, close to stability
limits with the Reynolds number being close to the critical value Re � Rec only
one perturbation mode is usually unstable. The wavelength of the unstable linear
mode determines the length scale of the fluid motion at the nonlinear stage of the
instability. Far from the stability limit, for the flow with larger values of the
Reynolds number Re44Rec, more perturbation modes become unstable. Non-
linear interaction of modes leads to some complex and even chaotic fluid motion,
which can be viewed as the well-developed turbulence.Well-developed turbulence
is characterizedby irregular pulsations of fluid velocity in timeand space involving
many modes of different frequencies and wavelengths.
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7.7.1 Instability of Steady Flow at Large Reynolds Numbers

Though there is no complete theory of turbulence yet, some useful qualitative
conclusions can be obtained form simple consideration.We consider the instabil-
ity of the non-steady flow at large Reynolds numbers, slightly larger than Recr
(L.D. Landau 1944). For Re5Recr the imaginary part of the complex frequency,
o ¼ o1 þ i�1 is negative for all possible small perturbations, �150. For
Re ¼ Recr there is one frequency whose imaginary part is zero, and for
Re4Recr this imaginary part becomes positive but still it is small compared to
the real parto1. The function u1 corresponding to this frequency can bewritten as

u1 ¼ Ae�1t e�io1t f1ðx; y; zÞ; (7:7:7)

where A is constant, and f1ðx; y; zÞ is some complex function of coordinates.
The obtained expression AðtÞ ¼ Ae�1t e�io1t for amplitude of the function

(7.7.7) can be valid only during short interval of time. Indeed, e�1t increases
rapidly with time, and the method used for obtaining solution of Eqs. (7.7.5–6)
is applicable only when perturbations are small. In reality of course themodulus
of the amplitude does not increase without limit, but tends to some finite value,
which can be determined for the Reynolds numbers slightly larger than Recr.
Let us find the time derivative of AðtÞj j. For very small time interval when the
expression (7.7.7) is still valid, we have

d AðtÞj j2

dt
¼ 2�1 AðtÞj j2: (7:7:8)

In fact this is just the first term in series of power expansionofA andAþ. As the
modulus AðtÞj j increases, still remaining small, subsequent higher order terms in
this expansion of the third order in A, forth order, etc., must be taken into
account. However, since we are not interested in the exact value of the derivative
d AðtÞj j2=dt, but in its time average taken over large interval of time compared to
the period 2p=o1, all the odd-order terms, which contain the periodic factor
vanish on averaging. Notice, that since o144�1, the period 2p=o1 is small
compared to the time 1=�1, so that terms with the factor e�io1t are fast oscillating
periodic terms and they vanish over averaging. The fourth order terms, which is
proportional to A2A	2 ¼ Aj j4, does not vanish on averaging, so that we obtain

d Aj j2

dt

* +
¼ 2�1 Aj j2�a Aj j4; (7:7:9)

where symbol h i means time averaging, and the numerical coefficient a can be
either positive or negative.

We are interested in the case where an infinitesimal perturbation becomes
unstable for Re4Recr, which corresponds to a40. Omitted for simplicity
symbol h i, the corresponding solution to the Eq. (7.7.9) can be written as
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1

Aj j2
¼ a

2�1
þ const � e�2�1t; (7:7:10)

It is clear form (7.7.10) that for large time, Aj j2 tends asymptotically to a finite limit:

Aj j2¼ 2�1
a
:ð7:7:11Þ (7:7:11)

The quantity �1 itself is some function of the Reynolds number, which can be

expanded as a power-series of ðRe�RecrÞ. Since, �1ðRecrÞ ¼ 0 by the definition

of the critical Reynolds number, the first non-zero term of such an expansion is

�1 ¼ const � ðRe�RecrÞ: (7:7:12)

Substituting (7.7.12) in (7.7.11) we find that Aj j is proportional to the square

root of ðRe�RecrÞ

Aj j /
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðRe�RecrÞ

p
: (7:7:13)

In the case of a50, the two terms in the expansion are not sufficient to

determine the limiting amplitude and onemust include a negative term of higher

(sixth) order, b Aj j6 with b40. The corresponding result will be

Aj j2max¼
a
2b



ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2

4b2
þ �1

2 aj j
b

s
: (7:7:14)

The dependence of Aj j2max for positive and negative a is shown in Figs. 7.5 and

7.6, respectively.
For the both cases there can no be steady flow, when Re4Recr. However, in

the second case the unperturbed flow is metastable in the range Re0cr5Re5Recr.

maxA

Recr Re
Fig. 7.5 |A|max versus Re for
positive a, Eq. (7.7.13)
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It is stable with respect to infinitesimal perturbations, but unstable with respect to

perturbations of finite amplitude.
Thus, with the increase of the Reynolds number the non-steady flow can be

represented as a superposition of the steady flow, u0ðrÞ and a periodic flow

u1ðr; tÞ with a small but finite amplitude in the form (7.7.13). As the Reynolds

number increases further, the separation of the velocity into simple parts u0ðrÞ
and u1ðr; tÞ is no longer meaningful. In this case the velocity of the flow is no

longer a simple trigonometric function, but it will become periodic pulsating

flow.
The steady flow of a viscous liquid in a tube losses its stability in an unusual

manner. Since the flow is uniform in x-direction along the tube, the unperturbed

velocity distribution u0ðrÞ is independent of x. Therefore we can look for

solutions of the Eqs. (7.7.5–6) in the form

u1 ¼ ei ðkx�otÞfðy; zÞ (7:7:15)

At some value of Re ¼ Recr, � ¼ Imfog first becomes zero for some value of

k, however the real part ofoðkÞ is not zero. As we discussed before, for values of

the Reynolds numbers only nearly exceeding Recr, the range of values of k for

which � ðkÞ40 is small and lies near the point for which � ðkÞ is a maximum, i.e.

d � ðkÞ=dk ¼ 0. Let us imagine that a slight perturbation occurs in some part of

the flow. It represents a wave packet obtained by superposing a series of

components of the form (7.7.15). In the course of time, the component for

which � ðkÞ40 will be amplified, while remaining will be damped. This ampli-

fied wave packet thus formed also will be carried downstream with the velocity

equal to the group velocity doðkÞ=dkof the packet. Since we are considering

now waves whose wave numbers lie in a small range near the point where

d � ðkÞ=dk ¼ 0, the quantity do ðkÞ=dk ffi dðReal partfogÞ=dk is real, and

therefore it is actual velocity of the propagation of the packet. The fact that

Imfog is positive means now merely amplification of the perturbations, which

maxA

Recr Re

Fig. 7.6 |A|max versus Re for
negative a, Eq. (7.7.14)
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move downstream. This means that two different scenarios are possible. It is
possible that the perturbation increases without limit in the course of time at
any point fixed in space, and this kind of instability with respect to any
infinitesimal perturbations is called absolute instability. On the other hand,
the packet may be shifted faster than the perturbation growths, so that in any
point fixed in space the perturbation tends to zero as time goes to infinity. This
kind of instability is called convective instability. It is thought that this second
kind of instability takes place for the Poiseuille flow, though it was not rigor-
ously proved yet. The complete analytical investigation of the flow stability was
not performed even for such simple geometry as 2D tubes – Poiseuille flow
between two parallel planes.

7.7.2 Fully Developed Turbulence: Kolmogorov Theory

The phenomenological approach to turbulence may help in understanding
nature of some flows, though it has all shortcomings of a phenomenological
approach. At very large Reynolds numbers turbulent flow is characterized by
the presence of strongly irregular disordered time variation of the velocity at
each point. This is called fully developed turbulence. In order to be able to
describe turbulent pulsations of different length scales from large length scales
comparable in size to the scale of the average flow L to the smallest length scale
�, at which turbulence is suppressed by viscosity, we introduce the concept of
themean velocity, denoted u. The difference u0 ¼ v� u between the true velocity
v and the mean velocity varies very irregularly and we shall call it pulsating or
fluctuating part of the velocity. Such a pulsating strongly irregular motion,
which is superposed on the mean flow, can be viewed as the superposition of
turbulent eddies of different sizes. When we mention the size of an eddy, we
mean the order of magnitude of the distance over which the velocity varies
considerably.When the Reynolds number increases, the first appears the largest
eddies. As larger the Reynolds number as smaller eddies should be, and they
appear later. For very large Reynolds numbers, eddies of all sizes are present in
the flow: from the largest one to the smallest size. The largest eddy, whose size is
of the order of the region in which the flow takes place, has the largest amplitude
and they called fundamental or external scale of turbulence, L. The frequencies
corresponding to the large eddies are of the order of u/L. The small eddies
correspond to large frequencies and they may be regarded as a fine structure
superposed on the fundamental eddies. Only a small part of the turbulent
kinetic energy resides in the small eddies. The Reynolds number introduced as
Re ¼ uL=n determines the properties of a given flow. Besides, we can also
introduce the Reynolds number for turbulent eddies, Re� ¼ u��=n, where � is
the order of magnitude of a given eddy, and u� is its velocity. Evidently, for
large Re ¼ uL=n the Reynolds numbers Re� ¼ u��=n are also large. Note that
large Reynolds numbers are equivalent to small viscosity. We therefore can
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conclude that for large-scale motion and for large scale eddies, which are the
basis of any turbulent flow, the viscosity is not important, i.e. there is no
appreciable energy dissipation in large eddies. The viscosity becomes important
only for the smallest eddies, whose Reynolds number, Re� ¼ u��=n ffi 1, and
which are of no importance for general character of the turbulent flow.We thus
come to the conclusion that the dissipation of energy may be regarded as a
continuous energy flow from large turbulent eddies to the smallest eddies of size
�0, where the kinetic energy is finally transformed into heat due to viscosity. It is
of course necessary that an external source of energy to be present, which
should continually supply energy to the large eddies, to maintain a steady
state. Since the viscosity of the fluid is important only for the smallest eddies,
we may say that all the quantities pertaining to eddies of sizes �44�0 do not
depend on viscosity. Under these circumstances the qualitative conclusion
about well-developed turbulence can be made from similarity arguments.

Let us consider the case of a well-developed turbulence with a broad spec-
trum of turbulent modes in dynamical equilibrium. The dynamical equilibrium
implies that the energy transfer between different turbulent modes can be
viewed as a steady flow of energy from the eddy of large scale to the small
eddies of scale, � ¼ Ln with the characteristic Reynolds number about unity
Re Lnð Þ � 1, where energy is dissipated by viscosity. Let us define e to be an
average amount of energy density (the energy per unit mass); the average
amount of the energy density dissipated per unit time is

q ¼ de
dt
: (7:7:16)

The dimension of the energy dissipation rate is

q½ � ¼ de
dt

� �
¼ u2
� 
 u½ �

�½ � :

The dimensional analysis gives us the dependence of the turbulent pulsation
velocity on the scale of the order of � as

u� / q�ð Þ1=3: (7:7:17)

This relation determines the velocity spectrum of a well-developed turbulence is
called the Kolmogorov spectrum. As one can see, characteristic velocity of
turbulent pulsations increases for modes of larger scales (larger wavelengths).

In a sense we can introduce meaning of turbulent viscosity, combining the
magnitude of kinematic viscosity from the dimension variables: r, u�, �. The
only combination is

nturb ¼ u��: (7:7:18)
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From the expression (7.7.18) steams that nturb=n ¼ Re�. The energy dissipation
can be expressed using nturb ¼ u�� as

q ffi nturb
u�
�

� 	2
/ u3�
�
: (7:7:19)

Important is that though energy dissipation occurs at the smallest scale due
to viscosity, the same scale of energy (q) defines also motion at the large scale.
At the same time the local properties of turbulence – the properties of motion at
the intermediate scales, which are large compared to �, but small compared to
L, do not depend on L or u0. The order of magnitude of the pulsating velocity is
given by the expression (7.7.17), which says that the order of magnitude of the
velocity variation on a small scale is proportional to this scale in 1/3.

Let us consider some fluid element. It moves during time t the way of the
order of ut. Therefore, the order of magnitude of the velocity variation during
time t, which is smaller than the characteristic time of the whole flow, T ffi L=u,
can be obtained substituting ut instead of � in (7.7.17)

ut ffi ðqutÞ1=3: (7:7:20)

The velocity variation within the given fluid element, u0t depends on the local
properties of turbulence, and therefore can depend on q only. From dimension
consideration, constructing the velocity dimension from q and t, we obtain for
the order of magnitude

u0t ffi
ffiffiffiffiffi
qt
p

: (7:7:21)

Let us consider the local Reynolds number Re ð�Þ, where energy is dissipated
by viscosity. Taking into account that the rate of the energy density dissipation
on the large scale is defined by the velocity variation of the flow, �u on scale of
the order of L, which is q ffi ð�uÞ3=L, we can write

Re �ð Þ ffi u��

n
ffi ðq�Þ

1=3�

n
ffi �u�4=3

nL1=3
ffi ReðLÞ �

L

� �4=3

; (7:7:22)

where ReðLÞ ¼ �uL=n is the global Reynolds number of the turbulent flow.
As it was said the characteristic Reynolds number, which specifies the energy

dissipation, is defined by the condition Re �ð Þ � 1, thus with account (7.7.22)

�0 ffi L=ðReÞ3=4: (7:7:23)

The dissipation length scale is also called the Kolmogorov length scale. We can
say that scale of the order of L is the region of scale of kinetic energy, while scale
of the order of �0 is the region of scales of energy dissipation. Well-developed
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turbulence is possible when the maximal length scale L and the dissipation
length scale �0 differ by several orders of magnitude L44�0. According to
(7.7.23) the last condition requires large values of the Reynolds number of a
turbulent flow

L44�0 ffi LRe�3=4 ) Re441:

If we are interested in energy dq of one particular ‘‘monochromatic’’ harmonic
with a wave number in the interval k; kþ dk½ �, then from (7.7.19) it follows

dq ¼ dq

dk
dk / q2=3k�5=3dk;

so that the spectrum characteristic of turbulent pulsation is

EðkÞ / q2=3k�5=3:

7.7.3 The Velocity Correlation Function

For any problem of viscous flow under given steady conditions the regular flow
can be separated from pulsations by use of velocity averaging in time

u ¼ Uþ u0; (7:7:24)

U � uh i ¼ 1

t

Ztþt

t

udt; (7:7:25)

where t is the averaging interval, which has to be taken sufficiently large. The
time interval must be at least as large as the maximal time period of turbulent
pulsations. By definition, average value of the pulsation velocity is zero

u0h i ¼ 1

t

Ztþt

t

u0dt ¼ 1

t

Ztþt

t

u�Uð Þdt ¼ U�U ¼ 0:

In a sense irregular pulsations of a turbulent flow are similar to thermal motion
of fluid particles in a laminar flow. While averaging over the thermal velocity
distribution leads to equations of fluid dynamics, then we can expect that
averaging of turbulent pulsations will give us hydrodynamic equations for the
main flow.

Substituting the representation (7.7.24) into the continuity equation we have

r � Uþ u0ð Þ ¼ 0;
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and the time averaging gives the continuity equation for the main flow

r � Uþ u0h i ¼ 0 ) r �U ¼ 0: (7:7:26)

Averaging of the Navier-Stokes equation is not that simple, therefore we will

consider one particular component of the equation (say, the x-component) in

the case of a two-dimensional flow

@ux
@t
þ u � rð Þux ¼ �

1

r
@P

@x
þ nr2ux:

With the help of the continuity equation written as

uxr � u ¼ 0

we can present the Navier-Stokes equation in the form

@ux
@t
þ @

@x
u2x þ

@

@y
uxuy

 �

¼ � 1

r
@P

@x
þ nr2ux:

Taking time average of the above equation we find

@Ux

@t
þ @

@x
u2x
� �

þ @

@y
uxuy
� �

¼ � 1

r
@}

@x
þ nr2Ux;

where the average pressure is denoted by } ¼ Ph i. As one can see, turbulent

pulsations vanished after time averaging in all terms of the Navier-Stokes

equation except those describing nonlinear inertial acceleration. Indeed aver-

aging of the second term in the right-hand side gives us

u2x
� �

¼ Ux þ u0x

 �2D E

¼ U2
x þ 2Uxu

0
x þ u0x


 �2D E
¼ U2

x þ u0xu
0
x

� �
:

At this point one should remember, that square of pulsation velocity does not

vanish with averaging, though average of the pulsation velocity is zero. Follow-

ing the similarity between thermal motion of particles and turbulent pulsations

one can say that the value u0xu
0
x

� �
plays the role of scaled kinetic energy of

turbulent motion. In a similar way we obtain the expression for the third term

uxuy
� �

¼ UxUy þ u0xu
0
y

D E
:

Then the Navier-Stokes equation of a turbulent flow may be reduced to

@Ux

@t
þ U � rð ÞUx ¼ �

1

r
@}

@x
þ nr2Ux �

@

@x
u0xu

0
x

� �
� @

@y
u0xu

0
y

D E
;
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or

@Ux

@t
þ U � rð ÞUx ¼ �

1

r
@}

@x
þ @

@x
�0xx �

@

@y
�0yx: (7:7:27)

The Navier-Stokes equation for the average velocity of a turbulent flow takes

the form of a usual Navier-Stokes equation with a new expression for the stress

tensor

�0xx ¼ n
@Ux

@x
� u0xu

0
x

� �
; �0yx ¼ n

@Ux

@y
� u0xu

0
y

D E
: (7:7:28)

The turbulence stress tensor contains the usual viscous stress and some addi-

tions due to the irregular pulsations called the Reynolds stress. We can also

define an effective turbulent viscosity. For example, taking the yx-component

of the stress tensor, we can present the second term in the same form as the first

one related to the laminar viscosity with some new ‘‘viscosity’’ coefficient n0

� u0xu
0
y

D E
� n0

@Ux

@y
: (7:7:29)

Equation (7.7.29) is the definition of eddy viscosity, which is typically much

larger than the normal laminar viscosity. Indeed, if the flow is characterized by

the length scale L and the velocity scale U (which are usually comparable for the

average flow and for the turbulent pulsations of a large scale), then the laminar

and turbulent terms in the expression for stress may be evaluated as

n
@Ux

@y
/ n

U

L
; u0xu

0
y

D E
/ U2

and their effective ratio gives the Reynolds number of the flow

u0xu
0
y

D E
=n
@Ux

@y
¼ UL

n
¼ Re:

Since turbulent flows take place at large values of the Reynolds number

Re441, then the Reynolds stress is always much larger than the usual viscous

stress and the eddy viscosity is much stronger than the laminar viscosity.
However, the eddy viscosity is not a parameter of a fluid that can be

measured and tabulated. Turbulent viscosity depends on a particular flow

and we have to know energy distribution of turbulent pulsations in order to

calculate turbulent viscosity.
Early theories of turbulence (e.g. the Prandtl theory) employed phenomen-

ological approach to eddy viscosity and similarity between turbulent pulsations

and thermal motion of molecules. As follows from the kinetic theory, laminar
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viscosity is determined by particle free path �freepath, which is the average

distance between two collisions of a particle that change particle momentum.
Following the analogy between turbulent flows and thermal motion Prandtl
introduced amixing length �m as the distance passed by a fluid element before it

changes velocity in turbulent pulsations. Assuming the length scale of pulsa-
tions to be comparable to the length scale of the average flow we come to the
following estimate for the xy-component of the turbulent stress

u0x / u0y / �m
@Ux

@y
:

In this estimate we have assumed also isotropic turbulence with u0x / u0y. Then
we can relate the expression for eddy viscosity to the average flow

n0
@Ux

@y
� � u0xu

0
y

D E
/ �2m

@Ux

@y

� �2

or

n0 / �2m
@Ux

@y
: (7:7:30)

The relation (7.7.30) is determined with the accuracy of a numerical coefficient.

However, it has been obtained experimentally, that the following evaluation
holds for many flows

�m � K
dUx

dy

� �
d2Ux

dy2

�� �
;

where K is a ‘‘universal’’ constant called the Von Karman coefficient and equal

approximately K � 0:4 independent of boundary conditions and the Reynolds
number.

7.8 Boundary Layer

Let us now consider a flow, which is characterized by large Reynolds number.
As it was seen before, a very large Reynolds number Re ¼ rUL=Z ¼ UL=n
mimics flow with very small viscosity, so that the fluid can be viewed as ideal

one. However, such an approximation is not true near the wall. The boundary
conditions at the wall require vanishing velocity at the wall. Thus, for a large
Reynolds number velocity must drop down to zero within a thin layer near the

wall, which is called a boundary layer and is characterized by large velocity
gradients within the layer. The boundary of such a layer is not sharp one, which
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means that transition form the main flow to the flow in the boundary layer is

more or less smooth, the flow inside the layer can be laminar or turbulent.

Viscous forces smooth the velocity profile in a boundary layer from zero

velocity at the wall to the outer velocity of the ideal flow far from the wall.

Velocity drops in the boundary layer due to the viscosity of the fluid, which is

not negligible in spite of the large Reynolds number. Formally, this means that

the velocity gradients are large in the boundary layer, so that viscous terms in

the equation of motion are not negligible even for small viscosity, n ¼ Z=r.
Let us consider as an example, a stationary flow in two-dimensional channel.

Let xz is the plane of the wall, and x-axis is directed along the flow velocity. For

such 2D problem, there is no z-component of velocity and velocity does not

depend on co-ordinate z. Components of the Navier-Stokes equations and

continuity equation for the incompressible fluid become

ux
@ux
@x
þ uy

@ux
@y
¼ � 1

r
@P

@x
þ n

@2ux
@x2
þ @

2ux
@y2

� �
; (7:8:1)

ux
@uy
@x
þ uy

@uy
@y
¼ � 1

r
@P

@y
þ n

@2uy
@x2
þ @

2uy
@y2

� �
; (7:8:2)

@ux
@x
þ @uy
@y
¼ 0: (7:8:3)

The motion of the fluid within the boundary layer is mainly along x-axis, which

means that uy is small compared to ux.
Consider as an example, the boundary layer, which is formed in 2D the flow

of fluid moving along a wide plate of negligible thickness. The inner structure of

the boundary layer is defined by the continuity equation and the Navier-Stokes

equation for an incompressible stationary viscous flow (7.8.1–3).
Because of a small thickness of the boundary layer, the motion in the layer is

mainly along the surface of the plane – along x-axis. The scale of the velocity

change in the x-direction is slow and characterized by the length scale L of the flow

outside the boundary layer. Along y-axis the scale of the change of the velocity is

of the order of the boundary layer thickness d. This means that the velocity

derivation along y-axis is large compared to its derivation along x-axis. From

continuity equation (7.8.3) we can estimate

Ux

L
/ Uy

d
) Uy / Ux

d
L
: (7:8:4)

Let us consider different terms in the x-component of the Navier-Stokes equa-

tion (7.8.1) taking into account (7.8.4). The first and the second terms are
UxUy

d /
U2

x

L . Viscous terms in the right hand side can be evaluated as nUx

L2 , and

nUx

d2
, which means that we can neglect by @2ux

@x2
compared to @2ux

@y2
. Evaluating terms
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from the y-component of the Navier-Stokes equation (7.8.2), we find that the

first two terms in the left can be estimated as
dU2

x

L2 . Viscous terms in the right hand

side are ndUx

L3 , and nUx

dL . Pressure derivatives are estimated from Eqs. (7.8.1)

and (7.8.2) as @P
@x / rU2

x

L and @P
@y / r d

L
U2

x

L . We can see that @P
@y is small

compared to @P
@x as

Uy

Ux
/ d

L. Since pressure variations across the boundary

layer (along the y-axis) are negligible in comparison with variations along the

layer (along the x-axis), then we can assume that pressure in the boundary layer
depends on the x-coordinate only P ¼ P xð Þ and in this approximation we can

take @P
@y ¼ 0. The last fact means that pressure in the boundary layer coincides

with pressure in the ideal flow ‘‘along the wall’’ outside the boundary layer, so

that we can take P ¼ P0 xð Þ. Outside the boundary layer, the flow is potential
and the pressure can be expressed using the Bernoulli equation

Pþ 1

2
rU2 ¼ const: (7:8:5)

Then, for pressure derivative we obtain

1

r
dP

dx
¼ �UdU

dx
: (7:8:6)

In this way we came to the system of equations in the laminar boundary layer,
which consists of the continuity equation and y-component of the Navier-
Stokes equation and known as the Prandtl equations

@ux
@x
þ @uy
@y
¼ 0: (7:8:7)

ux
@ux
@x
þ uy

@ux
@y
� n

@2ux
@y2
¼ � 1

r
dP

dx
¼ U

dU

dx
: (7:8:8)

(The x-derivative in the viscous term in (7.8.8) was neglected since it is small as
d2=L2). The boundary condition for the Eqs. (7.8.7–8) require that velocities

vanish at the rigid wall

uxðy ¼ 0Þ ¼ uyðy ¼ 0Þ ¼ 0: (7:8:9)

Outside of the boundary layer, far away from the wall, the velocity must

approach asymptotically the velocity of the main flow

ux ¼ UðxÞ at y!1: (7:8:10)

Let U0 be a characteristic velocity of the flow (e.g. velocity of the flow at
infinity). We introduce dimensionless variables as
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x ¼ Lx0; y ¼ Ly0=
ffiffiffiffiffiffi
Re
p

; ux ¼ U0u
0
x; u

0
y ¼ U0uy=

ffiffiffiffiffiffi
Re
p

: (7:8:11)

The Equations (7.8.7)–(7.8.8) being written in these variables become

@u0x
@x0
þ
@u0y
@y0
¼ 0 (7:8:12)

u0x
@u0x
@x0
þ u0y

@u0x
@y0
� @

2u0x
@y02

¼ U0
dU0

dx0
; (7:8:13)

where U ¼ U0U
0; Re ¼ U0L=n.

Notice, that viscosity does not enter either Eqs. (7.8.12)–(7.8.13) or bound-
ary conditions for these equations. Thus, we can conclude that solutions of
(7.8.12)–(7.8.13) do not depend on the Reynolds number, which means that the
motions in the boundary layer are similar, with distances and velocities along x-
axis being unchanged, and distances and velocities along y-axis being propor-
tional to 1=

ffiffiffiffiffiffi
Re
p

. Since dimensionless u0x and u0y do not depend on Re, they must
be of the order of unity, and therefore, from (7.8.11) follows that

uy / U0=
ffiffiffiffiffiffi
Re
p

; and d / L=
ffiffiffiffiffiffi
Re
p

: (7:8:14)

Consider solution for boundary layer for the case of zero pressure gradients and
zero velocity gradients in the outside flow. Let velocity of the main flow is
U ¼ const. The boundary layer is described by the Eqs. (7.8.7)–(7.8.8) with zero
velocity gradients

@ux
@x
þ @uy
@y
¼ 0; ux

@ux
@x
þ uy

@ux
@y
¼ n

@2ux
@y2

: (7:8:15)

As we saw, the variables in the solution of the Prandtl equations, ux=U and
uy

ffiffiffiffiffiffiffiffiffiffiffiffi
L=nU

p
can be functions of only x0 ¼ x=L and y0 ¼ y

ffiffiffiffiffiffiffiffiffiffiffiffi
U=nL

p
. However,

there is no parameter with dimension of length for the problem of flow
around of semi-infinite plate. Therefore, ux=U must be function of only

y0ffiffiffiffi
x0
p ¼ y

ffiffiffiffiffi
U

nx

r
� y

dðxÞ ; where dðxÞ ¼ xffiffiffiffiffiffiffiffiffiffiffiffi
ReðxÞ

p ¼ xffiffiffiffiffi
Ux
n

q ¼
ffiffiffiffiffi
nx
U

r
;

which is combination of x0 and y0 where dimension of length does not enter, but
x plays a role of variable length.

Thus, we shall introduce a dimensionless combination of the coordinates

Z ¼ y

d xð Þ (7:8:16)

and look for a solution in the form ux ¼ ux Zð Þ; uy ¼ uy Zð Þ.
It is also convenient to introduce the stream function y
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ux ¼
@y
@y

; uy ¼ �
@y
@x

; (7:8:17)

so that the continuity equation is identically satisfied.
The stream function corresponding to the above conditions can be taken in

the form

y ¼ Ud xð Þf Zð Þ;

where f Zð Þ is dimensionless function.
Straightforward calculations give

ux ¼ U
df Zð Þ
dZ

; uy ¼ �
@y
@x
¼ �Uf

dd
dx
�Ud

df

dZ
@Z
@x
¼ U

dd
dx

Z
df

dZ
� f

� �
; (7:8:18)

@ux
@x
¼ �U

d
dd
dx

Z
d2f

dZ2
;
@ux
@y
¼ �U

d
d2f

dZ2
;
@2ux
@y2
¼ �U

d2
d3f

dZ3
:

Substituting these expressions into the Navier-Stokes equation (7.8.15) we

obtain equation for fðZÞ

d
dd
dx

f
d2f

dZ2
þ n
U

d3f

dZ3
¼ 0 (7:8:19)

Taking into account the expression for the boundary layer thickness,

d
dd
dx
¼ d

dx

d2

2

� �
¼ d

dx

1

2

nx
U

� �
¼ 1

2

n
U
;

Eq. (7.8.19) can be reduced to the form

f
d2f

dZ2
þ 2

d3f

dZ3
¼ 0: (7:8:20)

The boundary conditions with respect to the function f become

fð0Þ ¼ df

dZ
ð0Þ ¼ 0 ; and

df

dZ
¼ 1 for Z!1: (7:8:21)

Of interest is the derivative df=dZ not the function f, because df=dZ determines

the scaled velocity distribution in the boundary layer.
The numerical solution of Eq. (7.8.20) is shown in Fig. 7.7. The respective

velocity profile known as the Blasius velocity profile (H. Blasius, 1908) for the

laminar boundary layer is shown in Fig. 7.8.
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Using this numerical solution we can obtain more accurate formula for the
thickness of the boundary layer. If we assume that the outer boarder of the
boundary layer is the distance where velocity differs from the outside velocity U
by less than 1%, then the numerical value of df=dZ ¼ 0:99 is at the value Z � 5,
and the layer thickness is

d ¼ 5
ffiffiffiffiffiffiffiffiffiffiffiffi
nx=U

p
: (7:8:22)

Since velocity along the wall in a boundary layer is much larger than the
transverse velocity ux44uy / d

L ux, then a boundary layer is similar to a shear
flow with u � ux; 0; 0ð Þ. It is known that a shear flow is unstable against the
Kelvin-Helmholtz instability at sufficiently large Reynolds numbers and transi-
tion to turbulence takes place. Stability analysis of a stationary laminar boundary

Fig. 7.7 The Blasius velocity
profile in a boundary layer
(right)

Fig. 7.8 Velocity distribution in a boundary layer (left)
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layer shows that the boundary layer becomes unstable for the Reynolds number
Red4Rec � 1:5 � 103, when flow in the boundary layer becomes turbulent.

The boundary layers are strongly influenced by the main outer flows. If the
fluid accelerates in the outer flow dU=dx40 (dP=dx50), then it pushes the
boundary layer to the wall and makes it thin. On the contrary, deceleration of
the fluid in the outer flow dU=dx50 makes the boundary layer wider.

Let us consider how the boundary layer is formed when liquid enter the tube.
We assume that the velocity distribution is uniform at the entrance of the cross
section of the tube, and the fluid velocity drops only within the boundary layer.
The liquid flow entering the tube starts decelerating: parts of the flow adjoined
outer edge of the boundary layer are decelerating as larger as it is far away from
the entrance. The total flux of the liquid is constant, which means that simulta-
neously with shrinking of the outer part of the flow its central part near the axis
is accelerating. This presses continues until the Poiseuille flow will be estab-
lished asymptotically at a large distance far from the end of the tube. Thus, the
Poiseuille flow established at the distance form the tube entrance where thick-
ness of the boundary layer is of the order of the tube diameter. We can estimate
the distance L, from the end of the tube where the Poiseuille flow is formed,
using expression for the thickness of the boundary layer dðxÞ ¼

ffiffiffiffi
nx
U

p
, where we

put dðxÞ / R – the tube radius. We then obtain

L / R2U= ¼ R �Re; (7:8:23)

which means that the transitional length is proportional to the Reynolds
number and the tube radius: as larger velocity as far from the end the Poiseuille
flow is formed.

Problems

7.1. Calculate pressure and velocity of a flow for a layer of viscous fluid of
thickness h, which is flowing due to gravity from the inclined plane with the
angle a to the horizontal.

7.2. Calculate velocity and amount of viscous fluid flowing between tubes with
outer radius R2 and inner radius R1.

7.3. A model of a turbulent flow involves the following x- component of
velocity field ux ¼

P
ki

UiðtÞk�5=6i cos kixð Þ sin kiyð Þ, where ki are wave num-
bers of turbulent pulsations andUi tð Þ are time dependent amplitudes. Find
the y-component of the flow velocity in the case of incompressible fluid.

7.4. Consider liquid, which flows along the tube of radius R. Let temperature
of the tube wall is T ¼ T0ð1þ kzÞ. Find temperature distribution assuming
the Poiseuille flow.
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Chapter 8

Detonation and Shock Waves

8.1 Surfaces of Discontinuity

In the preceding chapters we have considered only flows such that all quantities

(velocity, pressure, density, etc.) vary continuously. Flows are also possible, for

which discontinuities in the distribution of these quantities occur. As we saw in

Sect. 6.14, the physically meaningless ambiguities in the solution for simple

compression waves indicate that the basic assumptions for obtaining continuous

solutions become invalid. We must therefore expand the class of solutions of the

initial equations by allowing for discontinuity solutions. Allowing for the ordinary

discontinuity – discontinuity of the first kind, can eliminate the ambiguity. The

expansion of the class of solutions necessitates revising the initial assumptions

used for obtaining solutions. At the point of discontinuity the gradients are large,

and consequently, the flow at the point of discontinuity cannot be considered as

isentropic. As a matter of fact, the real flow is fairly well approximated by the

introduction of a jump, satisfying certain conditions at the discontinuity surface

together with the initial equations for the continuous flow. In this approach

the shock waves are represented by a discontinuous surface of zero thickness.

The boundary conditions on the surfaces of discontinuity must be chosen so as to

characterize the flow on either side of the jump. From the formal mathematical

point of view, the differential equations, obtained for continuous flow, now

become invalid, however their integral prototypes – the conservation laws remain

valid, and they determine the boundary conditions of the surface of discontinuity.
To formulate these conditions, we consider an element of the surface and use

a coordinate system co-moving with this element, with the x-axis along the

normal to the surface. Firstly, the mass flux must be continuous: the mass of gas

coming from one side must equal the mass leaving the other side. The mass flux

through the surface element considered per unit area is rux. Thus we have

r1u1x � r2u2x � rux½ � ¼ 0; (8:1:1)

where the suffixes 1 and 2 refer to the two sides of the surface of discontinuity,

and the difference between the values of any quantity on the two sides of the

surface will be denoted by enclosing it in square brackets.

M.A. Liberman, Introduction to Physics and Chemistry of Combustion,
DOI: 10.1007/978-3-540-78759-4_8, � Springer-Verlag Berlin Heidelberg 2008

197



Next, the momentum flux must be continuous, i.e. the forces exerted by the

gases on the two sides of the surface of discontinuity must be equal. The momen-

tum flux per unit area is: Pni þ ruiuknk, where n is the normal vector along the

x-axis. The continuity of the x-component of the momentum flux gives

ðP1 þ r1u
2
1xÞ � ðP2 þ r1u

2
2xÞ � Pþ ru2x

� �
¼ 0; (8:1:2)

and for y, z-components we have

ruxuy
� �

¼ 0; ruxuz½ � ¼ 0: (8:1:3)

Finally, from the continuity condition for the energy flux we have

rux
1

2
u2 þH

� �� �
¼ 0: (8:1:4)

Notice, that there is no such equation for the continuity of the entropy flux.

Moreover, the entropy production at the discontinuity depends on the amplitude

of the jump.
Equations (8.1.2)–(8.1.4) form a complete system of boundary conditions at

a surface of discontinuity. From themwe can deduce the possibility of two types

of surface of discontinuity. The first type, which exhibits zero mass flux through

the surface of discontinuity, is called a tangential discontinuity. For a tangential

discontinuity

r1u1x ¼ r2u2x ¼ 0: (8:1:5)

Hence, the normal velocity component and the gas pressure are continuous at

the surface of discontinuity:

u1x ¼ u2x ¼ 0; ½P� ¼ 0; (8:1:6)

while the tangential velocities and the density as well as the other thermodynamic
quantities except the pressure may be discontinuous.

In the second type of discontinuity, which is called shock wave, the mass flux

is not zero, and correspondingly u1x and u2x are also not zero. Since in the shock

wave rux 6¼ 0 we then have from (8.1.3)

½uy� ¼ 0; ½uz� ¼ 0; (8:1:7)

i.e. the tangential velocity is continuous at the surface of discontinuity for shock
waves. The normal velocity, pressure, density and other thermodynamic quantities

are discontinuous. Since the tangential velocities are continuous at the surface of

discontinuity for shock waves, we can present the boundary conditions in the

following form:

½rux� ¼ 0; (8:1:8)

½Pþ ru2x� ¼ 0; (8:1:9)

1

2
u2 þH

� �
¼ 0; (8:1:10)
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8.2 The Shock Adiabatic

Letus nowexaminemore closely theboundary conditions for shockwaves.Wehave
seen that in this type of discontinuity the tangential component of the gas velocity is
continuous.We can therefore take a coordinate system inwhich the surface element
considered to be at rest and the tangential component of the gas velocity is zero on
both sides of discontinuity surface. Thenwe canwrite (8.1.8)–(8.1.10) expressing the
enthalpy via the internal energy of the gas, H ¼ "þ P=r

r1u1 ¼ r2u2 ¼ j; (8:2:1)

r1u
2
1 þ P1 ¼ r2u

2
2 þ P2; (8:2:2)

e1 þ P1=r1 þ
1

2
u21 ¼ e2 þ P2=r2 þ

1

2
u22; (8:2:3)

where j denotes the mass flux density at the surface of discontinuity, and we
shall use u to denote the normal component of velocity.

The first two equations can be used to find the velocity of the downstream
flow relative to the velocity of upstream flow. Using relation, u1 ¼ jV1,
V1 ¼ 1=r1, V2 ¼ 1=r2 and excluding u2 from (8.2.2) we obtain

u21 ¼
P2 � P1

V1 � V2
V2

1; and u22 ¼
P2 � P1

V1 � V2
V2

2;

so that

u1 � u2 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
P2 � P1ð Þ r2 � r1ð Þ

r1r2

s
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
P2 � P1ð Þ V1 � V2ð Þ

p
; (8:2:4)

We call gas 1 the one into which the shock wave moves, and gas 2, which
remains behind the shock. Next we shall derive the relation, which steams from
the conditions (8.2.1)–(8.2.4)

j2 ¼ P2 � P1ð Þ= V1 � V2ð Þ: (8:2:5)

e2ðP2; r2Þ � e1ðP1; r1Þ ¼
1

2
ðP2 þ P1Þðr2 � r1Þ=r1r2

¼ 1

2
ðP2 þ P1ÞðV2 � V1Þ:

(8:2:6)

The last equation gives the relation between P2 and V2 for given initial values of
P1 and V1 and therefore, similar to the adiabatic equation it is called the shock
adiabatic or the Hugoniot adiabatic.

Consider the shock adiabatic for an ideal gas, assuming constant specific
heats and adiabatic exponent g ¼ CP=CV. Substituting the expression for the

internal energy, e ¼ 1
g�1

P
r, we obtain
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P2

P1
¼ ðgþ 1Þr2 � ðg� 1Þr1
ðgþ 1Þr1 � ðg� 1Þr2

: (8:2:7)

This expression shows that: (1) the shock adiabatic is passing through the given
point (P1;V1) corresponding to the state of gas 1 in front of the shock wave,
which we shall call the initial point; (2) the compression downstream of the
front, r2=r1 exhibits a monotonic increase as the strength of the shock
increases, and tends to the limit

r2
r1
¼ ðgþ 1Þ
ðg� 1Þ ; (8:2:8)

as the strength of the shock tends to infinity, P2=P1 !1. The limiting com-
pression is r2=r1 ¼ 4 for a monatomic gas (g ¼ 5=3) and r2=r1 ¼ 6 for a
diatomic gas (g ¼ 7=5).

We can also use the gas equation of state to express the ratio of the tempera-
ture across the shock front

T2

T1
¼ ðgþ 1ÞP1 þ ðg� 1ÞP2

ðg� 1ÞP1 þ ðgþ 1ÞP2

P2

P1
: (8:2:9)

Introducing the Mach number, M1 ¼ u1=a1, which characterize intensity of the
shock as a ratio of the shock wave velocity relative to the sound velocity, we find

r2
r1
¼ M2

1ðgþ 1Þ
2þ ðg� 1ÞM2

1

! gþ 1

g� 1
; (8:2:10)

T2

T1
¼ ½2þ ðg� 1ÞM2

1�½2gM2
1 � ðg� 1Þ�

M2
1ðgþ 1Þ2

! 2gðg� 1Þ
ðgþ 1Þ2

M2
1; (8:2:11)

P2

P1
¼ 2gM2

1 � ðg� 1Þ
gþ 1

! 2g
gþ 1

M2
1: (8:2:12)

It must be emphasized that the shock adiabatic is not identical to the Poisson
adiabatic. In particular, the equation of the shock adiabatic cannot be written in
the form fðP;VÞ ¼ const. The Poisson adiabatic for a given gas forms a one-
parameter family of curves, but the shock adiabatic is determined by two
parameters, the initial values P1 and V1. This has also the following important
result: if two (or more) successive shock waves transform a gas first from state 1
to state 2 and then to state 3, the transition from state 1 to state 3 cannot in
general be effected by the passage of any one shock wave.

Like the other thermodynamic quantities, the entropy is discontinuous at a
shock wave. By the law of increase of entropy, the entropy of a gas can only
increase during its motion. Hence the entropy S2 of the gas, which has passed
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through the shock wave, must exceed its initial entropy S1. The following fact

should be emphasized. The presence of shock waves results in an increase in

entropy in those flows, which can be regarded as motions of an ideal fluid in all

space, the viscosity and thermal conductivity being zero. The increase in

entropy signifies that the motion is irreversible, i.e. energy is dissipated. Thus

the discontinuities are a means by which energy can be dissipated in the motion

of an ideal fluid. The increase of the entropy for a gas passing the shock front

can be expressed as

S2 � S1 ¼ CV ln
P2

P1

ðg� 1ÞP2=P1 þ ðgþ 1Þ
ðgþ 1ÞP2=P1 þ ðg� 1Þ

� �g	 

: (8:2:13)

The increase in entropy in a shock wave has another important effect on the

motion: even if we have potential flow in front of the shock wave, the flow

behind it is, in general, rotational.
It can be proved that for shock waves of any intensity in a matter with

normal compressibility, i.e. for @2V=@P2
� �

S
40, the condition of the increase

of the entropy for a gas passing the shock front means also that in a shock wave

hold the inequalities

P24P1; V14V2; u14as1; u25as2; u14u2: (8:2:14)

The inequalities (8.2.14) mean that, when the gas passes through the shock

wave, it is compressed, the pressure and density increased, and the shock wave

moves supersonically relative to the gas ahead of it. Therefore, no perturbations

starting from the shock wave can penetrate into the gas ahead the shock front.

In other words, the presence of the shock has no effect on the state of gas in

front of it. The condition @2V=@P2
� �

S
40 can be violated for a medium which

has a phase transition and for which the adiabatic therefore has a kink, for

instance, near a gas-liquid critical point.
Finally, let us show that on the shock adiabatic (Hugoniot adiabatic) which is

the curve of P2 as a function of V2 for the given quantities of ðP1;V1Þ there is no
a point such that the cord passing from the point (P1;V1) to any point (P2;V2)

would be tangential to the shock adiabatic at this point. At such a point the slop

of the chord passing from the point (P1;V1) to the point (P2;V2) must be

minimum. From (8.2.1) and (8.2.2) follows that tangent of the angle of the

cord between points (P2;V2) and (P1;V1) is

j2 ¼ P2 � P1

V1 � V2
: (8:2:15)

Then condition for the minimum of the slop is dj2=dP2 ¼ 0, which corresponds

to the equality u2 ¼ as2 which contradicts to inequalities (8.2.14).
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8.3 Detonation Adiabatic

In the type of combustion wave (slow combustion regime – deflagration) which

we considered before, the chemical reaction propagated through the gaseous

mixture of fuel and oxidants due to the heating (or diffusion, in general), which

results from the direct transfer of heat from the burning gas to that which is still

unburned. As we discussed already, another entirely different mechanism of

propagation of combustion, involving shock waves is also possible. The shock

wave heats and compresses the gas as it passes through the shock front so that

the temperature of the combustible gas mixture behind the shock increases. If

the shock wave is sufficiently strong, the rise in temperature, which it causes,

may be sufficient to initiate combustion. The shock wave will then ‘‘ignite’’ the

gas mixture as it moves through the mixture; i.e. the combustion will be

propagated with the velocity of the shock, which is much faster than velocity

of ordinary combustion wave, which we call flame, or slow combustion regime –

deflagration. This mechanism of propagation of combustion is called detona-

tion. The theory of detonation has been developed by Ya. B. Zel’dovich (1940),

and independently by J. von Neumann (1942) and W. Döring (1943).
When the shock wave passes some point in the gas, the reaction begins at that

point, and continues until all the gas there is burned, i.e. for a time �r, which
characterizes the kinetics of the reaction. This time is, however, itself dependent

on the strength of the shock, and decreases as the shock becomes stronger, on

account of the increase in the reaction rate with rising temperature. It is there-

fore clear that a layer of chemical reaction zone moving with it in which

combustion is occurring will follow the shock wave and the width of this layer

is equal to the speed of propagation of the shock multiplied by the time �r. It is
important that the width of detonation wave (width of the shock wave together

with reaction zone) does not depend on the dimensions of any bodies that are

present. When the characteristic dimensions of the problem are sufficiently

large, we can regard the shock wave and the combustion zone following it as

a single surface of discontinuity, which separates the burned and unburned

gases. We shall call such a surface a detonation wave. Typical structure of a

detonation, know as Zel’dovich-von Neumann-Döring model, consisting of a

leading shock wave and following reaction zone, is presented in Fig. 8.1.
At a detonation wave the flux densities of mass, energy andmomentummust

be continuous. So that the relations derived previously for a shock adiabatic,

which follow from continuity conditions alone, remain valid. These are

j � r1u1 ¼ r2u2 (8:3:1)

P1 þ r1u
2
1 ¼ P2 þ r2u

2
2; (8:3:2)

H1 þ
u21
2
¼ H2 þ

u22
2
: (8:3:3)
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In particular, the equation

H1 �H2 þ
1

2
ðV1 � V2ÞðP2 þ P1Þ ¼ 0 (8:3:4)

holds, which steams from continuity conditions (8.3.1–3).
Remember thatwe introduced specific volumeasV ¼ 1=r, andusing the suffix

1 that always pertains to the unburned gas in the upstream flow ahead the shock
front, and the suffix 2 pertains to the combustion products in the downstream
flow behind detonation front. In particular, from Eqs. (8.3.1) and (8.3.2) we
obtain for tangent of the angle of the cordbetween points (P1;V1) and (P2;V2).

j2 ¼ P2 � P1

V1 � V2
; (8:3:5)

The curve of P2 as a function of V2 given by the Eq. (8.3.4) is called the
detonation adiabatic. Unlike the shock adiabatic that we considered earlier,
this curve does not pass through the given initial point ðP1;V1Þ. The fact that
the shock adiabatic passes through this point was due to the fact that the
enthalpy H1 and H2 were the same functions of P1;V1 and P2;V2 respectively,
whereas this does not now hold in detonation because of the chemical difference
between the unburned and burned gases.

In Fig. 8.2 the continuous line shows the detonation adiabatic and the
ordinary shock adiabatic for the unburned gas mixture is shown by dashed
line for comparison purpose. The last one passes through the point (P1;V1) as it
must be for the shock adiabatic for the unburned gas mixture. The detonation
adiabatic always lies above the shock adiabatic, because a high temperature is
reached in combustion, and the gas pressure is therefore greater than it would
be in the unburned gas for the same specific volume.

It is obvious that formula for the mass flux density (8.3.5), which is conse-
quence of the equations of continuity conditions for flux densities of mass and
momentum only, holds for both shock wave and detonation. In the Fig. 8.2 of
detonation adiabatic j2 graphically is the slope of the chord passing from the

Fig. 8.1 Schematic structure
of a detonation wave,
Zel’dovich-von
Neumann-Döring model
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point (P1;V1) to any point (P2;V2) on the detonation adiabatic. In Fig. 8.2 such
chord is shown by the dashed line a-b-c-d. The immediate consequence, which is
seen from Fig. 8.2, is that j2 cannot be less than the slope of the tangent a�O to
a curve of the detonation adiabatic. It is clear that the flux j2 is the mass of the
gas mixture, which is ignited per unit time per unit area of the surface of the
detonation wave.We came to the conclusion that, in a detonation, this quantity
cannot be less than a certain limiting value jmin, which depends on the initial
state of the unburned gas mixture.

Since formula (8.3.5) is a consequence only of the conditions of continuity of
the fluxes of mass and momentum, it therefore holds not only for the final state
of the combustion products for a given initial state of the gas, but also for all
intermediate states, in which only part of the reaction has been evolved. In other
words, the pressure P and specific volume V of the gas in any state obey the
linear relation

P ¼ P1 þ j2ðV1 � VÞ; (8:3:6)

which corresponds to the chord (a-b-c-d) in Fig. 8.2.
Below we shall follow a procedure suggested by Ya. B. Zel’dovich to inves-

tigate the variation of the state of the gas through the layer of finite width, which
is actually a detonation wave. The leading front of the detonation wave is a true
shock wave in the unburned gas (with index 1). In this region, the gas is
compressed and heated to a state represented by the point d in Fig. 8.2 on the
shock adiabatic of gas 1. The chemical reaction begins in the compressed gas,
and as the reaction proceed the state of the gas is represented by a point which
moves down the chord (d-a) since the heat is evolved, the gas expands, and its
pressure decreases. This continues until combustion is complete and the whole
heat of the reaction has been evolved. The corresponding point is c, which lies
on the detonation adiabatic representing the final state of the combustion
products. The lower point b at which the chord (a-d) intersects the detonation
adiabatic cannot be reached for a gas in which combustion is caused by
compression and heating in a shock wave. Thus we conclude that the detona-
tion is represented, not by the whole of the detonation adiabatic, but only by the

Fig. 8.2 Detonation
adiabatic
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upper part, lying above the point Owhere this adiabatic touches the straight line
a-O drawn from the initial point a.

It has been shownpreviously that, at the pointwheredj2=dP2 ¼ 0, i.e.where the
shockadiabatic touches the chord a-O-e, the velocity u2 is equal to the correspond-
ing velocity of sound as2. This result can be obtained only from the conservation
laws for the surface of discontinuity, and is therefore entirely applicable to the
detonationwave also. On the ordinary shock adiabatic for a single gas there are no
such points with dj2=dP2 ¼ 0, as has been noticed in Sect. 8.2. On the detonation
adiabatic, however, there is such a point, namely the point O. At the same time as
u2 ¼ as2, we have at such a point the inequality dðu2=as2Þ=dP250, and therefore
u25as2 at higher values of P2, aboveO. Since detonation corresponds to the upper
part only of the adiabatic, above the point O, we conclude that

u2 � as2; (8:3:7)

which means that a detonation wavemoves relative to the gas just behind it with
a velocity equal to or less than that of sound velocity. The equality u2 ¼ as2
holds for a detonation corresponding to the point O, which is called the
Chapman-Jouguet point.

The velocity of the detonation wave relative to unburned gas 1, it is always
supersonic, including for the point O, i.e:

u14as1: (8:3:8)

Validity of inequality (8.3.8) is seen directly from Fig. 8.2. The velocity of sound
as1 in the figure is given by the slope of the tangent to the shock adiabatic for gas
1 by the dashed curve at the point a. The slope of the chord a-c gives velocity u1,
on the other hand, since as we seen in Sect. 8.2, u1 ¼ jV1. Since all the chords
concerned are steeper than the tangent, we always have u14as1. Moving with
supersonic velocity, the detonation wave, like a shock wave, does not affect the
state of the gas in front of it. The velocity u1 with which the detonation wave
moves relative to the unburned gas at rest is the velocity of propagation of the
detonation in the fresh unburned gas.

Since u1=V1 ¼ u2=V2 � j, and V14V2 (recall that V1 ¼ 1=r1, and
V2 ¼ 1=r2), it follows that u14u2. The difference u1 � u2 is evidently the
velocity of the combustion products relative to the unburned gas. This differ-
ence is positive, i.e. the combustion products move in the direction of propaga-
tion of the detonation wave.

It should be also mentioned the following important property of Chapman-
Jouguet detonation wave. Since ds2=dj

240, where s is entropy (Sect. 8.2), then
at the point where j2 has a minimum, entropy s2 therefore also has a minimum.
Obviously, this point is point O, and we conclude that this point corresponds to
the minimal value of the entropy s2 on the detonation adiabatic. The entropy s2
also has a maximum at point O if we consider the change in state along the line
a-O-e since the slopes of the curve and the tangent at O are the same. A
displacement from point e to point O corresponds to the change of state as
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the combustion reaction occurs in the compressed gas, and this is accompanied
by the evolution of heat and an increase in entropy. A passage from point O to
point a, however, would correspond to the endothermic conversion of the
combustion products into the original gases, with a decrease in entropy. If the
detonation is caused by a shock wave, which is produced by some external
source and is then incident on the gas, any point on the upper part of the
detonation adiabatic may correspond to the detonation. A detonation, which is
due to the combustion process itself, is of the most important case. Such
detonation corresponds to the Chapman-Jouguet point, so that the velocity of
the detonation wave relative to the combustion products behind it is equal to
the sound velocity, while the velocity u1 relative to the unburned gas has its
minimal possible value.

8.4 Velocity of Detonation Wave

We consider now an ideal polytropic gas and derive the relations between the
various quantities in a detonation wave. Substituting in the Eq. (8.3.4) the heat
function for ideal gas in the form

H1;2 ¼ H01;2 þ cpT1;2 ¼ H01;2 þ
gP1;2V1;2

g� 1
; (8:4:1)

(recall that for ideal gas P ¼ g� 1ð ÞcVrT, and adiabatic constant is g ¼ cp=cV)
we obtain

g2 þ 1

g2 � 1
P2V2 �

g1 þ 1

g1 � 1
P1V1 � P2V1 þ P1V2 ¼ 2Q: (8:4:2)

Here we introduced Q ¼ H01 �H02 as the heat of the reaction, reduced to the
absolute zero of temperature.

The curve P2 ¼ P2ðV2Þ given by the Eq. (8.4.2) is a rectangular hyperbola
that is detonation adiabatic curve. For a strong detonation when P2=P1 !1
(P2=P1441), the ratio of densities tends to a finite limit

r2
r1
¼ V1

V2
¼ g2 þ 1

g2 � 1
: (8:4:3)

This is again the highest compression that can be achieved in a detonation wave
similar to that one achieved in a shock wave.

All the formulae are simplified in the case of strong detonation waves, which
are obtained when the heat evolved in the reaction is large compared with the
internal heat energy of the original gas, i.e. when Q44cVT1. In this case we can
neglect the terms containing P1 in the Eq. (8.4.2) and we obtain

P2
g2 þ 1

g2 � 1
V2 � V1

� �
¼ 2Q: (8:4:4)
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8.5 The Chapman-Jouguet Detonation

Since the Chapman-Jouguet detonation is of particular and practical interest,
we shall consider it in more details. As it was shown above, at the Chapman-

Jouguet point

j2 ¼ P2 � P1

V1 � V2
¼ a2s2

V2
2

¼ g2P2

V2
: (8:5:1)

From this equation together with the Eq. (8.3.6) we can express P2 and V2 in
the form

P2 ¼
P1 þ j2V1

g2 þ 1
; and V2 ¼

g2ðP1 þ j2V1Þ
j2ðg2 þ 1Þ

(8:5:2)

Substituting these expressions in Eq. (8.4.2), replacing the flux j using expres-

sion u1 ¼ jV1, and using again the expression PV ¼ g� 1ð ÞcVT, we shall obtain
the equation for the velocity u1:

u41 � 2u21½ðg22 � 1ÞQþ ðg22 � g1ÞcV1T1� þ g22ðg1 � 1Þ2c2V1T2
1 ¼ 0: (8:5:3)

From four roots of this equation, we are interested in two positive. From these

two that differ by sign plus and minus in front of the second root square, should
be taken root with plus which corresponds to the tangent that passes upwards
from the point a in Fig. 8.2. The two signs in this case correspond to the fact that

two tangents can be drawn from the point a to the detonation adiabatic: one
upwards, as shown in Fig. 8.2, and the other downwards. The upward tangent,
in which we are interested, has the steeper slope, and we accordingly take the

plus sign

u1 ¼
g2 � 1

2
ðg2 þ 1ÞQþ ðg1 þ g2Þcv1T1½ �

	 
1=2

þ

þ g2 þ 1

2
ðg2 � 1ÞQþ ðg2 � g1Þcv1T1½ �

	 
1=2
(8:5:4)

Formula (8.5.4) determines the velocity of propagation of the detonation in
terms of the temperature T1 of the original gas mixture.

We can use Eqs. (8.5.1–2) to express P2 and V2 in terms of u1 and T1. We
obtain after simple transformations

P2

P1
¼ u21 þ ðg1 � 1Þcv1T1

ðg2 þ 1Þðg1 � 1Þcv1T1
; (8:5:5)

V2

V1
¼ g2½u21 þ ðg1 � 1Þcv1T1�

ðg2 þ 1Þu21
: (8:5:6)
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Equations (8.5.5) and (8.5.6) together with Eq. (8.5.4) determine the ratios of

pressure and density between the combustion products and the unburned gas

for the detonation wave propagating in the gas mixture of given pressure,

density at the given temperature T1.
Using formulae (8.5.4) and (8.5.5) and (8.5.6) and taking into account that

velocity of the flow downstream (behind the detonation front) is u2 ¼ u1V2=V1,

we can calculate u2, which is

u2 ¼
g2 � 1

2
½ðg2 þ 1ÞQþ ðg1 þ g2Þcv1T1�

	 
1=2

þ

þ g2 � 1

g2 þ 1

g2 þ 1

2
½ðg2 � 1ÞQþ ðg2 � g1Þcv1T1�

	 
1=2
(8:5:7)

The velocity of the combustion products relative to the unburned gas mixture,

i.e. the difference u1 � u2 can be than written down as

u1 � u2 ¼
2

g2 þ 1
½ðg2 � 1ÞQþ ðg2 � g1Þcv1T1�

	 
1=2

: (8:5:8)

Finally, for the temperature of the combustion products we obtain the

expression

T2 ¼
u22

g2ðg2 � 1ÞcV2
; (8:5:9)

where u2 ¼ a2 in case of the Chapman-Jouguet detonation.
All the formulae are simplified for strong detonation waves, when we can

consider that Q¸ cVT1. In this case instead of (8.5.4)–(8.5.7) we obtain simple

formulae

u1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ðg22 � 1ÞQ

q
; (8:5:10)

u1 � u2 ¼
1

ðg2 þ 1Þ u1; (8:5:11)

V2

V1
¼ g2

g2 þ 1
; (8:5:12)

P2

P1
¼ 2ðg2 � 1Þ
ðg1 � 1Þ

Q

cV1T1
; (8:5:13)

T2 ¼
2g2
ðg2 þ 1Þ

Q

cV2
: (8:5:14)
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For the ratio of the temperatures of the combustion products in detonation
wave and in slow combustion (flame) calculated in Chap. 5we obtain:

Tdet
2

Tflame
2

¼ 2g22
g2 þ 1

: (8:5:15)

Since g241, the right hand side of (8.5.15) is always larger than one. For
example, 2g22=ðg2 þ 1Þ ¼ 1:309 for g2 ¼ 1:2, and 2g22=ðg2 þ 1Þ ¼ 1:633 for
g2 ¼ 1:4, which means that the temperature of the combustion products is
always higher behind detonation wave compared to the temperature of com-
bustion products behind a flame.

8.6 The Propagation of a Detonation Wave

Let us show that for the most important practical cases of the propagation of
detonation waves in a gas mixture initially at rest, the regime of detonation is
the Chapman-Jouguet detonation. Let us consider first the case of detonation
propagating from the closed end of the tube. The boundary conditions in this
case are that the gas velocity is zero in front of the detonation wave, which does
not affect the state of the gas in front of it since velocity of the detonation wave
is supersonic velocity. The boundary conditions also require that the gas
velocity is zero at the closed end of the tube. Since the gas acquires a non-zero
velocity when the detonation wave passes, the velocity must diminish in the
region between the detonation wave and the closed end of the tube. In order to
determine the resulting flow pattern, we notice that in this case there is no length
parameter, which might characterize the conditions of flow along the tube.
Therefore, the gas velocity can change either in a shock wave separating two
regions where the velocity is constant or in a rarefaction wave.

Let us first assume that the detonation wave does not correspond to the
Chapman-Jouguet detonation. Then its velocity of propagation relative to
the gas behind is u25as2. However, in this case it is impossible to satisfy the
boundary conditions. Indeed, in this case, neither a shock wave nor a weak
discontinuity, which is the forward front of a rarefaction wave, can follow the
detonation wave. Indeed, the shock wave would propagate relative to the gas in
front of it with a velocity exceeding as2 and therefore overtake the detonation
wave. Also is true for the weak discontinuity, which is the forward front of a
rarefaction wave, which propagates with a velocity equal to as2, and also would
overtake the detonation wave. Thus, with the above assumption, the velocity of
the gas moving behind the detonation wave cannot decrease, i.e. the boundary
conditionat the closedendof the tube, at x ¼ 0, cannotbe satisfied.This condition
can be satisfied only for a detonation wave corresponding to the Chapman-
Jouguet detonation. In the latter case, u2 ¼ as2, and a rarefactionwave can follow
thedetonationwave.The rarefactionwave is formedat x ¼ 0when the detonation
begins, and its forward front coincides with the detonation wave.
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Thus, we came to the important result that a detonation wave ignited at the
closed end of the tube must correspond to the Chapman-Jouguet point. It
moves relative to the gas behind it with a velocity equal to the local velocity
of sound. The detonation wave adjoins a rarefaction wave, in which the gas
velocity (relative to the tube) falls monotonically to zero. The point where the
velocity becomes zero is a weak discontinuity. Behind this discontinuity the gas
is at rest.

Let us show that a detonation wave propagating from the open end of a tube
is also the Chapman-Jouguet detonation. The pressure of the gas in front of
the detonation wave must be equal to the original pressure, which equals the
external pressure. It is evident that, in this case also, the velocity must decrease
somewhere behind the detonation wave and even more – the velocity must
change the sign. If the gas velocity would be constant between the detonation
wave and the end of the tube, than the gas was being sucked into the open end of
the tube from outside. However this is not possible, since the gas pressure in the
tube is obviously greater than the external pressure because the pressure
increases in a detonation wave. For the same reasons as in the previous case,
the detonation wave must correspond to the Chapman-Jouguet detonation.
The resulting flow behind the detonation should be as following. Immediately
behind the detonation wave there is a rarefaction wave, in which the velocity
decreases monotonically towards the end of the tube and it changes sign at some
point. This means that, in the end section of the tube, the gas moves towards the
open end and flows out of it. The velocity with which gas products leave the
tube equals the local velocity of sound, and its pressure exceeds the external
pressure.

8.7 Strong Explosion in Homogenous Atmosphere

When energy release is large, compression wave became a shock wave after it
left the location of the energy release. In this case thermal conductivity of the
gas does not important and the problem is pure gas-dynamic one. The idealized
problem of strong explosion in a homogeneous atmosphere represents a typical
example of this kind of problem.

Let us consider an ideal gas of density r0 with constant specific heat, in which
a large amount of energy E is liberated in a small volume during a short time
interval. As a result a shock wave will be formed around location where energy
was released, and it propagates in form of a strong spherical expanding shock
wave from the point were the energy released. We shall consider the process at
the stage when the shock wave moved away from the point of the explosion on
the distance which is much larger compared to the size of the region were energy
was originally released, but when shock wave is still very strong. This means
that we can neglect by the initial pressure of the gas in comparison with the
pressure behind the shock wave, which is equivalent to neglecting the initial
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internal energy of the gas, which was involved in motion in comparison to the
explosion energy E. For such formulated problem, to a high degree of accuracy,
the energy release can be considered to be instantaneous and occurring at a
point. Assumption of a large intensity of the shock wave,

P2

P0
¸ 1

means also that ratio of the densities in the shock wave is equal to its limiting
value r2=r0 ¼ ðgþ 1Þ=ðg� 1Þ.

For thus formulating problem the motion of the gas is defined by only two
parameters; initial density of the atmosphere, r0 and by the amount of energy, E
released in the explosion. The initial pressure and sound speed do not influence
the process.

These two parameters, E and r0 cannot be combined to yield scales with
dimension of either length or time. Such motion is called self-similar. From
r0 and E and two independent variables r and t we can combine only one
dimensionless parameter

x ¼ rðr0=Et2Þ1=5; (8:7:2)

which is self-similar co-ordinate characterizing the motion of the gas.
We can state that the location of the shock wave at every moment of time

must correspond to certain constant value of the self-similar co-ordinate x� Thus,
motion and location R ¼ R tð Þ of the shock wave is defined by the value of x�

RðtÞ ¼ x0
Et2

r0

� �1=5

; (8:7:3)

where x0 is some numerical constant, which can be found by solving equation of
motion.

The propagation velocity of the shock wave in the laboratory system is

D ¼ dR

dt
¼ 2R

5t
¼ x0

2

5

E

r0t3

� �1=5

¼ 2

5
x5=20

E

r0

� �1=2

R�3=2: (8:7:4)

The density, pressure and velocity of the gas behind the shock wave can be
expressed using formulae for a strong shock

r2 ¼ r0
gþ 1

g� 1
; P2 ¼

2

gþ 1
r0D

2; u2 ¼
2

gþ 1
D: (8:7:5)

As it is seen from (8.7.5) the pressure decreases with time as

P2 / r0D
2 / r0

E

r0

� �2=5

/ E

R3
: (8:7:6)

The fact that we neglected by the initial pressure of the gas means that we
considered initial energy of the gas being negligible compared to the energy

8.7 Strong Explosion in Homogenous Atmosphere 211



released in the explosion. It is therefore obvious that in this approximation the
total energy in the region bounded inside the sphere of shock wave remains
constant and equal to the energy released in the explosion.

E ¼
ðR

0

4pr2rðeþ u2=2Þdr ¼
ðR

0

4pr2drr
a2s

gðg� 1Þ þ
u2

2

� �
dr: (8:7:7)

This is the condition of conservation of energy, which is used to determine
unknown constant x0 for exact solving the motion equations.

Instead of exact solution, which will require numerical solution of the
ordinary differential equation, we consider a simple model, which gives the
solution with quite high accuracy. Let us assume that the entire mass of gas
involved in the motion behind the shock front is concentrated in a thin layer
behind the shock front surface, and that the density of the layer is constant and
equal to r2=r0 ¼ ðgþ 1Þ=ðg� 1Þ. The thickness of the layer is determined by
conservation of mass

4pR2�rr2 ¼
4pR3

3
r0; or �r ¼ R

3

r0
r2
¼ R

3

g� 1

gþ 1
: (8:7:8)

For example, �r=R ¼ 0:055 for g ¼ 1:4, and �r=R ¼ 0:0435 for g ¼ 1:3.
Let us denote the pressure at the inner side of the layer Pc and assume that

this is the fraction a of the pressure P2 behind the shock wave, i.e. Pc ¼ aP2. We
shall consider the layer as being infinitely thin with all the mass concentrated
within the layer. Then, the equation of motion is the Newton law

d

dt
ðMu2Þ ¼ 4pR2Pc ¼ 4pR2aP2; (8:7:9)

where M ¼ 4
3 pR

3r0 is the total mass in the layer, which is function of time.

The only one external force acts on the layer from inside, 4pR2Pc, withPc being
the force per unit are, since the external pressure is assumed negligible. Expressing
u2 andP2 in termsof the shock velocityD ¼ dR=dt andusing (8.7.5),weobtain

1

3

d

dt
ðR3DÞ ¼ aD2R2: (8:7:10)

Using new independent variable, by noting

d

dt
¼ dR

dt

d

dR
¼ D

d

dR
;

we obtain the equation

1

3
D

d

dR
ðR3DÞ ¼ aD2R2; (8:7:11)

which being integrated, gives

D ¼ CR�3ð1�aÞ: (8:7:12)
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The constants C and a are determined from the condition of energy conserva-
tion. Notice that that the pressure inside the sphere of radius R is Pc ¼ aP2,
which means that although we assumed that almost all the mass is concentrated
in the layer, the space inside the sphere contains some small amount of the gas
with the internal energy

Ein ¼
1

g� 1

4

3
pR3Pc:

The kinetic energy of the gas is Ekin ¼Mu22=2. Thus, for the total energy, using
Pc ¼ aP2, and expressing u2 in terms of D, and substituting for D its expression
from (8.7.12) we obtain

E ¼ 4p
3
r0C

2 2a
g2 � 1

þ 2

ðgþ 1Þ2

" #
�R3�6ð1�aÞ: (8:7:13)

Since the energy released in the explosion is constant, the exponent of the
variable R must be zero. This gives a=1/2. Then, the Eq. (8.7.13) defines the
constant C:

C ¼ 3

4p
ðg� 1Þðgþ 1Þ2

3g� 1

E

r0

" #1=2
: (8:7:14)

Thus, form the Eq. (8.7.12) we have the following relations

D / R�3=2; P2 / R�3; u2 / R�3=2; R / t2=5: (8:7:15)

The coefficients in these relations can be expressed using (8.7.14), for example,

R ¼ 75

16p
ðg� 1Þðgþ 1Þ2

3g� 1

E

r0

" #1=5
t2=5: (8:7:16)

The approximation used here is quite close to the exact solution of the problem.
For example, for g ¼ 1:4 the exact solution gives Pc ¼ 0:35 P2 and for g ¼ 1:2 it
is Pc ¼ 0:41 P2, while approximate solution gives Pc ¼ 0:5 P2. The numerical
coefficients in the brackets in (8.7.16) is 1.033 and 0.89 for g ¼ 1:4 and g ¼ 1:2,
for exact solution, and 1.014 and 0.89 for the approximate solution,
correspondingly.

Problems

8.1. Calculate the Chapman-Jouguet detonation velocity for a gaseous mix-
ture of H2 þO2. (Assume no dissociation of the product gases and
Q ¼ 57 kcal/mol, initial temperature is 298K).
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8.2. Calculate the temperature and velocity of combustion products in Chapman-
Jouguet detonation for a gaseous mixture of H2 þO2. (Assume no dissocia-
tion of the product gases, Q ¼ 57 kcal/mol). Compare the temperature of
detonation products with the temperature of the flame products.

8.3. Derive expressions for the pressure, velocity and density ratio in Chapman-
Jouguet detonation.

8.4. Dynamics of a spherical blast wave resulting from a strong explosion is
determined by the total energy of the explosion E and by the density of the
surrounding gas r. Using the dimensional analysis, find how the radius of
the blast wave increases in time. (The Sedov-Taylor blast wave solution).

8.5. Consider approximate solution for a spherical blast wave assuming that
almost all mass of the air after explosion is accumulated within a thin layer
behind the spherical shock wave expanding form the point of the explosion.
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Chapter 9

Hydrodynamics of Propagating Flame

The simplest configuration of a slow combustion wave is a planar stationary

flame. To large extend the modern flame theory was erected by Russian theor-

ists Ya. B. Zel’dovich and D. A. Frank-Kamenetsky, who obtained the analy-

tical formulas for the velocity and structure of a planar flame with chemical

kinetics in the form of one-step Arrhenius law. Though the obtained formulas

could not be used to calculate the velocity of a real flame with a complicated

many steps reaction, but their work was the fundamental methodology that

made up the basic platform for the whole flame theory. The next important step

in the theory was due to the Darrieus-Landau (DL) solution for the problem of

stability of propagating flames (Darrieus, 1939; Landau, 1944), where it has

been shown that a planar flame front is absolutely unstable against small

perturbations bending the flame front. The main conclusion of the DL theory

was that a flame cannot propagate as a planar stationary front, but instead it

becomes curved, convoluted, its velocity increases, and the flow in the flame can

become turbulent.

9.1 Complete System of Equations for Propagating Flame

Dynamics of a flame is described by the hydrodynamic equations of mass,

momentum and energy conservation with the account of reaction kinetics and

transport processes of thermal conduction, fuel diffusion and viscosity. For the

sake of simplicity a single irreversible reaction will be admitted, so that the

governing equations are the following:

@

@t
rþ @

@xi
ðrviÞ ¼ 0; (9:1:1)

@

@t
ðrviÞ þ

@

@xj
rvivj þ dijP� tij
� �

¼ rgi; (9:1:2)

@

@t
reþ 1

2
rvivi

� �
þ @

@xi
rvihþ

1

2
rvivjvj þ qi � vjtij

� �
¼ rgivi; (9:1:3)

M.A. Liberman, Introduction to Physics and Chemistry of Combustion,
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@

@t
ðrYÞ þ @

@xi
rviY� k

Le

CP

@Y

@xi

� �
¼ � rnYn

rn�1R tR
exp �E

T

� �
; (9:1:4)

where Y is the fuel mass fraction, e ¼ QYþ CVT is the internal energy,
h ¼ QYþ CPT is the enthalpy, CP and CV are specific heats per unit mass at
constant pressure and volume respectively, their ratio determines the adiabatic
exponent, g is a gravity acceleration. In the development of the reaction the fuel
fraction Y changes from 1 to 0. We consider a reaction of the order n with the
energy release Q; the Arrhenius law gives the temperature dependence of the
reaction rate with the activation energy E (taken in temperature units) and with
constants of time dimension tR and density dimension rR. Usually the reaction
order is of no importance for hydrodynamic properties of a flame with the excep-
tion of the problem of flame dynamics in a closed burning chamber, where flames
with the first, second and thirdorder reactions behave in a differentway. The stress
tensor and the energy diffusion vector are given by the formulas

tij ¼ k
Pr

CP

@vi
@xj
þ @vj
@xi
� 2

3

@vk
@xk

dij

� �
; (9:1:5)

qi ¼ �k @T

@xi
� Le

Q

CP

@Y

@xi

� �
; (9:1:6)

where Pr is the Prandtl number characterizing the relative strength of viscosity
and thermal conduction and Le is the Lewis number that shows the relative role
of fuel diffusion and thermal conduction. We assume that combustible mixture
can be considered as a perfect gas with the equation of state

P ¼ g� 1

g
CPrT: (9:1:7)

The set of Eqs. (9.1.1)–(9.1.7) is typically used in direct numerical simulations of
flame dynamics. For a perfect gas the transport coefficients of thermal conduction,
fuel diffusionandviscosity are proportional to eachother.For example, thePrandtl
number of a perfect gas depends on the adiabatic exponent Pr ¼ 4g=ð9g� 5Þ and
changeswithin the limits 2=35Pr51.For simplicityweassumealso that adiabatic
exponent and the specific heats do not change in the reaction.

9.2 Isobaric Approximation

The theoretical approach to flame dynamics is based on isobaric approxima-
tion. It was pointed out earlier, that flames propagate with the velocities much
smaller than the sound speed. The Mach number, which is the ratio of the
velocity of a plane stationary flame Uf and the sound speed in the fuel as,
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characterized the compressibility effects. Even for the fastest flames the Mach

number is very small, M ¼ Uf=as ffi 0:01551. Since change of pressure is

�P / rfU
2
f , so the relative change of pressure in a flame-generated flow is

�P=P / rfU
2
f =Pf /M2551. At the same time the changes of temperature

and density of a burning matter in a flame are about the temperature and the

density themselves. As a result we can simplify the equation of state of the

burning matter (9.1.7) neglecting the pressure changes, so that writing

rT ¼ ruTu: (9:2:1)

The equation of energy transfer can be also simplified in the isobaric approx-

imation. Using (9.1.1), (9.1.2) and the equation of state (9.2.1) we can rewrite

(9.1.3) in the form

r
@

@t
þ v � r

� �
ðCPTþQYÞ � @P

@t
� v � rP� @

@xi
ðvjtijÞ

¼ r � ½k ðrTþ Le
Q

CP
rYÞ�:

(9:2:2)

In the isobaric approximation the terms related to the pressure derivatives in

(9.2.2) and to the viscous stress are small as M2551 and may be neglected

when compared to the terms including changes of temperature and the fuel

fraction. Therefore, the equation of energy is reduced to the equation of thermal

conduction

r
@

@t
þ v � r

� �
ðCPTþQYÞ ¼ r � ½k ðrTþ Le

Q

CP
rYÞ�: (9:2:3)

Thus, in the isobaric approximation flame dynamics is described by the hydro-

dynamic equations (9.1.1), (9.1.2), by the equation of thermal conduction

(9.2.3), by the equation of chemical kinetics (9.1.4) and by the equation of

state in the form (9.2.1).
In the case of equally strong thermal conduction and fuel diffusion (when the

Lewis number is Le ¼ 1) further simplification is possible. In this case the

internal enthalpy is conserved, h ¼ CPTþQY ¼ CPTu þQ, and the fuel frac-

tion is related linearly to the temperature of the burning matter

Y ¼ 1� CP
T� Tu

Q
: (9:2:4)

In the fuel (unburned gaseous mixture) one has Y ¼ 1, while in the burnt

products Y ¼ 0 and the final temperature of the burned products can be

calculated as Tb ¼ Tu þQ=CP. Taking into account the equation of state in

the form (9.2.1), we obtain that in the isobaric approximation the ratio of the

temperature of the burned matter and the temperature of the fuel determines
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the expansion coefficient, � � ru=rb ¼ Tb=Tu. Therefore � can be expressed,

using relation Tb ¼ Tu þQ=CP, through the energy release in the reaction

� ¼ 1þQ=CPTu: (9:2:5)

It should be pointed out that the relation between the expansion coefficient �
and the energy release Q given by (9.2.5) is valid for any isobaric flame

independent of the value of the Lewis number. Due to the enthalpy conserva-

tion the equation of thermal conduction (9.2.3) and the equation of chemical
kinetics (9.1.4) may be replaced by a single equation of thermal conduction with

the account of the energy release in the reaction expressed in terms of tempera-
ture only

r
@T

@t
þ rv � rT ¼ r � k

CP
rT

� �
þQRðTÞ (9:2:6)

with the reaction rate given by the formula

QR Tð Þ ¼ rnf Tu

ð�� 1Þn�1rn�1R tR

Tb � T

T

� �n

expð�E=TÞ: (9:2:7)

Besides, it was found that in majority of practically interesting cases viscosity is
of no importance for flame dynamics. Particularly, viscous effects do not

important either at the linear or nonlinear stages of the DL instability. By this

reason in many problems of flame dynamics one can use simplified equations of
hydrodynamics for an ideal gas

@r
@t
þr � ðrvÞ ¼ 0; (9:2:8)

r
@v

@t
þ rðv � rÞv ¼ �rPþ rg: (9:2:9)

Quite often instead of the complete set of hydrodynamic equations

(9.1.1)–(9.1.7) analytical investigation of flame dynamics starts from the sim-
plified set of Eqs. (9.2.6)–(9.2.9) and the isobaric equation of state (9.2.1).

In the case of slow combustion (deflagration), the isobaric approximation

means that conservation of the momentum flux and energy flux is continuity of

the pressure and enthalpy,

P1 ¼ P2; H1 ¼ H2:

Thus, we can write

H1 ¼ H01 þ CP1T1 ¼ H2 ¼ H02 þ CP2T2;

where H01 �H02 ¼ Q is the heat released in the reaction.
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Then we obtain the following relations between thermodynamic variables of
the unburned and burned flow on both sides of the propagating flame:

P1 ¼ P2; T2 ¼ ðQþ CP1T1Þ=CP2;
r1
r2
¼ u2

u1
¼ g1ðg2 � 1Þ

g2ðg1 � 1Þ 1þ Q

CP1T1

� �
:

9.3 Theory of Planar Flames

Let us consider a planar stationary flame propagating with the velocityUf in the
negative direction along the z-axis. In the reference frame co-moving with the
flame the flow consists of a uniform flow of the fresh fuel mixture moving with
the velocity uz ¼ Uf towards the flame front, of the transition region where
heating and reaction are in progress (which is the flame front itself) and of a
uniform flow of the burned matter drifted away from the flame front. Our
purpose is to find the structure of the heating and reaction region and the
velocity of the planar flame front as a function of the thermal and chemical
fuel parameters.

In the co-moving with the planar stationary flame co-ordinate system the
hydrodynamic equations (9.2.8), (9.2.9) take the form

d

dz
ðruzÞ ¼ 0; (9:3:1)

d

dz
Pþ ru2z
� �

¼ 0; (9:3:2)

The corresponding integrals across the front are

ruz ¼ ruUf; (9:3:3)

Pþ ru2z ¼ Pu þ ruU
2
f : (9:3:4)

With the account of the mass conservation (9.3.3) the equation of thermal
conduction takes the form

ruUf
dT

dz
¼ d

dz

k
CP

dT

dz

� �
þ ruTu

tR

Tb � T

T
expð�E=TÞ (9:3:5)

with the boundary conditions in the fuel and in the burnt matter

Tðz ¼ �1Þ ¼ Tu; Tðz ¼ 1Þ ¼ Tb; ðnotice, that uu � UfÞ: (9:3:6)

The temperature of the burnedmatter depends only on the fuel temperature and
the energy release in the reaction and may be expressed through the expansion
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coefficient as Tb ¼ �Tu. Equation (9.3.5) together with the boundary condi-
tions (9.3.6) constitutes an eigenvalue problem, where the flame velocity Uf is
the eigenvalue and the flame internal structure T ¼ TðzÞ is the eigenfunction.

The Zel’dovich-Frank-Kamenetsky theory of planar stationary flames takes
into account that typically the activation energy of the reaction is very large,
E=T4E=Tb441. Because of the strong Arrhenius dependence, the last term in
(9.3.5) differs from zero only in a thin reaction zone (that is as it was assumed by
Mallard and LeChatelier, see Chap. 5), where temperature is nearly equal to the
final value, ðTb � TÞ=Tb / Tb=E. Outside the reaction zone the equation of
thermal conduction becomes

ruUf
dT

dz
¼ d

dz

k
CP

dT

dz

� �
(9:3:7)

and after straightforward integration it gives the temperature distribution in the
flame outside the reaction zone

TðzÞ
Tu
¼

1þ ð�� 1Þ expðz=LfÞ; z 50

�; z 40

�
(9:3:8)

with other hydrodynamic values depending on the temperature as
r ¼ ruTu=T; uz ¼ UfT=Tu; P ¼ Pu þ ruU

2
f ð1� T=TuÞ. The solution (9.3.8)

for the temperature distribution inside a planar flame is shown in Fig. 9.1 by the
dashed curve. Solid curve inFig. 9.1depicts thenumerical solutionof the eigenvalue
problem (9.3.5)–(9.3.6) for the case of the expansion coefficient � ¼ 8 and the
activation energy of the reaction E=Tb ¼ 8:75. One can see that the analytical
solution is in a good agreement with the numerical one everywhere except the thin
zone of active reaction, where the discontinuity of the temperature derivative of
(9.3.8) is smoothed. The distributions of density, velocity and concentration for the
same flame parameters are presented in Fig. 9.2.
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cient � ¼ 8 and the activa-
tion energy E=RTb ¼ 8:75.
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to the analytical solution
(9.3.5)
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Characteristic thickness of the reaction zone LR where temperature is close

to the final value, ðTb � TÞ=Tb / Tb=E, is much smaller than the total flame

thickness LR / LfTb=E55Lf. By this reason in the reaction zone the termwith

the first derivative of temperature in Eq. (9.3.5) may be neglected compared to

the term proportional to the second derivative and the equation of thermal

conduction takes the form

k
Cf

d2T

dz2
þ ruTu

tR

Tb � T

Tb
expð�E=TÞ ¼ 0; (9:3:9)

where kb is the coefficient of thermal conduction at the temperature T ¼ Tb.
The boundary conditions outside the reaction zone can written as

dT

dz
¼ ð�� 1ÞTu

Lf
for

Tb � T

Tb

44
Tb

E
(9:3:10)

ahead of the reaction zone, and

dT

dz
ðT ¼ TbÞ ¼ 0 (9:3:11)

behind the reaction zone. In the solution (9.3.8) the eigenvalue Uf is ‘‘hidden’’ in

the definition for the flame thickness Lf ¼ kb=ruCpUf in the boundary condition

(9.3.10). Multiplying (9.3.9) by the temperature derivative and using the Frank-

Kamenetsky approximation for the Arrhenius function in the reaction zone

expð�E=TÞ � expð�E=TbÞ exp E
T� Tb

T2
b

 !
; (9:3:12)

after integration across the reaction zone we obtain the equation for the flame

thickness
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activation energy
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kb
2CP

T2
u �� 1ð Þ2

L2
f

¼ ruTu

tRTb

T4
b

E2
expð�E=TbÞ: (9:3:13)

Taking into account the definition for the flame thickness, Lf ¼ kb=ruCpUf, we
obtain from (9.3.13) for the flame velocity

Uf ¼
2kb

CPrutR

� �1=2
ffiffiffiffi
�
p

ð�� 1Þ
Tb

E
exp � E

2Tb

� �
: (9:3:14)

In agreement with the result of Chap. 5 obtained from dimensional analysis, the
flame velocity is proportional to the square root of thermal conduction and
inversely proportional to the square root of the characteristic reaction time

t1=2b / t1=2R exp E=2Tbð Þ:

Uf /
kb

CPrutR

� �1=2

exp � E

2Tb

� �
; (9:3:15)

The Zel’dovich-Frank-Kamenetsky formula (9.3.14) is in a very good agreement
with the numerical solution of the eigenvalue problem (9.3.5)–(9.3.6). Particularly,
for the flame with the expansion coefficient � ¼ 8 and the activation energy
E=Tb ¼ 8:75 the analytical formula (9.3.14) gives the dimensionless value
lnðLf=UftRÞ ¼ 14:2,while the numerically calculated result is lnðLf=UftRÞ ¼ 14:3.

In a general case of a reaction of an arbitrary order, n, and Lewis number
different from unity, the expression for the velocity of a planar flame becomes

Uf ¼
2n!

ðLeÞn�

kb
CPrutR

� �1=2 rb
rR

� �n�1
2 �Tb

�� 1½ �E

� �nþ1
2

exp � E

2Tb

� �
: (9:3:16)

The formula (9.3.16) may be derived on the basis of the set of isobaric hydro-
dynamic equations and the equation of state using the samemethod as was used
for derivation of Eq. (9.3.14).

According to Eq. (9.3.16) velocity of a flame depends on the pressure in a fuel
as Uf / Pðn=2Þ�1: the flame propagates slower in a fuel of higher pressure in the
case of a reaction of the first order, while flame velocity increases with pressure
for a reaction of the third order. For flames with second order reactions flame
velocity is independent of the fuel pressure. Also the flames of higher order
reactions are more sensitive to the increase of the initial temperature.

9.4 The Model of a Discontinuous Flame Front

Auseful approach, used as a starting point for analytical study, is the model of a
discontinuous flame front. The model of a discontinuous flame front is based
on the fact that in many scases typical length scales of flame dynamics are much
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larger than the flame thickness. In this limit a flame front can be treated as a
surface of zero thickness separating the fresh fuel and the burned products. The
position of the flame front may be chosen as the position of one of the isotherms
describing the inner structure of the flame since all isotherms of a flame are
parallel to each other with a high accuracy. Dynamics of the flame front within
the approach of a discontinuous flame front can be obtained by solving hydro-
dynamic equations outside the flame in the flows of the fresh fuel and in the flow
of the burned gas. Solutions upstream and downstream the flame front should
to be matched at the front using the conservation laws. In general the approach
of a discontinuous flame front allows taking into account inexplicitly a finite
thickness of the flame and transport processes since the flame thickness may
enter the conservation laws at the flame front as an external parameter.

Becauseof the small flamevelocitieswe canuse the isobaric approximationand
treat the upstream and downstream flows as being incompressible, assuming the
constant densities r ¼ ru and r ¼ rb for the fuel and the burned matter, respec-
tively. A flow of an ideal incompressible gas is described by the equations

r � u ¼ 0; (9:4:1)
@u

@t
þ u � rð Þu ¼ � 1

r
rP: (9:4:2)

Let a flame front be described, for example, by a function Fðx; tÞ ¼ zþUft ¼ 0,
which means a planar stationary flame front moving in the negative direction.
The boundary conditions at the flame front of zero thickness are the conserva-
tion laws of the mass flux and two components of the momentum flux

r n � uþ 1

N

@F

@t

� �����
þ

�
¼ 0; (9:4:3)

n� ujþ�¼ 0; (9:4:4)

Pþ r n � uþ 1

N

@F

@t

� �2
" #�����

þ

�

¼ 0; (9:4:5)

where ð. . .Þjþ� represents the change of a quantity across the flame front from the
fuel to the burned matter, n ¼ rF=jrFj is the unit normal vector directed
towards the products of burning and N ¼ jrFj. The conservation laws have
to be complemented by the evolution equation of a flame front that determines
the flame velocity with respect to the fuel. In general, the flame velocity depends
on the flame shape and thickness, but in the simplest model of a discontinuous
front of zero thickness we assume that the flame velocity is a constant consid-
ered as an external parameter. Then, the evolution equation can be written as

n � u� þ
1

N

@F

@t
¼ Uf; (9:4:6)
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where u� is the fuel velocity just ahead of the flame. The conservation laws
(9.4.4), (9.4.5) together with the evolution equation (9.4.6) may be also inter-
preted as the condition of continuity of streamlines at a flame front.

Unlike the conservation laws (9.4.3)–(9.4.5) the evolution equation (9.4.6)
cannot be obtained self-consistently in the scope of the discontinuity model, but
has to be added as a supplementary external condition. If we want to obtain the
evolution equation rigorously, then we have to consider the continuous inner
structure of the flame front and integrate the equation of thermal conduction
across the front.

9.5 The Darrieus-Landau Instability of a Thin Flame Front

Flames propagate rather seldom as a planar stationary front. Usually the flame
acquires a curved shape and sometimes transition to a turbulent regime of
propagation occurs, which is accompanied by considerable amplification of
the flame velocity.While the observed transition to the turbulent regime may be
accounted for the interaction of the flow with rough tube walls, the curved
shape of a flame in tubes with smooth, slip and adiabatic walls requires another
explanation. A flame front may become spontaneously curved because of the
hydrodynamic instability discovered by Darrieus and Landau (DL instability,
Darrieus, 1939; Landau, 1944), which is the main reason of curved shape of the
flame observed in many experimental studies.

The DL instability is inherent to all flames in gaseous mixtures since the
instability is related to the gas expansion in exothermal reactions, and it appears
to be very universal, explaining instability of the ionizing waves, ablation wave
in the scheme of a laser fusion etc. In the approach used by Darrieus and
Landau a flame front is treated as a surface of zero thickness separating the
fresh fuel and the burnt matter and propagating with a constant velocity Uf

with respect to the fuel. In this approach the velocity Uf is considered as an
external parameter prescribed to the flame front. Since in the reference frame of
the planar flame front the unperturbed solution is stationary, we can look for
perturbations of a planar front in the form

~F x; tð Þ ¼ ~FðxÞ exp stþ ikyð Þ; (9:5:1)

where y is the coordinate along the flame front, k ¼ 2p=l is the perturbation
wave-number, l is the wavelength of the perturbation, s is the perturbation
growth rate. Our purpose is to find the dispersion relation that is the growth rate
as a function of the wave number s ¼ s kð Þ. In the case of an infinitely thin
flame front the expansion coefficient is the only dimensionless parameter of the
stability problem. Therefore, on the basis of simple dimensional considerations
one should expect the instability growth rate to be in the form s ¼ �Ufk with a
numerical factor depending on the expansion coefficient � ¼ �ð�Þ. In the case
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of instability the real part of the growth rate is positive Re½s�40. In general, the

perturbations (9.5.1) should be taken in a three-dimensional (3D) form
~F expðstþ ik � xÞ, but there is no difference between 2D and 3D configurations

for the linear problem.
Let us first consider the flame instability in a way similar to that we con-

sidered the Rayleigh-Taylor instability of incompressible liquid. First, in

obtaining the dispersion relation for the growth rate of the flame instabilities

we will be following the L. Landaumethod.We consider stability of a surface of

the flame front, which is at rest in the co-moving co-ordinate system, separating

the flow of the unburned gas upstream (u1) and of the burned gas downstream

(u2). Since the flow is essentially subsonic, the flow can be treated as incom-

pressible and potential on both sides from the flame front. The equations for

small perturbations of the velocity, u055u and pressure, P055P are:

r � u0 ¼ 0;
@u0

@t
þ ðurÞu0 ¼ � 1

r
rP0: (9:5:2)

Let the x-axis is directed along the normal to the surface of the flame. Taking

into account that the flow velocity is constant from the both sides of the flame

front, and applying the operator r to both sides of the second equation in

(9.5.2), we obtain

r2P0 ¼ �P0 ¼ @
2P0

@x2
þ @

2P0

@y2
¼ 0; (9:5:3)

Substituting to (9.5.3) P01 ¼ fðxÞ expð�iotþ ikyÞ we obtain solution for f(x)

fðxÞ ¼ Aekx þ Be�kx: (9:5:4)

Upstream at x50; u ¼ u1; r ¼ r1 we must take B ¼ 0, so that at x50

P01 ¼ Ae�iotþikyþkx: (9:5:5)

Substituting (9.5.5) into (9.5.2–3) we obtain

� iou01x þ ku1u
0
1x ¼ �A

k

r1
e�iotþkyþkx; u01y ¼ iu01x: (9:5:6)

Thus

u0x1 ¼ A
k

r1ðku1 � ioÞ e
�iotþkxþiky: (9:5:7)

Since we are interested in unstable solutions when Imfog40, we introduce

s � �io in follows. The unstable solutions then correspond to real positive s.

9.5 The Darrieus-Landau Instability of a Thin Flame Front 225



There is another solution of the Euler equation (9.5.2) corresponding to the

uniform equation with P0 ¼ 0

@u01x
@t
þ u1

@u01x
@x
¼ 0: (9:5:8)

However, the solution of (9.5.8) u01x ¼ Ce
stþiky� s

u1
x
is unlimited for real positive

s at x! �1, so that C ¼ 0.
Thus, upstream at x50 we have

P01 ¼ Ae�iotþikyþkx; (9:5:9)

u0x1 ¼ �A
k

r1ðsþ ku1Þ
estþkxþiky; (9:5:10)

u0x1 ¼ �A
ik

r1ðsþ ku1Þ
estþkxþiky: (9:5:11)

In a similar way, downstream, at x40, we obtain solutions

P02 ¼ Be�iotþiky�kx; (9:5:12)

u0x2 ¼ B
k

r2ðs� ku2Þ
e�kx þ Ce

� s
u2
x

� �
estþiky; (9:5:13)

u0y2 ¼ B
�ik

r2ðs� ku2Þ
e�kx þ C

is
ku2

e
� s

u2
x

� �
estþiky; (9:5:14)

where solution of the uniform equation of type (9.5.8) was include in (9.5.13–14).
Let � ¼ �ðy; tÞ ¼ Dexpðstþ ikyÞ be a displacement of the flame surface

caused by small perturbations. At the surface of the flame front considered as

a discontinuity surface must be fulfilled the following conditions at x ¼ 0.

Pressure is continues, i.e.

P01ð0Þ ¼ P02ð0Þ: (9:5:15)

The condition that the tangential velocity component is continuous reads

u0y1 þ u1
@�

@y
¼ u0y2 þ u2

@�

@y
: (9:5:16)

Another condition for perturbations is that the flame velocity in the direction

normal to the flame surface remains unchanged

u0x1 �
@�

@t
¼ u0x2 �

@�

@t
¼ 0: (9:5:17)

Substituting solutions (9.5.9)–(9.5.11) and (9.5.12)–(9.5.14) into the boundary

conditions (9.5.15)–(9.5.17) at x ¼ 0, we obtain a system of four uniform
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equations for the coefficients A, B, C, D. With the use of equation r1u1 ¼ r2u2,
one can obtain

A ¼ B ¼ �s
k
r1ðsþ ku1ÞD; (9:5:18)

C ¼ s2 u1 þ u2
u1ðs� ku2Þ

D: (9:5:19)

The last two equations after simple algebra are reduced to

s2ðu1 þ u2Þ þ 2su1u2 þ k2u1u2ðu1 � u2Þ ¼ 0: (9:5:20)

In the flame r14r2, and since from the continuity equation, r1u1 ¼ r2u2, and
u24u1, both roots of the quadratic equation (9.5.20) are real. Introducing
� ¼ r1=r2 ¼ u2=u1, we obtain

s ¼ 	ku1
�

�þ 1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�þ 1� 1=�

p
� 1

n o
: (9:5:21)

Existence of the positive root in (9.5.21) means instability of the flame front.
Since o is pure imaginary and has no real part, the perturbations in the flame
growth locally, which means that they are not travel along the flame front.
Formally the obtained solution means that the flame front is absolutely
unstable against perturbations of any wavelength: as larger wave number
(shorter the wave length) as larger s is and as faster perturbations growth.

At the beginning of this section it was said that from dimensional analysis the
instability growth rate should be s ¼ �ð�ÞUfk . From the Eq. (9.5.21) we found

the dependence on the expansion coefficient,� �ð Þ ¼ �
�þ1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�þ 1� 1=�

p
� 1

n o
,

which shows that there is no instability if there is no gas expansion across the
flame front, � ¼ 1, and the growth rate only slightly changes for real flames:
from � ¼ 1:437 for � ¼ 6, till � ¼ 2:092 for � ¼ 10. An important conclusion is
that this kind of hydrodynamic instability of a wave front is universal and is due
to a gas expansion across the front. It should be noticed that in the derivation of
the instability we did not specify that the wave is combustion one.

It is obvious that the flow upstream, incoming to the flame front, is potential.
It steams from the fact that the flow is potential far away from the flame front,
and according to the Kelvin theorem of conservation of circulation it remains
potential everywhere at x50. Using formulas (9.5.10), (9.5.11), (9.5.13),
(9.5.14) and (9.5.18), (9.5.19) we obtain for the velocity components

u0x1 ¼ sDe�iotþkxþiky; (9:5:22)

u0y1 ¼ isDe�iotþkxþiky; (9:5:23)

u0x2 ¼
s2ðu1 þ u2Þ
u1ðs� ku2Þ

e
� s

u2
x � su2ðsþ ku1Þ

u1ðs� ku2Þ
e�kx

� �
Destþiky; (9:5:24)
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o2 ¼ i
s2ðu1 þ u2Þu1

ku22
ðsþ ku2ÞDe

st� s
u2
xþiky 6¼ 0 (9:5:25)

Then, it is easy to calculate vorticity w ¼ r� u upstream and downstream.

Ahead of the flame front we obtain

o1 ¼
@u0y1
@x
� @u

0
x1

@y
¼ 0; (9:5:26)

as it was expected. However behind the flame, at x40, at the combustion

products

u0y2 ¼ i
s3ðu1 þ u2Þ

u1u
2
2ðsþ ku2Þ

De
st� s

u2
xþiky 6¼ 0: (9:5:27)

This means that the instability of a flame front, its bending and corrugation,

generate vorticities in the combustion products behind the flame front. Thus,

the flow behind the flame will be turbulized even if turbulization caused by the

wall friction in the case of smooth walls is weak.

9.6 The Linear Theory of Instability of the Thin Flame Front

In view of the fundamental importance of the hydrodynamic flame instability

and its influence on flame propagation and combustion regimes, we will con-

sider another approach to the problem. In the previous section solving the

problem we used the condition (9.5.17), which means an assumption that the

flame velocity in the direction normal to the flame surface remains unchanged.

It must be noticed that condition (9.5.17) does not steam from the system of the

hydrodynamic equations, andmust be considered as an ‘‘assumption’’, which as

it will be shown below is correct.
Since the problem is linear, the perturbations of all hydrodynamic values

(which we will denote as ~r; ~ux; ~uy; ~P) are proportional to the perturbations

of the flame front in the form (9.5.1). Small perturbations ahead of the flame

and behind the flame are satisfied the linearized equations of an ideal non-

viscous gas

d

dx
~ux þ ik~uy ¼ 0; (9:6:1)

rs~uy þ rux
d

dx
~uy þ ik~P ¼ 0; (9:6:2)

rs~ux þ rux
d

dx
~ux þ

d

dx
~P ¼ 0; (9:6:3)
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where r ¼ rf, ux ¼ Uf in the upstream flow, r ¼ rf=�, ux ¼ �Uf in the down-
stream flow of the burned matter. The density is not perturbed in the upstream
and downstream flows, so that we can put ~r ¼ 0. If the solutions in the
upstream and the downstream are obtained, then they have to be matched
at the flame front using the conservation laws of the mass and momentum
fluxes. The linearized conservation laws (9.4.3)–(9.4.5) at the flame front can be
written as

ðr~ux � sr~FÞ
��þ
�¼ 0; (9:6:4)

ð~uy þ ikux~FÞ
��þ
�¼ 0; (9:6:5)

~Pþ 2rux~ux
� ���þ

�¼ 0: (9:6:6)

The linearized condition of a constant flame velocity with respect to the fuel,
which is the linearized evolution equation (9.4.6), takes the form

~ux� ¼ s~F: (9:6:7)

The linearized equations of an ideal gas flow (9.6.1)–(9.6.3) must be also
supplemented by the boundary conditions at infinity, far ahead of the flame
front at x ¼ �1, and far behind the flame, at x ¼ 1 . The boundary conditions
are the condition that solution of the problem is regular at infinity, so that all
perturbations should vanish at infinity. This means that solution of Eqs.
(9.6.1–3) should be in the form, ~ux; ~uy; ~P / expðmxÞ, with Re½m�40 in the
upstream flow and Re½m�50 in the downstream flow. Substituting perturba-
tions in this form into Eqs. (9.6.1–3) we find that solution upstream the flame
(x50) consists only of a potential mode ~ux / expðkxÞ, and the following rela-
tions hold ahead of the flame front

i~uy� ¼ �~ux�; (9:6:8)

~P� ¼ �rfUf 1þ s
Ufk

� �
~ux�: (9:6:9)

In the downstream flow (x40) two modes are possible: another potential mode
~uxp / expð�kxÞ satisfying the relations

i~uyp ¼ ~uxp; (9:6:10)

~Pp ¼ �rfUf 1� s
Ufk

� �
~uxp; (9:6:11)

and a vortex mode ~uxp / exp � s
�Uf

x
	 


, for which

i~uyv ¼
s

�Ufk
~uxv; ~P ¼ 0: (9:6:12)
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Obviously, the vortex mode is related to the drift of vorticity, produced by the
curved flame. There is no vortexmode upstream since we assumed that there are
no external sources of perturbations except the flame front itself. Therefore the
fuel flow being irrotational at infinity pertains this property according to the
Thomson circulation theorem until it passes through the perturbed flame.
Unlike the vortex perturbations the potential modes are related to the degen-
erate sound perturbations for the case of an infinitely large sound speed, there-
fore the potential modes take place both upstream and downstream the flame
front. Taking into account the structures of the potential mode in the burned
matter and the vortex mode one obtains that perturbations in the downstream
flow satisfy the equation

k
~Pþ

rfU
2
f

þ ik~uyþ �
s

�Uf

~uxþ ¼ 0: (9:6:13)

Relations in the upstream flow (9.6.8–9), in the downstream flow (9.6.13) and
the boundary conditions at the perturbed flame front (9.6.4)–(9.6.6) constitute
the complete algebraic set of equations, which allows one to determine the
dispersion relation. Resolving the set of algebraic equations we obtain the
dispersion relation

s2 þ 2�

�þ 1
Ufks��

�� 1

�þ 1
U2

f k
2 ¼ 0 (9:6:14)

and the growth rate of the perturbations

s
Ufk
¼ �ð�Þ ¼ �

�þ 1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�þ 1� 1=�

p
� 1

	 

: (9:6:15)

Equation (9.6.15) shows that the growth rate is real and positive for all expan-
sion coefficients, �41, i.e. for all flames in gaseous fuel mixtures. The factor
�ð�Þ increases with the increase of the expansion coefficient �, so that the
larger the ratio of the fuel density and the density of the burned matter, the
stronger the DL instability. If the density of the burning matter changes only
slightly, �� 1551, then the instability growth rate becomes as small as
s=Ufk ¼ ��1

2 . Though the formulas (9.6.14–15) have been obtained in a 2D
configuration, they also hold for a three dimensional geometry with the only
replacement of k by the absolute value of the wave number vector jkj. Thus,
small perturbations imposed at an infinitely thin flame front grow exponentially
in time, bending the flame front with the instability growth rate given by
(9.6.15). This hydrodynamic flame instability is known as the DL instability.

The DL theory predicts growth of all perturbations: the shorter the pertur-
bation wavelength, the faster it grows. Since there is no characteristic length
scale in scope of the DL theory, the limit for the growth of instability must be
imposed on the solution indirectly. Since the solution has been obtained
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assuming a zero flame thickness, then it holds only for perturbations of a long

wavelength l44Lf (or kLf441). Therefore on the basis of the DL theory one

should expect that the DL instability results in 2D and 3D structures at a flame

front with a typical length scale in the range of the flame thickness Lf. However
experimental studies show that the characteristic length scale of the instability is

about two orders of magnitude larger than the flame thickness, which cannot be

explained by the DL solution.

9.7 Thermal Stabilization of the DL Instability

In the previous sections a flame front was treated as a surface of zero thickness
separating the fresh fuel and the burnt matter and propagating with a constant

velocity Uf with respect to the fuel. In this approach the velocity Uf is consid-

ered as an external parameter prescribed to the flame front and it was assumed
that instability of a flame does not change velocity of the flame in the direction

normal to the flame surface. Self-consistent approach to the problem must

include the processes, which define velocity of the flame itself. As we discussed,

these are thermal conduction and diffusion.
For the sake of simplicity, we consider a flame propagating in non-viscous

fuel with a constant coefficient of thermal conduction, unit Lewis number and

zero gravitational acceleration.We shall consider the flow, which consists of the

hydrodynamic zones of a uniform flow upstream and downstream and the
flame front itself composed of the heating zone and the reaction zone. In this

approach we may treat the DL solution in the uniform flows of the fuel and the

burned matter as the solution in the hydrodynamic zone, while the other zones
have been replaced by the discontinuous flame front. In the hydrodynamic zone

all variables change on some scale R of about the perturbation wavelength

R / l ¼ 2p=k. If, for example, we consider flame in a tube, then the tube
diameter gives the typical hydrodynamic length scale R. The typical length

scale of the heating zone is of the order of the flame thickness Lf, and while of

the reaction zone it is LR55Lf.
Since the solutions in the hydrodynamic zone given by Eqs. (9.6.8–9) and

(9.6.13) are known, then in order to solve the problem of flame stability for the

case of a small but finite flame thickness we need to integrate the linearized

hydrodynamic equations (9.1.1–2)–(9.2.6–7) across the flame front. The linear-

ized hydrodynamic equations are

s~rþ d

dz
ð~rux þ r~uxÞ þ ikr~uy ¼ 0; (9:7:1)

sr~uy þ rux
d

dz
~uy ¼ �ik~P; (9:7:2)

sr~ux þ svx~rþ ikrux~uy þ
d

dz
ð~Pþ 2rux~ux þ u2x~rÞ ¼ 0; (9:7:3)
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k
Cp

d2~T

dx2
� rfUf

d~T

dx
þ dQR

dT
~T ¼ r~ux þ ~ruxð Þ dT

dx
þ rs~Tþ k

Cp
k2~T; (9:7:4)

where perturbations of density are related to temperature perturbations accord-
ing to the isobaric equation of state

~r ¼ �rf
Tf

T2
~T: (9:7:5)

It is convenient to introduce the dimensionless variables � ¼ x=Lf, y ¼ T=Tf,

~m ¼ r~uxþ~rux
rfUf

, ~w ¼ i~uy=Uf, ~p ¼ ~Pþ2rux~uxþ~ru2x
rfU

2
x

, and the scaled parameters K ¼ kLf,

S ¼ s
Ufk

. The values, ~m; ~w; ~p have the meaning of perturbations of the mass flux

and two components of the momentum flux. In the dimensionless variables the
equation of thermal conduction for the stationary flame becomes

d2y
d�2
� dy

d�
��RðyÞ ¼ 0; (9:7:6)

the Zel’dovich – Frank-Kamenetsky solution for the temperature distribution is
reduced to

y ¼
1þ ð�� 1Þ exp �; �50

�; �40

�
(9:7:7)

and the linearized equations take the form

d ~m

d�
¼ SK

~y

y2
�K

~w

y
; (9:7:8)

d~w

d�
¼ �SK ~w

y
þK~p� 2Ky ~m�K~y; (9:7:9)

d~p

d�
¼ �SK ~m�K~w; (9:7:10)

d2~y
d�2
� d~y

d�
� d�R

dy
~y ¼ ~m

dy
d�
þ SK

~y
y
þK2~y; (9:7:11)

where �R ¼ �RðyÞ stands for the scaled reaction terms similar to QR ¼ QRðTÞ.
The boundary conditions for the linearized equations (9.7.10)–(9.7.11) are that
all perturbations vanish at infinity, which may be written in the form of
perturbation modes in the uniform flows far ahead of the flame front and far
behind the flame front. In addition to the three modes (9.6.9)–(9.6.13) the set of
Eqs. (9.7.8)–(9.7.11) has two more independent modes related to the equation
of thermal conduction (9.7.11). The thermal conduction modes go to zero on
small length scales of about the flame thickness or less (less than unity in the
dimensionless variables), therefore in the hydrodynamic zone these modes
correspond to the condition ~y ¼ 0. The last condition written in the dimensional
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variables gives ~r ¼ 0. The other boundary conditions in the hydrodynamic zone
for (9.6.9)–(9.6.13) in the dimensionless variables become

~w� ¼ � ~m�; ~p� ¼ �ðS� 1Þ ~m� (9:7:12)

in the upstream flow and

~wþ þ ~pþ � ðSþ 2�Þ ~mþ ¼ 0 (9:7:13)

in the downstream flow.
We shall consider the solution to the Eqs. (9.7.8)–(9.7.11) in the long-wave-

length approximation, K551. To do this we first write down (9.7.11) in the
form

�̂R
~y
h i
¼ ~m

dy
d�
þKS

~y
y
þK2~y; (9:7:14)

where the operator �̂R is defined as

�̂R
~y
h i
� d2~y

d�2
� d~y

d�
� d�R

dy
~y; (9:7:15)

so that �̂R
d~y
d�

h i
¼ 0.

It can be shown that the first and second terms in the right-hand side of
(9.7.14) are of the same order, i.e. in the limit K551 the solution of (9.7.14) in
zero order of K is

~y ¼ �T
dy
d�
; (9:7:16)

which means that the flame is shifted in the � direction on the scaled distance �T.
Using formula (9.7.16) for the perturbed temperature, we obtain the integrals of
Eqs. (9.7.8–10) with the accuracy of the first order terms in K551:

~m� ~m� ¼ KS�T
y� 1

y
; (9:7:17)

~w� ~w� ¼ �K�T y� 1ð Þ; (9:7:18)

~p ¼ ~p�: (9:7:19)

Obviously, when related to the downstream the integrals (9.7.16)–(9.7.19)
coincide with the linearized conservation laws (9.6.4–6) with ~F ¼ ��TLf.

To obtain the supplementary boundary condition on the perturbed flame
velocity with the same accuracy we have to obtain the relation between the
perturbedmass flux ~m� and the shift �T. Substituting ~m in the right-hand side of
(9.7.14) and taking into account the terms of the first order in K, we find
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�̂R
~y
h i

¼ KSþ ~m�=�Tð Þ~y: (9:7:20)

The function ~y ¼ �T dy
d� is the eigenfunction of Eq. (9.7.20) for the eigenvalue

KSþ ~m�=�T ¼ 0; it is the unique eigenvalue for which instability can develop
(Re½s�40). This gives the supplementary condition

KS�T þ ~m� ¼ 0: (9:7:21)

When written for the dimensional variables the supplementary condition

(9.7.21) gives the condition of constant flame velocity with respect to the fuel,

which was assumed in the simplified model in previous sections.
The integrals (9.7.17)–(9.7.19) related to the downstream together with the

boundary conditions (9.7.12–13) and the supplementary condition (9.7.21)

yield the dispersion relation for the perturbation growth rate within the accu-
racy of the first order terms in the expansion in K

S ¼ �ð�Þ ¼ �

�þ 1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�þ 1� 1=�

p
� 1

	 

: (9:7:22)

Thus, the first order term in the expansion in K corresponds to the DL solution

of the flame stability problem. This is the first order term in the long wavelength

approximation.
The second order term in the expansion in K describes the thermal stabilisa-

tion of the DL instability. To do this we substitute the first order solution Eqs.

(9.7.17)–(9.7.19) into original set of Eqs. (9.7.8–10) and perform the straightfor-
ward integration

~m ¼ ~m� þKS�T
y� 1

y
�K

Z�

��

~w0

y
dy; (9:7:23)

~w ¼ ~w� �K�T y� 1ð Þ �KS

Z�

��

~w0

y
dyþK

Z�

��

~p0dy� 2K

Z�

��

y ~m0dy (9:7:24)

~p ¼ � S� 1ð Þ ~m� �KS

Z�

��

~m0dy�K

Z�

��

~w0dy; (9:7:25)

where �� is some point in the hydrodynamic zone ahead of the flame front, ~m0,
~w0, ~p0 are the first order terms in the expansion of ~m, ~w, ~p in powers of K,
defined by (9.7.17)–(9.7.19), and the boundary conditions (9.7.12) are taken

into account. If the temperature distribution for the planar flame is known

y ¼ y �ð Þ, then the integrals (9.7.23)–(9.7.25) provide the linearized conservation
laws at the perturbed flame front of finite thickness. The supplementary
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condition for a flame of finite thickness is calculated as an eigenvalue of the

linearized equation of thermal conduction similar to the problem of planar

flame propagation. Substituting ~m from (9.7.23) into the right-hand side of

(9.7.24) we find

�̂R½~y� ¼ ð1�K��Þ
m�
�T
þKS

� �
~yþK2Hð�Þ~y; (9:7:26)

where we introduced Hð�Þ ¼ 1� S� � ðSþ 1ÞJ1ð�Þ and the integral

J1 �ð Þ ¼
Z�

��

ð1� yÞ=y dy; (9:7:27)

Equation (9.7.26) can be reduced to an equation with a Hermitian operator by

means of the substitution ~y ¼ ~yH expð�=2Þ. If we treat the termK2Hð�Þ~y as a small

correction and use the standard techniques of perturbation theory, then the supple-

mentary boundary condition to within terms of order K2 can be written as

ð1�K��Þ ~m� þ ðKSþK2 Hh iÞ�T ¼ 0; (9:7:28)

where

hHi ¼

R1
�1

Hð�Þ dy
d�

� �2

expð��Þd�

R1
�1

dy
d�

� �2

expð��Þd�
: (9:7:29)

Substituting the integrals across the flame front, Eqs. (9.7.23)–(9.7.25), into the

conditions in the hydrodynamic zone, (9.7.12–13) and taking into account the

supplementary condition (9.7.28) one can find the dispersion relation of the DL

instability for a flame of finite thickness, provided that the temperature

distribution for the planar stationary flame y ¼ y �ð Þ is known. With the

Zel’dovich-Frank-Kamenetsky temperature distribution, the dispersion rela-

tion of the DL instability for the case of a flame with the unit Lewis number and

a constant coefficient of thermal conduction is

S2 þ 2�

�þ 1
1þ� ln�

�� 1
K

� �
S��

�� 1

�þ 1
K2

1�K 1þ� ln�
�þ 1

�� 1ð Þ2

 !" #
¼ 0:

(9:7:30)

In the case of a flame front of zero thickness the obtained dispersion relation

goes over to the DL dispersion relation (9.6.15), and in the dimensional vari-

ables the dispersion relation takes the form
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s2 þ 2�

�þ 1
1þ� ln�

�� 1
kLf

� �
Ufks�

��
�� 1

�þ 1
U2

f k
2 1� kLf 1þ� ln�

�þ 1

ð�� 1Þ2

 !" #
¼ 0:

(9:7:31)

From here, the rate of the growing mode of instability is

s ¼ �Ufk 1� klc
2p

� �
; (9:7:32)

where � is the coefficient found in the theory of the thin flame instability

(9.6.15), and lc is the cut-off wavelength for which the instability is suppressed

by thermal conduction. For the case of unit Lewis number and the constant

thermal conduction coefficient the cut-off wavelength is given by the formula

lc ¼
2pLf

ð�� 1Þ �� 1þ� ln�
ð�þ 1Þ
ð�� 1Þ

� �
: (9:7:33)

For the expansion coefficients typical for laboratory flames, � ¼ 8=10, the cut-
off wavelength is lc � 20Lf, and it depends slightly on thermal expansion. The

wavelength of the fastest growing perturbations is approximately twice larger

than the cut-off wavelength, l ¼ 2lc � 40Lf, and much greater than the flame

thickness. In the case of small expansion coefficients, �� 1551, we come to the

asymptotic value of the cut-off wavelength, lc ¼ 4pLf=ð�� 1Þ ! 1 for �! 1.
The numerical solution for the scaled growth rates of the DL instability,

sLf=Uf versus the scaled wave number, kLf for the expansion coefficients

� ¼ 8; 6; 3 is depicted in Fig. 9.3.

Fig. 9.3 The scaled growth
rates of the LD instability
versus the scaled wave
number for the expansion
coefficients � ¼ 8; 6; 3
shown by curves 1,2,3
respectively
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9.8 Flame Instability in a Gravitational Field

If a flame propagates upwards in a gravitational field, then in addition to the
DL instability there are conditions for development of the Rayleigh-Taylor
(RT) instability. Because of the RT instability the interface between the two
gases bends and the heavy matter becomes mixed with the light matter. In
the case of the upward propagating flame the unburned fuel plays the role of
the heavy gas, while the burned products act like a light gas, and DL instability
is amplified by the RT instability. Contrary to this, if a flame propagates
downward, then the DL instability is weakened and can be totally suppressed.

Let us consider the instability growth rate of an infinitely thin flame propagat-
ing upwards in a gravitational field. The problem is similar to that in Sect. 9.6
including the linearized equations of an ideal fluid. The only difference is related
to the linearized equation of the conservation law for the normal component of
the momentum flux, Eq. (9.6.6), which now becomes

~Pþ 2rux~ux � rg~F
� ���þ

�¼ 0: (9:8:1)

Since the linearized equations of an ideal incompressible gas do not change in
the presence of gravity, then the relations in the uniform flows ahead of the
flame (9.6.7–9) and behind the flame (9.6.13) remain the same. Resolving the
relations in the uniform flows together with the new boundary conditions at
the flame front we obtain the dispersion relation

s2 þ 2�

�þ 1
Ufks��

�� 1

�þ 1
U2

f k
2 ��� 1

�þ 1
gk ¼ 0 (9:8:2)

with the instability growth rate of an infinitely thin flamepropagating upwards

s0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�� 1

�þ 1
gkþ�2 þ�� 1

ð�þ 1Þ2
�U2

f k
2

s
� �

�þ 1
Ufk: (9:8:3)

The obtained dispersion relation coincides with the dispersion relation for the DL
instability if the gravity acceleration is equal to zero. In the opposite case of a large
acceleration,U2

f k=g551 , or for perturbations of a very longwavelength (k! 0)
the instability growth rate goes over to the expression for the RT instability

sRT ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
�� 1

�þ 1

r
gk: (9:8:4)

It is seen from (9.8.3) that the resulting flame instability in a gravitational field is
stronger than both the DL instability and the RT instability.

To find the dispersion relation of instability of a flame of finite thickness
in a gravitational field, one has to solve the set of linearized hydrodynamic
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equations similar to Sect. 9.7 with the one extra term in Eq. (9.7.3) related to the

gravitational field

sr~ux þ svx~rþ ikrux~uy þ
d

dz
~Pþ 2rux~ux þ u2x~r
� �

¼ g~r: (9:8:5)

Respective changes should be also made in the corresponding dimensionless

equation

d~p

d�
¼ �SK ~m�K~w�G

~y

y2
; (9:8:6)

where the dimensionless number G ¼ gLf=U
2
f (the inverse Froude number)

shows the relative role of the gravitational field. The integration of (9.8.6)

within the first order terms in K leads to the variations of the perturbed normal

momentum flux inside the flame

~p� ~p� ¼ G�T
y� 1

y
: (9:8:7)

Integration similar to that performed in the previous section leads to the

dispersion relation

s2 þ 2�

�þ 1
1þ� ln�

�� 1
kLf

� �
Ufks

��
�� 1

�þ 1
U2

f k
2 1� kLf 1þ� ln�

�þ 1

�� 1ð Þ2

 !" #
��� 1

�þ 1
gk ¼ 0:

(9:8:8)

with the instability growth rate

s ¼s0 �
kLf

2

�Ufk

ð�þ 1Þs0 þ�Ufk

2� ln�

�� 1
s0 þ

�þ 1

�� 1
� ln�þ�� 1

� �
Ufk

� �
;

(9:8:9)

where s0 is the instability growth rate of an infinitely thin flame.
The dispersion relation (9.8.8) describes the RT instability of an upward

propagating flame of finite thickness for the case of a unit Lewis number and

constant coefficient of thermal conduction. The growth rates of the flame

instability given by formula (9.8.9) and obtained from numerical solution of

the stability problem are depicted in Fig. 9.4. As one can see, the larger is

gravitational acceleration the larger is the maximal growth rate, while the cut-

off wavenumber lRT shifts to the region of shorter wavelength. At the same time

the maximal growth rate is shifted towards the long wavelength perturbations

in comparison with lRT=2.
In the opposite case of a downward propagating flame the gravity plays

stabilizing role. Unlike the thermal stabilization inherent to the short
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wavelength perturbations the gravitational stabilization concerns the perturba-

tions of a long wavelength. The joint effect of the stabilizing gravity and thermal

conduction may lead to complete suppression of the flame instability. To

investigate the gravitational stabilization it is convenient to present the disper-

sion relation (9.8.8) in the form

s2 þ 2�

�þ 1
1þ� ln�

�� 1
kLf

� �
Ufks

þ�
�� 1

�þ 1

U2
f k

kc
ðk� k1Þðk� k2Þ ¼ 0;

(9:8:10)

where kc ¼ 2p=lc is the cut-offwavenumber in the absenceof gravitywith the cut-

off wavelength determined by (9.7.33), and the marginal wave numbers k1 and k2
show the stability limits in the case of stabilizing gravitational acceleration

k1 ¼
kc
2

1�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 4jgj

�U2
f kc

s !
;

k2 ¼
kc
2

1þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 4jgj

�U2
f kc

s !
:

(9:8:11)

Complete stabilization of theDL instability takes place when themarginal wave

numbers coincide k1 ¼ k2, which holds for the gravitational acceleration

jgcj ¼
�

4
U2

f kc: (9:8:12)

The dependence of the maximum instability growth rate on the gravity accel-

eration for upward propagating flame with a unit Lewis number and constant

coefficient of thermal conduction is shown in Fig. 9.5.

Fig. 9.4 The scaled growth
rate of the DL instability for
a flame of �=5 propagating
upwards in a gravitational
field for gLf/Uf

2= 0,1,3
shown by dashed curves
1,2,3 respectively,
corresponding to Eq. (9.8.9):
the solid curves correspond
to the numerical solution
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The numerically calculated instability growth rates in the case of a stabilizing

gravitational field and a flame with the expansion coefficient�¼ 5 are shown in

Fig. 9.6. The numerical solution for such a flame gives the value of the critical

gravitational field gcLf=U
2
f ¼ �0:35, which is close to the analytical estimate

gcLf=U
2
f ¼ �0:31. The marginal perturbation wave numbers k1 and k2 found

numerically for different values of the gravitational acceleration are compared

to the analytical results in Fig. 9.7.
For an arbitrary Lewis number and for the transport coefficients varying

with temperature the dispersion relation of the flame instability can also be

derived in a close form, though the calculations become more tedious and

cumbersome. It is if practical interest that in the presence of acoustic or shock

waves a flame can be either stabilized or destabilized, since the acoustic and

shock waves produce an effective ‘‘gravitational’’ acceleration.
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Fig. 9.5 The scaled
maximum critical growth
rate of the flame instability
for the flame propagating
upwards versus the scaled
gravity acceleration; dashed
line – Eq. (9.8.10); solid line
is the numerical solution

Fig. 9.6 The scaled growth
rate of the LD instability for
a flame of �=5 propagating
downwards in a
gravitational field for
gLf/Uf

2=0.1;0.2;0.3;0.33
shown by curves 1,2,3,4
respectively
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9.9 Thermal-Diffusive Instability

In the previous sections we considered the so-called hydrodynamic or Darrieus-

Landau instability of a planar flame, which is an inherent feature of any flames

in gaseous mixtures since the instability is related to the thermal gas expansion

in exothermal reactions. There is another type of a flame instability, which is

related to the disparity between molecular and thermal diffusivity. While the

DL instability is inherent feature of any flames, the occurrence of the diffusive

instability depends on the composition of the mixture. Unlike the DL instability

that is characterized by relatively large scale and can be smoothed in relatively

small-scale systems, the diffusive modes of instability manifest themselves in the

emergence of small-scale irregularity recombining cellular structure of a flame

front and can be relatively easily observed under normal laboratory conditions.

The hydrodynamic and diffusive instability may well coexist, yet in theoretical

studies they often analyzed separately.
Physics of flame stabilization by the thermal conduction and destabilization

by diffusion can be understood qualitatively from a simple consideration. Let

the Lewis number Le ¼ D=k51, i.e. thermal conductivity (k ¼ l=CPr) is the
domination process, and diffusion (D) is not important. In this case when the

flame front is slightly bended, the convex parts of the front loss more heat

relative to the concave parts, so that the convex parts will be slackened while the

concave parts accelerated thus smoothing the bending and suppressing the

development of the instability. Contrary to this if Le ¼ D=k41 and diffusion

is the dominating process, then the diffusion of a fresh fuel is larger at the

convex parts and less at the concave parts of the flame front, increasing the

reaction rate at the convex parts and, thus, enhancing the bending of the flame.
The dispersion relation, i.e. the dependence of the instability growth rate on

wavelength of small perturbations, can be easily obtained in the case of a chemical

reaction with large activation energy. In the case, when Z ¼ E
2RTb

ðTb�TuÞ
Tb

441, one

can consider the reaction zone as a surface of zero thickness. Then, the equations
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Fig. 9.7 The marginal wave
numbers for a downward
propagating flame versus
the scaled gravitational
acceleration; dashed line –
analytical calculation, solid
line – numerical solution
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for the adiabatic flame are reduced to the equation of thermal conduction and
diffusion, which in a co-moving with the flame co-ordinate system are

@T

@t
þ u1

@T

@x
¼ k

@2T

@x2
þ @

2T

@y2

� �
; (9:9:1)

@a

@t
þ u1

@a

@x
¼ D

@2a

@x2
þ @

2a

@y2

� �
: (9:9:2)

The unperturbed solution for the temperature profile and concentration are

T0 ¼ Tu þ ðTb � TuÞ eu1x=k; a0 ¼ a0ð1� eu1x=DÞ; for x50; (9:9:3)

T ¼ Tb; a
0 ¼ 0; for x40: (9:9:4)

The boundary condition required that

CPðTb � TuÞ ¼ Qa0

While for Le ¼ 1, and correspondingly k ¼ D, chemical reaction completed at
the adiabatic flame temperature Tb, in the case of perturbed flame with k 6¼ D
temperature at the surface of chemical reaction zone can differ from Tb.

Since in the reference frame of the planar flame front the unperturbed
solution is stationary, we can look for perturbations of a planar front against
small perturbations bending the front in the form

~Fðx; tÞ ¼ ~FðxÞ expðstþ ikyÞ; (9:9:5)

where y is the coordinate along the flame front, k ¼ 2p=l is the perturbation
wave-number, l is the wavelength of the perturbation, s is the perturbation
growth rate.

For the case of long wavelength perturbations, kLf551, or l44Lf, and
large activation energy, high Zel’dovich number Z ¼ E

2RTb

ðTb�TuÞ
Tb

441, the
result of solution of the thermal-diffusive instability problem can be presented
in the form

s ¼ kUfðkLfÞZðLe� 1Þ: (9:9:6)

Thus, for Le41 the hydrodynamic instability of a flame is enhanced by the
diffusive instability.

The growth of the flame instability given by Eq. (9.9.6) can be viewed as a
linear dependence of the flame velocity on curvature of the flame front surface
that is @2xf=dy

2. Then, from the phenomenological consideration suggested
by G.H. Markshtein the flame velocity depends on the curvature of the flame
front as

Uf ¼ Uf0ð1� LMr=RfÞ; (9:9:7)

where Uf0 is the normal velocity of a planar flame, Rf is the radius of curvature
of the flame front and LMr is the Markstein length.
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If one considers, for example, velocity of a cylindrically expanding flame for
the case of Le ¼ 1, then compare equation for temperature (the energy equa-
tion) written in rectangular and cylindrical coordinate, one finds that velocity of
the cylindrically expanding flame is

Ucylðr ¼ RÞ ¼ Uf0 �
k
R
¼ Uf0 1� Lf

R

� �
: (9:9:8)

In this case the Markstein length is the width of the flame.

9.10 Nonlinear Stabilization of the Flame Instability

Let us consider a space filled by a combustible gas mixture. Let burning was
ignited in some location. A flame can propagate form the location where it was
ignited either being confined by the walls of a vessel, or as a freely propagating,
for example, radially expanding from the point of ignition flame. Both of these
configurations correspond to typical experimental situation of a laboratory
flames propagating in either closed or open tubes, or ignited in the point and
forming a radially expanding ‘‘fireball’’. The overall picture of flame propaga-
tion is described by the system of hydrodynamic equations, which take into
account thermal conduction and the energy release. In any cases, the flame
instability is the principle mechanism, which governs the shape and the velocity
of propagating flame. As usually possibility to obtain an analytical solution to
the problem is very attractive since it allows having a deeper insight for wide
variety of all the problem parameters, which is difficult to obtain even with the
most powerful computer simulation. Though the problem can be simplified if
the flame can be treated as a surface of discontinuity, separating the fuel and the
burning products, even with this simplification analytical description of a
curved flame dynamics remains quite complex mathematical problem. Curved
flame propagation is one of the most important and difficult issues in the
combustion theory. Despite considerable efforts, its closed theoretical descrip-
tion is still lacking.

As it was pointed out one of the main reasons for a flame to lose its planar
configuration is the DL instability of a planar flame front. Because of the DL
instability small perturbations of a flame front are growing and bending the
front. Development of perturbations at the nonlinear stage has been an impor-
tant issue of many discussions. A general belief supported by experimental
observations of flame dynamics in tubes is that the DL instability leads to the
formation of a curved flame front and in a certain circumstances may cause the
flame turbulization, though the flame turbulization is rather caused by another
reasons such as rough boundary conditions at the tube walls, etc. The result of
the development of the flame front instability is that a flame front acquires a
curved stationary shape in the nonlinear stage of the DL instability. The

9.10 Nonlinear Stabilization of the Flame Instability 243



physical mechanism of the nonlinear stabilization was proposed by Ya. Zel’do-
vich (1966) on the basis of a simple model of an infinitely thin flame and is
illustrated schematically in Fig. 9.8. According to the Huygens principle the
convex parts of a flame front diverge, while concave parts converge until angle
points (cusps) are formed at the front. As it can be seen in Fig. 9.8 the angle
points propagate faster than the smooth parts of the flame, the velocity increase
at the cusps balances the growth of amplitude of the humps because of the DL
instability and the flame acquires a curved stationary shape. In reality a flame
front has finite thickness and the cusps are smoothed by thermal conduction.

An important effect related to the nonlinear stage of the DL instability is
velocity amplification of a curved flame in comparison with planar one. Since
the flame surface area increases with the development of the curved flame
shape, the flame consumes more fuel per unit time and propagates faster. In
the simplest model of an infinitely thin flame the amplification of the flame
velocity can be estimated as the increase of the flame surface area. The ampli-
fication of the curved flame velocitymay be also understood in the simplemodel
shown in Fig. 9.8: in this model the propagation velocity of the curved flame is
determined by the velocity of the cusps, which is larger than the normal flame
velocity.

9.11 Curved Stationary Flames in Tube

The dynamics of premixed flames is one of the most fundamental problems in
combustion theory. It is well established both theoretically and experimentally
that the plane front of propagating flame in a gaseous combustible mixture is
intrinsically unstable against small perturbations bending the flame front, for
example, hydrodynamic instability such as the Darrieus-Landau (DL) instabil-
ity arising at the flame front. The DL instability is inherent to all flames in
gaseous mixtures since it is related to the gas expansion in exothermal reactions.

α

Uf

/ cos αUf

Fig. 9.8 The nonlinear
mechanism of flame
stabilization
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Nearly 100 years ago Mallard and Le Chatelier have found that the speed of
flame in themixture ofmethane and air increases progressively with the increase
in diameter of the containing tube. Coward and Hartwell performed the first
detailed experimental studies of the shape of the flame front and the flame speed
depending on tubes diameter. They studied different mixtures of methane with
air and measured velocity of the stationary flame propagating in tubes of
diameters from 2.5 cm till 24 cm. They have written that ‘‘The flame is tilted
but its shape is comparatively simple. In none of many photographs taken did
the nodular flame appear, and when occasionally the flame had two heads the
next snap-shot showed the simple form.’’ In fact nodular flames can be observed
in wide tubes for upward propagating flames, when the Rayleigh-Taylor
instability affects the flame in addition to the Darrieus-Landau instability. A
nodular flame structure is well documented experimentally but during nonsta-
tionary phase of flame propagation. More recent experiments on flame
dynamics in tubes have shown that typical shape of a flame front is a curved
flame.

On the linear stage of the DL instability small perturbations of a plane flame
front grow exponentially with the instability growth rate depending on the
perturbation wavenumber. Due to the DL instability a planar flame front
becomes spontaneously curved, wrinkled by small perturbations and later on
nonlinear stage, acquires a curved or corrugated shape. The saturation of the
growth of perturbations is due to nonlinear effects, which leads to the formation
of stationary curved flames and the increase of the velocity of flame propaga-
tion. Since the area of wrinkled or corrugated flame grows the flame consumes
more fuel per unit time, and the flame speed undergoes a noticeable amplifica-
tion. Outcome of the DL instability at the nonlinear stage may be wrinkling of
the initially planar flame front, which may lead also (though more often it is
thermal-diffusive instability) to the stationary cellular structure of the freely
propagating flames shown in Fig. 9.9, or to a smooth curved shape of the flame.
If the cell size is large enough compared to the cut-off wavelength, then the
cellular flame in turn may become unstable against the DL instability on a
smaller scale. As a result of this secondary DL instability a fine structure arises
on the larger cells.

9.12 Nonlinear Equation for Stationary Flames

An analytical solution to the problem is very attractive allowing a deeper insight
for wide variety of all the problem parameters. We will provide here a concise
overview of the nonlinear theory of the flame evolution.

The difficulties encountered in trying to obtain a closed analytical descrip-
tion of flame propagation are first of all conditioned by the fact that the process
is essentially nonlinear and nonlocal. One of the essential difficulties in analy-
tical treatment of flames is the virtual impossibility to solve the flow equations
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governing dynamics of the burning gaseous mixture. The most important
features of non-locality of the flame propagation is the vorticities produced

by the curved flame downstream, which highly complicate the downstream flow
structure. The flame induced gas flows from both side of the flame both
upstream and downstream strongly affect the flame front structure itself. The

latter means that the non-locality of equations governing flame propagation is
more complex than that encountered in the linear theory and described by the
Darrieus-Landau theory. In particular, the local relation between pressure and

velocity field upstream, expressed by the Bernoulli equation, no longer holds for
the flow variables downstream. Only in the case of small gas expansion

ð�� 1Þ51 can the problem be treated both perturbatively and locally, since
then the amplitudes of perturbations remain small compared to their wave-
lengths at all stages of development of the DL-instability and the flow is

potential both upstream and downstream in the lowest order in ð�� 1Þ51. It
should be stressed that the above-mentioned inconsistency for finite values of �
resides in the equations of motion themselves. From the mathematical point of

view perturbation analysis is inapplicable because the assumptions of weak
nonlinearity and stationarity of the flame contradict each other. In particular,
it is completely irrelevant to the problem of formation of the stationary flame

configurations, and it requires an adequate nonperturbative description of
flames with arbitrary values of the flame front slope.

Fig. 9.9 Cellular structure of the flame front propagating in tube
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The main reason underlying the complexity of the problem is the hydrody-

namic instability of zero-thickness flames. In view of this, evolution of the flame

front cannot be prescribed in advance and should be determined in the course

of joint analysis of the flow dynamics outside the flame front and the heat

diffusion inside. In general, nonlinear interaction of different perturbation

modes under the smoothing influence of thermal conduction leads to the forma-

tion of a steady curved flame front configuration with the curvature radius of the

order 20Lf. This estimate for the curvature radius steams from the linear theory

of the DL-instability, where it corresponds to the cut-off wavelength for the front

perturbations lc � 20Lf. The exponential growth of unstablemodes is ultimately

suppressed by the nonlinear effects. It is clear that since the governing equations

in the case of arbitrary gas expansion do not contain small parameters, so the DL

instability can only be suppressed by the nonlinear effects. The stabilizing role of

the nonlinear effects is clearly seen in numerical experiments on the flame

dynamics, where even in narrow tubes the observed flame slope is about 1.5.
The equation describing flame propagation can in essence be derived for an

arbitrary coefficient of gas expansion in a closed form, though the equation is

quite complex for the analysis. The corresponding calculations are rather tire-

some and tedious, therefore we shall restrict our consideration below giving the

main ideas without detailed derivation. For the sake of simplicity, let us con-

sider two-dimensional problem. A flame front can be described by the function

F � z� fðx; tÞ ¼ 0, which satisfies the evolution equation (9.4.6)

n � u� þ
1

N

@F

@t
¼ Uf; (9:12:1)

where u� is the fuel velocity just ahead of the flame front. However, the

unknown flow itself results from the flame front evolution, so that u� in Eq.

(9.12.1) is some function of F. The relation between u� and F can be found

solving the equations of ideal hydrodynamics ahead and behind the flame front

and matching these solutions at the flame front. It can be done considering

flame as a front of zero thickness, as well taking into account small but finite

thickness of the flame, Lf.
For equal coefficients of fuel diffusion and thermal diffusivity, Le ¼ 1, and

for a small but finite thickness Lf of the flame front such procedure allows to

obtain a nonlinear equation describing evolution of a curved flame. In general

case of arbitrary value of � analysis is difficult, but it is considerably simplified

for weak gas expansion. In this case at the third order of expansion in ð�� 1Þ
the equation reads

�ðf 0Þ2 þ ð�� 1ÞĤðf 0Þ � 2�W ¼ ð�� 1Þ elc
2p

f 00: (9:12:2)

Hereweused thenon-dimensionalvariables forco-ordinates: ðZ; xÞ ¼ ðx=D; z=DÞ,
and for the velocity: ðw; uÞ ¼ ðux=Uf;uz=UfÞ; f 0 ¼ df=dZ.W � V� 1 is the actual
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increase of the nondimensional velocity of a curved flame front, with the average

flame velocity across the tube section V ¼ 1
D

RD
0

NdZ, where N ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ðf 0Þ2

q
, and

e ¼ Lf=D.
The expression for the cut-off wavelength is

lc ¼
4pLf

�� 1
1þ 3

�� 1

2

� �
; (9:12:3)

which is the first order approximation of the exact value of the cut-off wave-
length in the linear theory of the DL instability.

For the flame propagating in a tube with ideally slip adiabatic walls the
solution to the Eq. (9.12.2) with the boundary conditions at the walls
f 0ðZ ¼ 0Þ ¼ f 0ðZ ¼ 1Þ ¼ 0 can be obtained using so-called method of pole
decomposition.

fðZÞ ¼ �e 3�� 1

�

X3M
k¼1

ln sin
p
2D
ðZ� Zk

h i
:

In dimensional variables it gives for the velocity of curved stationary flames
propagating in a rectangular channel of width D the following expression

Uw ¼ Uf þ 4Um
Mlc
2D

1�Mlc
2D

� �
; (9:12:4)

where M ¼ Int D=lc þ 1
2


 �
with Intfxg denoting the integer part of x, and the

maximal flame velocity increase depends on the gas expansion coefficient as
(here Uf stands for the normal velocity of a planar flame), and the maximum
velocity increase is

Um ¼
ð�� 1Þ2

8�2
Uf: (9:12:5)

It is noteworthy that for the adiabatic boundary conditions at the ideal walls
f 0 ¼ df=dZ ¼ 0 for Z ¼ 0; 1 mean that the flame front touches the walls at the
right angle, which is a direct consequence of the thermal conduction taken into
account in right hand part of Eq. (9.12.2) by the term proportional to e ¼ Lf=D.
If one considers a very wide tube and neglects the thermal conduction, then the
flame front would touch one of the walls at a sharp angle leading to formation
of a stagnation zone in the flow close to the wall behind the flame. In terms of
Eq. (9.12.2) the statement of the problem with neglected thermal conduction
implies e ¼ 0, so that the order of Eq. (9.12.2) decreases; one of the boundary
conditions at the wall is excessive and the flame front does touch the wall at a
sharp angle. However in the complete form of Eq. (9.12.2) with small but non-
zero e ¼ Lf=D thermal conduction always smoothes the sharp angle inside a
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thin ‘‘boundary layer’’ of the thickness of about e. Similarly, the discontinuity

surface between themain flow behind the flame and the stagnation zone close to

the wall reduces to a thin (but continuous) region of large velocity gradients.
It follows from (9.12.4) that for sufficiently wide tubes and accordingly

for sufficiently small e, curved stationary flames of different shapes and

velocities corresponding to solutions with different numbers of poles are

possible. The number of poles does not have clear physical interpretation,

however it can be shown that for a given value of e all but one of these

solutions are unstable and do not realize. Indeed, one can expect the flame

velocity in a tube to be determined by a solution with a number of poles that

provides the largest flame velocity for a given tube width. For a given value

of e the largest flame velocity corresponds to the solution with the number

of poles M ¼ Int 1þe
2e

� �
.

The dependence of the scaled flame velocity increase on the inverse tube

width given by the Eq. (9.12.4) is depicted in Fig. 9.10 by dashed line, where

marks show the results of numerical studies of the flame propagating in the two-

dimensional tube.
It represents a combination of the parabola pieces with the maximum at the

points corresponding to the tube widths D ¼Mlc=2, with M ¼ 1; 2; 3; :::. An

important feature of the solution is the existence of a maximum velocity of a

curved stationary flame that cannot be exceeded with increase of the tube width.

Thus, outcome of the DL instability at the nonlinear stage results in a smooth

curved stationary shape of a flame front for a flame propagating in a tube of

width larger than the first critical tube widthDc1 ¼ lc=2.Note, that the width of

an ideal tube determines half of the maximal possible perturbation wavelength

and the perturbations of the wavelength shorter than lc are suppressed by

thermal conduction.

(U
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Fig. 9.10 The flame velocity
amplification versus the
inverse tube width
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9.13 Stability Limits of a Curved Stationary Flame in Tubes

The velocity of a flame propagating in tubes is one of the most important issues

in combustion science.While normal velocity of a planar flameUf is determined

by thermal and chemical fuel parameters, the resulting velocity of flame pro-

pagationUw depends also on the flame shape: themore curved andwrinkled the

flame front, the faster it propagates. In the absence of external turbulence

a curved flame shape results from intrinsic flame instabilities such as the

Darrieus-Landau instability inherent to any premixed flame in a gaseous fuel.

It follows from the linear theory of theDL instability that a planar flame front is

bent by two-dimensional and three-dimensional perturbations, if the perturba-

tion wavelength exceeds the cutoff wavelength lc determined by thermal con-

duction and finite thickness of the flame front, Lf. For most of the laboratory

flames the cutoff wavelength is considerably larger than the flame thickness,

lc � 20Lf.
Consider a flame propagating in tubes of different widths and for different

values of the expansion coefficient assuming that the walls are ideally slip and

adiabatic, i.e. there is no heat losses to the walls. The flame is assumed to be

initiated as a planar one and starts propagating with the normal flame velocity,

Uf. Because of the ideal boundary conditions at the walls the tube width D

determines a half of the largest possible wavelength of permitted perturbations,

i.e. the perturbation wavelength may take the values l ¼ 2D=n, n ¼ 1; 2; 3, etc.
For perturbations of a wavelength shorter than the cut-off wavelength devel-

opment of the DL instability is suppressed by the thermal conduction. There-

fore, if a tube is narrow, so that D5DC1 ¼ lc=2, then all permitted

perturbations belong to stable part of the dispersion relation (9.7.32). In agree-

ment with the theory, the numerical simulations have shown that flame evolu-

tion in narrow tubes D5DC1 always leads to a planar flame front, even if rather

large amplitude initial perturbations are imposed the flame front returns to the

planar configuration. We shall refer to DC1 as the first critical tube width.
In wider tubes D4DC1 the hydrodynamic instability develops and results in

a stationary curved shape of a flame front. As the amplitude of the first

perturbation harmonic with the wavelength l ¼ 2D grows, it induces due to

the nonlinear interaction the growth of harmonics with shorter wavelengths

l ¼ D; 2D=3 etc. Since harmonics with high wave-numbers are stable, the

growth of perturbation slows down and stops when the final amplitudes corre-

sponding to the stationary curved flame front are achieve. Numerical simula-

tions of flame dynamics in tubes of moderate width with ideally slip and

adiabatic walls have shown that at the nonlinear stage the DL instability results

in a smooth curved stationary flame shape, which may be described as a hump

directed towards the fuel as is shown in Fig. 9.11. Maximum flame velocity

increase in nondimensional variables, Wm ¼ ðUm �UfÞ=Uf versus the gas

expansion coefficient is shown in Fig. 9.12 by solid line, where filled circles

are from numerical simulation of the problem. The velocity Uw of a curved
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stationary 2D flame in a tube with ideal walls found in numerical experiments as
a function of the scaled inverse tube width lc=D is in a very good agreement
with the analytical solution (9.12.4) for flames in tubes of moderate widths
0:35DC1=D51. As it is seen from Fig. 9.10 the calculated in numerical simula-
tion values of the flame velocity fit the same parabola shaped dependence of the
flame velocity on the inverse tube width as the analytical formula (9.12.4). The
maximum velocity is achieved for the tube width D � 2DC1 corresponding to
the perturbations with the wavelength l ¼ 2lc that have also the maximal
growth rate at the linear stage of the DL instability.

The amplification of the flame velocity due to the curved flame shape
corresponds to the increase of the flame surface area (increase of the flame
length in the 2D configuration) for moderate expansion coefficients (�55), but
for larger expansion coefficients �45, these two values deviate one from
another by about 30%, which is presumably coupled to the nonlinear terms
related to vorticity production behind a curved flame.
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Fig. 9.11 The isotherms
showing shape of the flame
propagating in a tube of
width D ¼ 2Dc, � ¼ 5

Fig. 9.12 Dependence of the
scaled flame velocity
increase on the inverse tube
width. Squares and triangles
corresponds to calculations
for the gas expansion
coefficient coefficients
� ¼ 8 and � ¼ 3
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According to the analytical solution (9.12.4) the flame velocity tends to its
maximal value Um with the increase of the tube width, and for sufficiently wide
tubes the flame front velocity should be almost equal to Um. However this is not
what is observed in reality.Thedependenceof the flame front velocityon the inverse
tube width presented on Fig. 9.12 clearly indicates the existence of two bifurcation
points, which corresponds to the primary D4lc=2 and secondary D43:4lc DL
instabilities. The squares and triangles in Fig. 9.12 show the calculated velocity
increase for flames with expansion coefficients� ¼ 8 and � ¼ 3 versus the inverse
scaled tubewidth obtained in the numerical simulations.As one can see the velocity
of the curved stationary flame increases with increase of the tube width until it
reaches a local maximum in agreement with the solution (9.12.4). The nonlinear
theory predicts the local maximum for the tube width equal to the doubled first
critical value D ¼ lc, which also corresponds to the largest instability growth rate
in the linear theory. In tubes of a moderate width lc=25D53:4lc the DL
instability leads to a smooth curved stationary flame front. The shape of the
flame front represents a hump directed towards the fresh fuel mixture.

If the tube width increases, the radius of curvature of the curved stationary
flames increases too and the stabilizing influence of the curved flame shape
weakens: the flame front resembles locally a planar flame and the DL instability
should occur on a new scale. This secondary DL instability can lead to addi-
tional wrinkling of the front and to additional increase of the flame velocity.
The result of the secondary DL instability is the abrupt change in the depen-
dence of the flame velocity for the tube width near the point DC2 � 3:4lc.
Contrary to what one could expect, in tubes of width D43:4lc the flame
velocity increases progressively with increase of the tube width, while the
flame shape remains smooth being slanted in the tube and without formation
of a new cusps or nodular flame structure.

The solutions to the stationary nonlinear equation (9.12.2) describe
dynamics of curved stationary flames in tubes of an arbitrary width including
very wide tubes of a width much larger than the cut-off wavelength of the DL
instability. However, in very wide tubes the stationary curved flames like those
shown in Fig. 9.11 do not happen in reality. For a tube width much larger than
the cutoff wavelength the radius of curvature close to the hump of these flames
goes to infinity with increase of the tube width, so that such flames coincide
locally with a thin planar flame front. The stabilizing influence of the curved
shape weakens and, consequently, a curved stationary flame presumably
becomes unstable against perturbations of a small scale, much smaller than
the curvature radius of the flame but larger than the cutoff wavelength. The
numerical simulation of a flame in wide tubes show that long-living ‘‘many-
humps’’ or nodular flames are possible in wide tubes, but only during nonsta-
tionary stage as it is shown in Fig. 9.13.

In the stationary mode only relatively simple ‘‘single-hump’’ or slanted flame
front are stable. Such a simple flame shape can be understood from analysis of
the flame front evolution. In tubes of moderate width the initial perturbation
grows and turns into a single-hump structure that propagates without
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changing. Contrary to this in wide tubes the nonstationary ‘‘intermediate’’

‘‘many-hump’’ configuration of the flame front can occur, and transition from

such a wavy solution to a convex one looks like pushing out of one hump by

another. This tilted shape of the flames propagating in wide tubes is consistent

to those observed in experiments.
A simple qualitative explanation of such shape of the flames is the following.

When the flame front is slanted to the direction of the tube axis, it becomes

stretched and the distance between different points of the front increases with

time. As a result, perturbations at the flame front become stretched too and

their wavelength increases, which leads to decrease of the instability growth

rate. Besides, the perturbations have finite time to develop since any localized

perturbation gets suppressed as soon as it is transferred to the walls by the

tangential component of the flow field inherent to slanted flame. Instead of

 

Fig. 9.13 Numerical simulation of the temporal evolution of the flame propagating in a
rectangular channel of width D ¼ 4lc, � ¼ 8. The isotherms are shown at different time
instants with the last plot corresponding to the stationary flame
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forming a new cusp on the flame front the perturbation vanishes when it reaches
the wall due to the imposed boundary conditions. For the flame front strongly
inclined to the wall, the tangential transfer of the perturbations is faster then the
time required for instability to grow. Formally this corresponds to the stability
limit – loss of stability of the solution (9.12.4). A critical value of the tube width
Dc2 � 3:4lc obtained from 2D numerical simulation can be considered as the
limit for an applicability of the nonlinear theory. The described scenario of the
secondary DL instability consists in appearance of the extra cusps arising near
the center of the tube, which are transferred along the flame front to the tube
walls. This causes additional stretching of the cusp while the front retains its
original shape becoming more slanted in the tube with comparatively simple
shape. It is worth to note that the new shape of the flame front leads to
considerable increase of the flame velocity in comparison with the velocity of
curved stationary flames in tubes of smaller width. The primary DL instability
causes increase in the flame velocity by the factor about Uw=Uf ¼ 1:2=1:3. For
wider tubes the second critical tube widthDc2 is approximately four times larger
than the first critical tube width Dc1, for which the DL instability overcomes the
stabilizing influence of thermal conduction.

9.14 Spherically Expanding Flames

A spherical flame spreading out from an ignition source is one of the most
fundamental manifestations of combustion. While such flames are quite feasi-
ble in the laboratory, in the regime of well-developed hydrodynamic instability
a spherical flame spreading out from the ignition source appears not as the
outward propagating smooth spherical front but as a multiple-scale surface
resembling a cauliflower with the structure quite similar to the Koch fractal
structure. Since the surface area of a wrinkled flame increases with the wrinkling
development compared to a smooth unperturbed spherical flame front, the
flame consumes more fuel per unit time and propagates faster.

As this was discussed, in the regime of hydrodynamic instability the growth
of perturbation is limited due to nonlinear effects, and the outcome of the DL
instability at the nonlinear stage may be wrinkling of the initially smooth flame
front. For the case of the freely propagating flames this wrinkling may lead to
cellular structure of a flame, and for the case of the flame propagating in tubes a
smooth stationary curved shape is usually observed. It should be emphasized
that the morphology of flames propagating in tubes appears to be essentially
different from that occurring in spherically expanding wrinkled flames. A
planar flame front propagating in a tube becomes spontaneously curved due
to theDL instability and the instability of the flame front results in formation of
a single hump, whose scale is controlled uniquely by the tube radius. Contrary
to this, in the case of the spherically expanding flames, the humpsmerging at the
flame front is balanced by the overall expansion, and while propagating, flame
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is wrinkled by the additional hierarchies of humps of all sizes. The available

experimental data indicate that expanding wrinkled flames spreading out from

the ignition source in the regime of well-developed hydrodynamic instability

undergo considerable acceleration with the temporal dependences of the aver-

age flame radius being similar for all flames:

RðtÞ / Ata; (9:14:1)

where RðtÞ is the average radius of the wrinkled flame ball and A is some

empirical constant. This regime of the flame propagation can be associated

with the development of a fractal structure on the flame front with total surface

of the spherical flame

S ¼ 4pR2 aA
1=a

�Uf
Rða�1Þ=a: (9:14:2)

Interpreting this regime as the development of a fractal structure of the flame

front, it was found that the experimentally measured velocity of flames,

Uw ¼ dR=dt ¼ aARða�1Þ=a, is consistent with the expression (9.14.1) for

a ¼ 3=2.
The power law behavior (9.14.1) of freely propagating flames can be sub-

stantiated as result of the Darrieus- Landau hydrodynamic instability of the

expanding flame. When the curvature of the expanding flame becomes large

compared to the cut-off wavelength, then the flame front resembles a locally

planar one and in turn becomes unstable against the DL instability on a smaller

scale. As a result of this secondary DL instability, a fine structure arises on the

larger scales. If the largest instability length scale exceeds the cut-off wavelength

by many orders of magnitude, then cascades of the secondary instabilities

consisting of small humps imposed on larger humps may form hierarchies of

humps at the flame front with structure similar to the fractal structure. This

picture is consistent with what is seen in experimental studies, which indicate

that the initially smooth front of the freely expanding spherical flames under-

going wrinkling due to well-developed hydrodynamic instability on the large

scales and expand with a noticeable acceleration. The process is similar to the

Koch curve formation, which is constructed as a cascade of triangles. Numer-

ical simulations of spherically expanding flames is a difficult task since it

requires a huge computational recourses, however, two-dimensional simulation

of cylindrically expanding flame is possible and its extrapolation to 3D case

confirmes the picture of formation a fractal structure and observed dependence

RðtÞ / Ata of the flame acceleration with a=3/2.
Let us consider a curved stationary flame as one step of the cascade similar to

the Koch triangles. If a flame is treated as an infinitely thin discontinuity

surface, then the increase of the flame velocity is equal to the increase of the

total flame surface area on one step of the cascade. Let us assume that a step of
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the cascade k decreases the size of triangles by a factor b ¼ Lk=Lkþ1, which
results in the increase of the total length of the curve by a factor b ¼ Sk=Skþ1.
The overall cascading process is limited from above by a largest triangle size

lmax and by the smallest triangle size lmin from below, so that the total number

of the steps in the cascade is N ¼ lnðlmax=lminÞ= ln b, and the total length of the

curve resulting in the development of cascade is

SN ¼ S0b
N ¼ S0ðlmax=lminÞd; (9:14:3)

where d ¼ lnðb=bÞ is the fractal excess, and 1þ d is the fractal dimension in the

two-dimensional case, while it is 2þ d in the case of three-dimensional geometry.
To evaluate the increase of the length scale for a fractal generator (the factor

b) we can assume that the increase of the flame surface is directly associated

with the corresponding increase of the flame velocity. Then, b ¼ DC2=DC1,

where DC1 and DC2 are the tube widths for the first and secondary stability

limits of a curved stationary flame propagating in tubes. It follows from the

results of previous section that for the first cascade b ¼ DC2=DC1 ffi 3:4. The
corresponding increase of the flame surface on one step cascade is the velocity

amplification b ¼ Uw=Uf ffi 1:28, for 2D problem. In this case, for 2D circular

flame (cylindrically expanding flame) we obtain for the fractal excess

d2D ¼ lnðb2DÞ= lnðb2DÞ � 0:20 (9:14:4)

The corresponding fractal dimension is 1þ d ¼ 1:20, and the exponent in the

expression (9.14.1) is a ¼ 1=ð1� dÞ ¼ 1:25. This means that we can expect that

in 2D geometry the radially expanding cylindrical flames are accelerating

according to

R2D / At1:25; (9:14:5)

The fractal dimension of the radially expanding cylindrical flames obtained from

direct numerical simulation of the complete system of Navier–Stokes equations

including one-step chemical kinetics, shown in Figs. 9.14—9.16 corresponds to

power-law acceleration with exponent 1.25 in agreement with theoretical evalua-

tion of fractal dimension for 2D geometry. The sequences of expanding flame

front obtained in the numerical simulations are shown in Fig. 9.14.
A representative plot of the stream lines, flow field and vortexes generated by

wrinkled flame front is shown in Fig. 9.15.
It is seen from Fig. 9.14 that formation of the wrinkling cells is limited from

below. In all simulations the smallest hump size is of the order of lC � 20Lf,

which is the cut-off wavelength of DL instability according to the theoretical

estimate. The perturbation size is also limited from above since perturbations

with a length scale larger than 2pR=nc are suppressed due to the finite curvature

of the flame front, where nc is the critical number of a spherical harmonic. Only

the perturbations with sufficiently large harmonic number are unstable. It
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should be noted that if perturbations grow slower compared to the rate of the

radial flame expansion, which corresponds to linear temporal dependence R tð Þ,
then the flame front does not acquire fractal structure and remains smooth. As a

result of development the DL instability the initially smooth flame front

becomes wrinkled and the front surface area increases during expansion exhi-

biting cusps that multiply and grow in amplitude. Evolution of the flame radius

Fig. 9.14 Formation of a
fractal structure of the
radially expanding flame
front (numerical modeling)

Fig. 9.15 The flow field and
vortexes generated by
wrinkled flame front
(numerical modeling)
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obtained in the numerical simulation is shown in Fig. 9.16 for two different
initial conditions. It is seen that the average flame radius approaches asympto-
tically the power law (9.14.5).

To extrapolate the obtained results from the 2D to 3D geometry of spheri-
cally expanding flames we should take into account that sum of two solutions
of the nonlinear equation for the flame front is also solution to the equation.
Then we conclude that velocity amplification for spherical flame should
be twice of velocity amplification for cylindrical flame, e.g. for spherically
expanding flame b2D ¼ Uw=Uf ffi 1:56. Then, for the spherically expanding
flame d ¼ ln b2D= ln b ffi 0:36. This gives fractal dimension 2.36, which is close
to fractal dimension 2.33 found in the experimental studies for RðtÞ / t3=2.

It should be emphasized that the fractal regime of flame propagation repre-
sents an intermediate asymptotic of the flame dynamics, which is achieved after
some transition period and based on assumption that the flame instability caused
solely by the hydrodynamic instability. The regime is achieved at a large radius
compared to the flame thickness, so that we can expect that it would depend on
Markstein number, though transition to self-similar regime is rather smooth and
it would be difficult to determine the critical point experimentally. The critical
flame radius evaluated from numerical calculations is Rc ’ 1:8m, which corre-
sponds to the critical Reynolds number Rec � UfRc=n ¼ 2:8 � 104, that is within
the experimentally measured critical Reynolds numbers in the range 103–106.

9.15 Flame in a Gravitational Field: Theory of Rising Bubbles

Velocity of curved stationary flames resulting from the development of the DL
instability may increase by the factor 1.2–1.5 in comparison with the planar
flame velocity in the case of 2D flames and about two times more in the case of

Fig. 9.16 Radius of the
radially expanding flames vs
time (numerical simulation):
curves 1,2. Dashed-doted
line corresponds to the
power-law 5/4; dashed
line – 3/2
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3D flames. However experimental studies of the flame propagating in tubes
show that velocity of curved stationary flames may exceed these values con-
siderably. It has been found, for example, that a flame in the mixture 10% CH4

and air propagates in a horizontal tube of diameter 90 cm with the velocity
245 cm/s exceeding considerably the normal velocity of the flame, which is
about 43 cm/s. Such a strong increase of the flame velocity both in vertical
and horizontal tubes cannot be explained solely by bending of the flame due to
the DL instability, but it can be related to the flame stretching in a nonuniform
flow induced ahead of the flame due to noslip boundary conditions at the walls,
or due to the wall roughness, or due to influence of a gravity.

Thewall friction can change drastically dynamics of the flame propagating in a
tube. Both, the DL and thermal-diffusive instability results in bending the flame
front, its wrinkling and consequently in the increase of the flame surface and the
flame acceleration. The accelerating flame acts as a semi-transparent accelerating
piston.Thismeans that aweak shock is generated aheadof the flame.When shock
is formed, it generates a flow behind it, i.e. ahead of the propagating flame. The
unburned gas ahead of the flame, which has been motionless before the flame
started accelerating, is now evolved in motion. The self-similar solution says that
such flow consists of advancing shock followed by rarefaction wave where velo-
city dropped to the velocity of the gas adjusted to the flame front. Such a flow in a
tube with adhesive walls generates a boundary layer. If width of the tube is D and
characteristic velocity is U, the Reynolds number is Re ¼ UD=n, then the width
of the boundary layer is d ’ D=ðReÞ1=2. In general, the width of the boundary
layer is small and does not affect considerably the flame. The Poiseuille flow with
the parabolic distribution of the velocity (zero at the walls and maximum at the
axis) will be established when the width of the boundary layer became about the
width of the tube. This will occur at the distanceL / D2U=n ’ D �Re. The flame
does not feel nonuniform flow ahead immediately, but only when nonuniform
flow is shifted to the flameby convection.When the flame enters the domainof the
nonuniform flow, it mimics the shape of the velocity field, became curved and
additionally accelerates. The whole picture depends on the tubewidth: for a small
tube diameter only nonuniformity of the flow will be responsible for the flame
acceleration, but for wide enough tubes DL and thermal diffusive instability may
enhance acceleration.This picture is evenmorepronounced for the case of a flame
propagating from the closed end of the tube, where the flow with the velocity
ð�� 1ÞUf is required by the boundary conditions at the closed end of the tube.

An additional flame wrinkling can also be related to the RT instability of a
flame and to influence of the gravitational field. The linear stage of the RT
instability development at the flame front propagating upwards has been
considered previously. The nonlinear stage of the instability is more complex
problem, though it can be qualitatively described as a bubble rising. A flame
front propagating in a cold combustible mixture converts it to hot products of
burning of lower density, which tend to move upwards in a gravitational field.
We can reasonably assume that the rising burned light products form a bubble
with the flame front being the surface of the bubble. Let us evaluate how the
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velocity of the rising bubble depends on the gravitational acceleration, g. From

two values: the gravitational acceleration g and the bubble size of radius R can

be formed a unique value of a velocity dimension, Ub /
ffiffiffiffiffiffiffi
gR
p

, which should be

the velocity of the rising bubble with the accuracy of a numerical factor of the

order of unity. The last one can be found from detailed calculations. The bubble

velocity depends also on the geometry of a bubble, which may be characterized

as open bubbles or as closed bubbles shown in Fig. 9.17. The result can be

different also for two-dimensional or three-dimensional cases.
As an example, let us evaluate velocity Ub of an open 2D bubble formed by a

light gas rising upwards in an ideal tube of width R filled by a liquid. Let density

of the light gas is negligible compared to the density of the liquid, andwe assume

it zero. In the reference frame of the bubble (x ¼ 0, z ¼ 0 being the top of the

bubble) the fluid at infinity flows towards the bubble with the uniform velocity

uz ¼ Ub, rounds the bubble and forms a thin jet. At the surface of a massless

bubble the Bernoulli equation is

1

2
u2 þ gz ¼ 0: (9:15:1)

At the rigid walls at x ¼ ð0;RÞ the x-component of the velocity is zero, ux ¼ 0.

Since there are no external sources of vorticity the flow must remain potential

everywhere. In order to obtain the bubble velocity we need to solve the Laplace

equation for the velocity potentialr2j ¼ 0 in the whole flow with the boundary

conditions at the walls and at the bubble surface. This is rather difficult mathe-

matical problem, which has not been solved yet. Let us consider an approxima-

tion for the velocity potential and the stream function for the incoming flow

j ¼ UbzþUb
R

p
exp � pz

R

	 

cos

px
R

	 

; (9:15:2)

c ¼ �UbxþUb
R

p
exp � pz

R

	 

sin

px
R

	 

: (9:15:3)

The corresponding velocities are

ux ¼ �Ub exp �
pz
R

	 

sin

px
R

	 

; (9:15:4)

R

z
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Fig. 9.17 Configurations of
open and closed bubbles
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uz ¼ Ub 1� exp � pz
R

	 

cos

px
R

	 
h i
: (9:15:5)

From the equation c ¼ 0 for the streamline that passes through the stagnation
point at the bubble top steams that the bubble surface near the top is given by
the formula z ¼ �px2=6R. Substituting (9.15.4–5) into the Bernoulli equation
and taking into account the expression for the bubble shape close to the top we
find for the velocity of the bubble

U2b ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
gR=3p

p
¼ 0:33

ffiffiffiffiffiffiffi
gR

p
: (9:15:6)

The velocity of three-dimensional bubbles is larger: for the open bubbles,
U3b ¼ 0:51

ffiffiffiffiffiffiffi
gR
p

, and for the closed bubbles, U3b ¼ 0:67
ffiffiffiffiffiffiffi
gR
p

.
In general the ratio of the burned gas density in a bubble, rb and the fresh fuel

density, rf is non-zero, rb=rf ¼ 1=�. Correction for the finite density ration can
be taking into account. Let us assume that the gas in the bubble is at rest, then
the pressure inside the bubble is P ¼ rbgz. From the Bernoulli equation (9.15.1),
taking into account the pressure balance at the surface of the bubble we have

1

2
rfu

2 þ rfgz ¼ rbgz: (9:15:7)

As a result, in the formula for the bubble velocity term g should be replaced by
gð�� 1Þ=�, so that the Eq. (9.15.6) becomes

Ub ¼ 0:33
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð�� 1ÞgR=�

p
: (9:15:8)

It should be noticed that, in the case of non-zero bubble density the stationary
flow is unstable also against the Kelvin-Helmholtz instability of the heavy
matter sliding along the surface of the light matter. As a consequence, the
nonlinear stage of the RT instability is often accompanied by development of
mushroom shaped structures in the jets of the falling heavy matter and by
mixing of the heavy and light gases.

9.16 Flame in Horizontal and Vertical Tubes

When a flame propagates upwards in vertical tubes in a gravitational field we
deal with the configuration of open bubbles. Since according to (9.15.6) the
bubble velocity increases with the tube radius we can expect that for a suffi-
ciently wide tube the velocity of the light bubble of burnedmatter, whichmay be
much larger than the normal velocity of a planar flame front, determines the
flame velocity. Thus, if gR=U2

f
441, the problem of flame propagation does not

include the process of burning and fuel consumption but just velocity of rising
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bubble formed by the flame. If one considers solution of the complete set of the

equations of flame dynamics in a strong gravitational field, then the bubble

velocity represents the principal term of the expansion of the flame velocity into

power series of the small parameter U2
f =gR551.

Typical shape of the axisymmetric curved flameswith the expansion coefficient

� ¼ 5 in a cylindrical tube with the radius R ¼ 2Rc obtained in numerical experi-

ment, which is similar to the shapes of the curved flames observed experimentally

in vertical tubes, is presented in Fig. 9.18 for different values of the dimensionless

acceleration gLf=U
2
f ¼ 0; 1; 3. It is seen that the flame front curvature increases

with the increase of the dimensionless parameter gLf=U
2
f : for larger acceleration,

gLf=U
2
f ¼ 3, which corresponds to gR=U2

f ¼ 75, the shape of the flame looks like

a rising semi-infinite bubble. The only important difference of the flow caused by

the rising flamebubble from thebubble flow is the absence of the infinitely long jets

of the fallingheavymatter. Theheavy fuel of the jets is consumedby the flame front

at some distance from the bubble top due to the ‘‘fire-polishing’’ effect, and the

larger the dimensionless gravity acceleration, the longer the fuel jets.
The velocity of a convex flame rising in a cylindrical tube is considerably larger

than the velocity of a planar flame. The velocity of convex flames increases with

the increase of the gravity acceleration, but not as fast as the velocity of an inert

bubble / ffiffiffi
g
p

, which may be explained by the influence of specific flame proper-

ties. With account of both the flame properties and the effects of bubble motion

the velocity of an upward propagating flame can be approximated as

Uw ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
U2

DL þU2
b

q
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
U2

DL þ b2
�� 1

�
gR

r
; (9:16:1)

where UDL is the velocity of the curved flame for the case of zero gravity and the

numerical factor b is of the order of unity, b3D ¼ 0:51 and b2D ¼ 0:35. The
expression (9.16.1) provides rather likely realistic values for the flame velocity

compared to what is seen in experiments.

Fig. 9.18 The shape of the convex flame propagating upward in a cylindrical tube for different
values of the dimensionless acceleration: gLf/Uf

2=0,1,3; correspondingly: (a), (b), (c)
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It is obvious from the Eq. (9.16.1) that influence of gravity and the bubble

formation on the flame velocity is more important for slow flames. For flames

propagating in the tubes with radius of about R � 3 cm, the gravity is impor-

tant for slow flames with velocities Uf520 cm/s such as propane flames. On the

contrary, the effect of gravity is negligible for fast hydrogen-oxygen flames with

the velocities about 10m/s.
Flames propagating in horizontal tubes of large diameters is also influenced

by the gravity effects similar to flames moving upwards: the hot burned gas of

smaller density tends to occupy the upper part of the tube, while the heavy fuel

extends along the lower part. As a result the flame front acquires a curved shape

and the flame propagates with larger velocities than the velocity of a planar

flame. Since for most of the laboratory flames the fuel density exceeds the

density of the burning matter about 10 times, so that the model of a massless

bubble of the products of burning is quite satisfactory, and if the gravity effects

dominate, a good approximation of the flame velocity can be obtained assum-

ing the model of an inert massless open bubble moving in a horizontal channel.
Consider a stationary flow caused by a 2D open bubble propagating in a

horizontal channel of width R as shown schematically in Fig. 9.19. A charac-

teristic feature of a flame in horizontal tubes is the sharp angle ab ¼ p=3 at the

top of the flame front, which is clearly seen in the snapshot photographs of a

flame in horizontal tubes. The sharp angle can be clearly distinguished on the

bright part of the flame front, where effects of thermal conduction and losses to

the walls do not influence the flame structure. From dimension considerations it

follows that the velocity of the bubble is Ub ¼ b
ffiffiffiffiffiffiffi
gR
p

. The numerical coefficient

b can be found form the solution of the problem in a way similar to

(9.15.2)–(9.15.5). Similar to the case of upward propagating flames we can

construct an approximate solution for the flow around the bubble and match

this solution with the solution at the bubble top. The final result gives b ¼ 0:43.
Thus, a massless bubble in a horizontal 2D channel of width R propagates with

the velocity Ub ¼ 0:43
ffiffiffiffiffiffiffi
gR
p

. In the case of non-zero bubble density the velocity

of the bubble is Ub ¼ 0:43
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð�� 1ÞgR=�

p
. The obtained velocity of a horizon-

tally moving bubble is quite close to the velocity of open bubbles rising upwards

in ideal 2D vertical tubes.

d

R

g

Ub

U

α

∞

x
z

b

Fig. 9.19 Schematic
configuration of an open
bubble in 2D horizontal
channel
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Effect of the buoyancy is more pronounced for slower flames and becomes
noticeable for the tube widths exceeding D � 5:4U2

f =g. This means that for slow

flames, like in 6%CH4 with the normal velocity Uf ¼ 6 cm=s the gravity will
already influence the flame velocity for the tube widths larger than

5:4U2
f =g ¼ 0:2 cm, and for faster flames, like in 10%CH4, with Uf ¼ 43 cm=s,

for the tubes D410 cm.
For example, Coward and Hartwell (1932) found that velocity of the curved

flame propagating in a wide horizontal tube (diameter 90 cm) in the mixture

10%CH4 was Uw ¼ 245 cm=s, which considerably exceeds the normal velocity
Uf ¼ 43 cm=s. The velocity of the light 2D bubble of burned products in the tube

of such diameter can be estimated as Ub ¼ 0:43
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
gD �� 1ð Þ=�

p
� 120 cm=s.

Taking into account that 3D bubbles propagate with larger velocity,

Fig. 9.20 Flame velocity in the methane-air mixtures versus the tube diameter
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U3b � 0:64
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
gD �� 1ð Þ=�

p
� 180 cm=s, we obtain for the flame speed expres-

sion UW ¼ 1:7Uf þU3b, which gives values close to the experimental mea-
surements. This dependence of the flame velocity on the tube widths is shown
in Fig. 9.20 by the dashed lines, where solid lines are from the experiments of
Coward and Hartwell. An additional increase of the flame front velocity may
be due to wall roughness (noslip boundary conditions) which is not taken into
consideration in the present analysis.

9.17 Flame in a Closed Burning Chamber

A flame in a closed burning chamber is the most typical manifestation of
combustion, and therefore flame dynamics in closed tubes is an important
subject of combustion study. Particularly, flame propagation in a closed cham-
ber is a key point for understanding most of industrial applications, such as e.g.
combustion in engines. One of the most interesting problems is interaction of a
flame with pressure waves, which can be viewed as a flame in an effective time-
altering gravity field. When a flame front acquires a curved shape, the interac-
tion of acoustic waves with the flame front becomes more effective, which
makes easier the spontaneous reaction in the fresh fuel ahead of the flame
front. Even in the case of ideal walls there are many specific factors that may
influence development of the DL instability in closed tubes. Flames propagat-
ing in an unbounded fuel or in open tubes consume fuel in a nearly isobaric
regime, since expansion of matter in the burning process is balanced by the flow
of the burnt matter away from the flame front. The situation is quite different
for flames propagating in closed tubes. In the latter case expansion of burning
matter causes adiabatic compression of the fuel ahead of the flame. Compres-
sion of the fuel is accompanied by the pressure and temperature build-up, so
that close to the end of burning the pressure and the temperature of the
unburned fuel may considerably increase

P1 ¼ P0 1þ gQ
CPT0

� �
¼ g�0 þ 1� gð ÞP0; (9:17:1)

T1 ¼ g�0 þ 1� gð Þ1�1=gT0; (9:17:2)

where the initial and final fuel parameters in a closed tube are denoted by the
label 0 and 1, respectively.

For �0 ¼ 8, g ¼ 1:4, for example, the final pressure is P1 � 11 P0, exceeding
by order of magnitude the initial pressure, and the final fuel temperature and
density are T1 ¼ 1:95T0, r1 ¼ 5:47 r0.

The increase of fuel pressure and temperature alters all characteristics of the
flame such as the normal flame velocity, the flame thickness, the expansion
coefficient, etc. Though the fuel parameters change in time, these changes are
rather slow compared to the typical time scale of the flame Lf=Uf. Therefore
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there is enough time for the internal flame structure to adjust to the change
in external conditions, so that the flame can be considered as a freely propagat-
ing quasi-isobaric flame with some new values of the fuel pressure and tem-
perature. According to Eqs. (5.4.19–20), dependence of the normal flame
velocity on the initial pressure and temperature implies different behavior for
flames with different order of the reaction. Practically, the normal flame velo-
city changes negligibly for a flame of the first order reaction, however, for the
third order reaction the normal flame velocity at the end of burning increases by
an order of magnitude.

The flame thickness decreases considerably to the end of burning for flames
of both the third order reaction and the first order reaction, though in the
former case the decrease is much stronger. For a flame with n ¼ 1 the decrease
of the flame thickness happens mostly due to increase of the fuel density. On
the contrary, in the case of a third order reaction n ¼ 3 both amplifications of
the fuel density and the normal flame velocity contribute to the decrease of the
flame thickness. The scaled flame velocity and the flame front thickness are
shown in Fig. 9.21 versus the flame front position in a tube of length L ¼ 500Lf0

for � ¼ 5, g ¼ 1:4 for the first, n ¼ 1 and for the third, n ¼ 3 order reactions.
Eventual decrease of the flame thickness in a closed tube makes competition of
perturbation modes on the nonlinear stage of the DL instability more compli-
cated: decrease of the flame thickness leads to the decrease of the cut-off
wavelength lc, so that perturbation modes, that have been stable at the begin-
ning of burning, may become unstable later. Flame dynamics in a closed
chamber may be also affected by flame acceleration or deceleration that reaches
significant values in short tubes and leads to strong suppression or enhance-
ment of flame instabilities.

Note, that velocity of the flame propagating in a closed tube differs con-
siderably in laboratory coordinate system from the normal flame velocity. In
the reference frame of a planar flame front the fuel moves to the front with
velocity Uf and the burned gases are drifted away with the velocity �Uf. At the
beginning the burned products are at rest, the unburned fuel is pushed forward
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Fig. 9.21 The scaled velocity
Uf=Uf0 and the flame thick-
ness Lf=L0 depending on the
flame position in the closed
tube for the flames of the
first, n ¼ 1 and third n ¼ 3
order reactions
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and the velocity of flame propagation in the laboratory coordinate system is
Ul ¼ �0Uf0.When the flame comes to the opposite end of the tube, the fuel is at
rest, the burnedmatter is pushed backward and the flame velocity relative to the
walls equals the normal flame velocity. This means that the flame undergoes
acceleration or deceleration, while travelling through the closed tube. The
effective acceleration of the flame in a tube of length L may be estimated as

g ¼ U2
1 ��2

0U
2
0

2L
; (9:17:3)

and it turns on in addition the Rayleigh-Taylor instability of the flame front, so
that the hydrodynamic instability of the flame can be either enhanced or
weakens by the RT instability.

9.18 Flame Quenching and Flammability Limits

Not all the combustible mixture is capable of sustaining combustion waves. An
addition of diluent gases in sufficient quantity may limit the flammability of the
mixture. These diluents may consist of excess of fuel or excess of oxidants or it
can be inert gases. For the stoichiometric mixture the combustible mixture
being ignited reaches a sufficiently large temperature, moves into the explosive
regime and supports the flame propagation. However, being diluted to the
sufficient lean or rich concentration mixtures being ignited are not able to
reach a sufficiently large temperature and not capable of sustaining combustion
waves. The ability of the given fuel-oxidizer mixture ratio to support reaction
propagation is related to the chemical rate of the given mixture ratio and the
rate of heat generated in the reaction, and the flammability limit is defined by a
competition between the rate of heat generated in the reaction and the external
rate of heat loss by the flame. For some limiting mixture ratio when the mixture
is too rich or too lean, its heat release is not sufficient to sustain the self-
supported reaction propagation.With the increased dilution of the combustible
mixture, when the mixture ratio falls into the lean or rich ends of the concen-
tration spectrum, the burning temperature decreases and as a consequence also
decreases the combustion wave speed. As regarding the fuel-oxidizer mixture
ratio the flammability limit is defined by the minimum concentration of a
combustible substance that is capable to support self-sustained propagation
of the reaction wave. In real conditions the flammability limit is determined by
the competition between the rate of heat generated by reaction and the external
rate of heat loss by the flame. As a result of the external heat losses (heat losses
to the walls, radiation, etc.) the flame temperature becomes lower than adia-
batic flame temperature, and correspondingly the flame speed is smaller than
normal flame velocity. Heat losses in turn depend on the velocity of the flame
propagation. The leanest and richest concentrations, which just able to support
flame, are called the lean and rich flammability limits.
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A flame propagating in tubes is quenched if mechanisms of species diffusion
and heat transfer, which are responsible for flame propagation, are affected by
losses to the tube wall. Heat and momentum losses to the walls can reduce the
reaction rate to the point when it can not sustain the propagating reaction. If
flame propagates in a wide tube one can neglect by the heat losses to the cold
wall. In narrow tubes the heat losses increase due to the increase of the trans-
verse temperature gradient, and for some critical tube diameter – quenching
distance, the self-supported flame propagation becomes impossible. Assuming
that the reaction propagates in the deflagration regime as a plane flame in a tube
of given diameter, and the heat losses to the tube walls, which are at the room
temperature, will be the only mechanism responsible for the flame quenching,
we can find critical tube diameter. For a simple case of two-dimensional
problem this is the minimal distance between two parallel plates when reaction
can propagates. The quenching distance corresponds to the distance between
the plates, such that the rate of heat generated in the reaction is equal to the rate
of heat losses to the walls. If the heat of the reaction per mole for the given
stoichiometric mixture is QR, and tR is the reaction rate (mole=t � L3), then the
rate of heat generating in the flame is

_q / tRðdS � dÞQR; (9:18:1)

where dS is a surface element at the wall, d is the distance between the walls.
The rate of heat losses to the wall is

qT ¼ l
dT

dx
dS: (9:18:2)

Let Tq is the lowest temperature at which the flame still can propagate, and T0 is
the temperature of the cold wall. Approximating the rate of the heat losses to
the wall as

qT ¼ l
dT

dx
dS ffi 2l

Tq � T0

ðdq=2Þ
dS; (9:18:3)

we obtain equation for the minimal distance between the wall when flame still
can propagate (quenching distance):

4l
Tq � T0

dq
dS / tRðdqdSÞQR: (9:18:4)

Taking into account that QR ¼ CPðTf � T0Þ, we obtain for the quenching
distance

d2q /
4l

CPtR

Tq � T0

Tf � T0
: (9:18:5)
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Taking into account that Uf /
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l=CptR

p
, we conclude that dq / Uf. As larger

is normal flame speed as larger the quenching distance for this particular

mixture; the shorter is time for the heat losses to the wall. As initial temperature
of the unburned mixture increases, the flame is able to pass through narrower

channel. The quenching distance also depends of pressure as, dq / 1=P.

Problems

9.1. Estimate the growth rate of the plane flame front instability form dimen-
sional consideration. Write the equations for a linear problem of an
infinitely thin flame front stability.

9.2. It is desired to stabilize flame propagating in a tube. How flame stabiliza-
tion depends on the tube radius? Will it be stabilized for larger or smaller
tube diameter? Is flame more stable propagating up or down in vertical
tube? How it depends on gravity acceleration?

9.3. Flame propagating in a tube acquires a nearly parabolic shape due to heat
losses to the tube wall. Will the change of the flame shape influence the
speed of the flame?

9.4. In an experiment a plane flame is initiated near the closed end of a
horizontal tube and propagates to an opposite open end in the first
experimental investigation, and it is initiated near the open end and
propagates to the closed end in another case. Determine velocity distribu-
tion in the flow ahead and behind the propagating flame in both cases.
What is the flame velocity in laboratory co-ordinate system, if the normal
flame velocity is Uf and the expansion coefficient � ¼ rb=ru is known?

9.5. An experimentalist wants to measure the normal flame velocity for a
given combustible mixture. In series of the studies he took mixture with
different initial temperatures. What will be result of the experiment? How
velocity of the flame and temperature of the burned products will be
changed depending on the initial temperature?

9.6. Normal velocities of some planar flames at normal conditions are:
Uf ¼ 5.0, 50, 220, 520, 900, 1330 cm/s for the mixtures: 6%CH4þAir,
5%C3H8þAir, H2þAir, H2þ0.5O2þ 0.5N2, C2H2þ2.5O2, correspond-
ingly. What must be possible oncoming flow velocities for these mixtures
to obtain a steady flame in the Bunsen burner? What is the angle of the
Bunsen flame cone? Assume a two-dimensional version of the axisym-
metric Bunsen burner. How result will change for cylindrically symmetric
burner? How would you design the experiment for flame speed measure-
ment using the Bunsen burner?

9.7. According to experimental studies the average radius of the outward
propagating spherical flame moving through combustible mixture
grows as t3=2. This implies that the flame interface area grows faster
than the square of its average radius, i.e. that the wrinkled interface
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assumes a fractal-like structure. Show that assumption about fractaliza-
tion of the infinitely thin flame front is compatible with the 3=2 – power
law of the experimental data.

9.8. A hydrocarbon-air mixture is ignited at the center of a soap bubble of
diameter 3 cm. Assuming that flame starts propagating as a spherical ball
with unburned gas temperature Tu ¼ 300K, and temperature of the
products Tb ¼ 2000K. The velocity of the expanding spherical flame
relative to the burned products is Ub ¼ 200cm=s. What is the normal
velocity of a laminar flame?

9.9. A stoichiometric fuel-air mixture forms a well-defined conical flame when
burning in a Bunsen burner. The mixture is then made leaner. For the
same flow velocity in the tube, how does the cone angle is changed?

9.10. Compare the velocity of a flame in stoichiometric hydrogen-air mixture
with hydrogen-air lean and rich mixtures. In which case the flame speed is
larger? Explain.

9.11. A laminar flame propagates in a horizontal tube 2 cm in diameter. The
normal velocity of a planar flame is 43 cm/s. Due to buoyancy effect the
flame front tilts at 30 degrees to the wall forming a shape of half parabola.
Estimate the velocity of a flame, and the burning rate of the mixture in
gram/s if initial density of the mixture is 0.015 g/cm3, and the flow is
assumed laminar.

9.12. The flame speed in hydrocarbon-air mixture is 43 cm/s, and the activation
energy is 40 kal/mol. Assuming that the adiabatic temperature is 1800K,
and adding of the inert gas lower temperature up to 1500K, how will
change the flame speed in the diluted mixture?

9.13. It is desired to measure the laminar flame speed in the mixture of
11:6%CH4 þ air using the burner tube method. For such mixture the
normal flame velocity, temperature and expansion ratio are
Uf ¼ 25 cm= s; Tb ¼ 2100C; ru=rb ¼ 7:5. What a tube diameter should
be taken for the measurement?
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Chapter 10

Regimes of Premixed Flames

Majority of our discussion is focused on premixed gas combustion, the combus-
tion of gaseous reactants that are perfectly mixed prior to ignition. Premixed
combustion requires that fuel and oxidizer to be completely premixed before
combustion. Although premixed combustion may occur homogeneously
throughout the volume, e.g. as an explosion, this mode is not typical. The
most distinctive feature of premixed combustion is its ability to assume the
form of a self-sustained reaction wave initiated in some location and then
propagating either subsonically (deflagration) or supersonically (detonation)
at a well-defined speed. Once fuel and oxidizer have been homogeneouslymixed
and heat source is supplied, it becomes possible for a reaction wave to propa-
gate through the combustible mixture. There are several important applications
of premixed combustion, the principal being spark-ignition engines, lean-burn
gas turbines, household burners, recently renewed interest to pulsed detonation
propulsion, and many others. Apart from their technological relevance, pre-
mixed combustion constitutes a truly fascinating dynamical system, displaying
an amazingly rich variety of phenomena such as non-uniqueness of possible
propagation regimes, their birth (ignition) and destruction (extinction), chaotic
self-motion and fractal-like growth, and various hysteretic transitions.

10.1 Combustion Waves in Laminar Flow

Propagating combustion zone, which is called combustion wave, can be initiated
in a combustible mixture by a hot wire, or an electric spark, or by some other
ignition sources capable to initiate a self-sustained reaction wave. In this section
the discussion will be restricted to laminar regimes of flame propagation, whereas
the effects of turbulence on flame propagation will be considered in the next
section.

An ignition source, which is in general a source of heat, raises temperature
and initiates the reaction. However, a heat source such, for example, as an
electric spark also can produce atoms and free radicals, which may act as
chain carries in the chemical reaction. The flux of heat as well as the flow of
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chain carries from the ignition source initiates chemical reaction in an adjacent
layer of the combustible mixture, so that this layer itself becomes a source of
heat and/or chain carries capable of initiating chemical reaction in the next
layer, and so on. In this way a zone of reaction propagates through the mixture,
and as we discussed this in the previous chapters, the speeds of the wave
propagating due to mechanisms of either thermal conduction or diffusion
are much less than sound speed.

Within the layer of the propagating burning wave, the rate of chemical
reaction accelerates considerably with rising temperature according to the
Arrhenius law, WðTÞ / expð�E=RTÞ, in the manner similar to a thermal
explosion. Depending on the reaction mechanism, the intermediate chemical
products, atoms, free radicals, may play a role as chain carries. They also may
cause self-acceleration of the reaction if the chains are branched (see Chap. 3).
Bearing in mind that the flow ahead and behind of the flame front is essentially
subsonic, the flow can be treated as incompressible. The pressure difference
across a flame front is very small by the same reason. Taking into account
continuity equation, ruUu ¼ rbUb, we find the pressure difference across the
flame front

Pu � Pb ¼ ruU
2
f

ru
rb
� 1

� �
(10:1:1)

There exist also so called cool flames, which are formed in burning hydrocarbon
(benzene) and play important role in understanding autoignition, which is
knocking regime of engine combustion. For the cool flames the increase of
the free-radical concentrations is a specific mechanism of the global reaction
acceleration. However, in the case of usual thermal or ‘‘hot’’ combustion, the
temperature rise is the main and the most important factor in the reaction self-
acceleration and the wave propagation compared to the increase of free radical
concentration or the chain branching.

A combustion wave being initiated from a small point-like ignition source,
such as electric spark, will propagate as a spherical expanding wave. In this case,
the flux of the heat from the burned to unburned mixture is divergent, and this
should have effect of diluting the heat that is transferred to the unburned gas,
which may result in the wave to be slowed down or even quenched. However, it
was established both theoretically and experimentally (Chap. 9) that spherical
flames spreading out from the ignition source undergo considerable acceleration
with the temporal dependence of the average radius of the wrinkled flame ball.

We consider the simplest configuration of a flame in the Bunsen burner
shown schematically in Fig. 10.1a, b, which is a common experimental device
used in laboratories. Gaseous fuel from the fuel supply enters through an orifice
into the mixture chamber, where air is entrained from the outside through
adjustable openings. The opening area of the fuel orifice may be adjusted by
moving the needle through an adjustment screw into the orifice, thereby allow-
ing the velocity of the jet entering into mixture chamber to be varied and the
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enter of the air and the air-fuel mixture to be optimized. Depending on the
velocity of the jet, both laminar and turbulent steady premixed flames can be
obtained on a Bunsen burner. If the velocity of the mixture is sufficiently large,
the flow inside the Bunsen tube becomes turbulent and we obtain turbulent
flame, if the velocity is low, the flame is laminar. Obviously, the laminar or
turbulent flames are established if the speed of the flow running out the Bunsen
tube is larger than the corresponding speed of laminar or turbulent flame. In
this case a flame cone is formed on the Bunsen tube.

Let us find the shape of the flame in a Bunsen burner. For the sake of
simplicity, we consider two-dimensional problem and calculate the angle of
the flamer cone. Let angle of the flamer cone above the burner tube is 2a
(Fig. 10.1a, b). The oncoming flow velocity of the unburned mixture uu has
normal component, uu;n and tangential component, uu;t to the flame front,
which is the planar side of the cone (Fig. 10.2).

From continuity condition of the mass flow in normal direction to the flame,
ruun;u ¼ rbun;b, we find un;b ¼ un;uru=rb. Obviously, the tangential velocity
component must be continuous, ut;b ¼ ut;u. Since the whole flow is supposed to
be steady, and the flame front is stationary, the normal velocity of the flow from
the side of the unburned mixture is nothing, but the normal burning velocity of a
planar flame, un;u ¼ Uf. Taking into account that un;u ¼ uuj j � sina, we obtain

sin a ¼ Uf= unj j: (10:1:2)

This expression for the cone angle is valid also in case of turbulent flame if
instead of Uf we will use the mean velocity of turbulent flame. Evidently,
velocity of the flow in the Bunsen tube must be larger than the normal flame

uu,t

2α

uu

uu,n

(a) (b)

Fig. 10.1 (a, b) Bunsen burner
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velocity. If we do know the flow velocity in the Bunsen tube, we can measure

velocity of the flame measuring the cone angle.
Accurate solution to the problem of the flame shape in a Bunsen burner will

require more calculations. Let us assume that at the round exit of the burner

orifice with radius R0 velocity distribution corresponds to the Poiseuille flow

u ¼ U0 1� r2

R2
0

 !
; (10:1:3)

where u ¼ uðrÞ is the velocity along the tube, U0 is the maximal velocity on the

axis.
The normal to the flame surface component of the velocity must be equal to

the normal velocity of the flame:

un ¼ Uf ¼ uj j � sin a ¼ U0 1� r2

R2
0

 !
� sin a (10:1:4)

For the flame surface given by the equation: r ¼ rfðzÞ, we have tga ¼ drf=dz,
and

sin a ¼ drf=dzffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ðdrf=dzÞ2

q : (10:1:5)

Substituting (10.1.5) in (10.1.4) we obtain ordinary differential equation for the

flame shape, which can be written as

dy

dx
¼ � vffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð1� y2Þ2 � v2
q ; (10:1:6)

where y ¼ rf=R0, x ¼ z=R0, v ¼ Uf=U051.
The integral in (10.1.6) can be expressed in elliptical integral of the first and

second kind, though further analysis requires more careful consideration of the

ubt

ubn
ub

uuuut

uun

α

Fig. 10.2 Schematic
configuration of flame
and flow velocities in
Bunsen burner
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physical process, such as thermal losses at the orifice edge and burning condi-
tions at the nearest vicinity of the orifice. The reason is that since the flow
velocity near the tube wall is low the heat losses to the burner rim are an
important factor in stabilizing the flame at the top.

One may distinguish different colors within the Bunsen cone. Inside the cone
is the dark zone, which is nothing but the unburned premixed gas before it
enters the reaction zone. The outer zone, which is the flame front itself, is the
luminous zone, typically less than 1mm thickness. Here the temperature is the
highest and here is where the reaction and heat release take place. Visible light
and color of the luminous zone in the Bunsen cone are different depending on
the used fuel and whether the mixture is fuel lean or fuel rich. For example,
hydrogen-air flames are almost invisible. Color of the lean hydrocarbon-air
flames is a deep violet due to formation of exited CH radicals, while due to
excited C2 molecules the tint of green color appears at the rich hydrocarbon-air
flames. For high enough temperature of the burned gases the reddish tint may
appear due to water vapor and CO2 radiation. If mixture is very rich, then due
to carbon particles appears an intense yellow radiation.

10.2 Regimes of Premixed Turbulent Combustion

Turbulence may considerably influence the propagation of combustion wave. If
in case of a laminar flame the flow conditions do not alter the rate of energy
release in the reactions or chemical mechanisms, situation can be different in
presence of turbulence. In the turbulent flow there are fluctuating components
of velocity, temperature, density, pressure and concentration, and it is possible
that such fluctuating components affect the chemical reactions and the heat
release rate. The flame structure depends upon the relation of characteristic
time associated with the chemical reaction (tCh ¼ Lf=Uf) and the characteristic
time associated with turbulent velocity fluctuating components (tt ¼ l=u0). If
tCh � tt, then the velocity fluctuating components do not influence essentially
the chemistry, if the opposite condition is true tCh � tt, then turbulence can
affect the rate of chemical reaction, the energy release and the flame structure.
The concept of turbulent reacting flow may have many different meanings and
depends on the interaction range, which is governed by the overall character of
turbulent flow. For example, in the case of very strong turbulent pulsations, the
fluctuating temperature and concentrations may affect the chemical reactions
and heat release, and then the combustion products may be rapidly mixed with
reactants within a time interval shorter than the chemical reaction time. The
case of strong influence of turbulence is called stirred reactor regime, and there
is no meaning of a flame structure exists in such combustion. If external
turbulent flow is relatively weak contrary to the previous example, which
means that the turbulent flow is dominated by large-scale low intensity turbu-
lence, then turbulence will affect the premixed flame so that it becomes a
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wrinkle one, either enhancing its intrinsic hydrodynamic instability, or produ-

cing wrinkle flame independently. In the latter case the flame remains locally a

laminar one. As the intensity of turbulence increases, local laminar structure of

the flame remains until scale of the smallest turbulent eddies is large compared

to the laminar flame width. This regime of a quasi-laminar flame in presence

of turbulence is called a laminar flamelet regime. With further increase of the

turbulence intensity the laminar flame structure will be destroyed.
Based on this consideration we can introduce dimensionless parameter,

which is Damköhler number

Da ¼ turbulent time

chemical time
¼ tt

tCh
¼ Uf

Lf

l
u0
: (10:2:1)

If Da51, turbulent pulsations of fluid induce change in the reactants composi-

tion within a time interval shorter than the chemical reaction on the scale of the

flame thickness. In this regime, the turbulent eddies are nearly all embedded in

the reaction zone, so that meaning of the ‘‘flame front’’ has no sense anymore.
Introducing the turbulent Reynolds number (see Chap. 7)

Rel ¼
u0l
n
; (10:2:2)

and taking into account that by the order of magnitude the thickness of the

flame front is Lf � n=Uf (since thermal conductivity, k ¼ k=rCp equal to the

kinematic viscosity n), we can rewrite expression (10.2.2) as

Rel ¼
u0l
LfUf

: (10:2:3)

Such defined the turbulent Reynolds number gives the measure of turbulence

influence on the reacting flow. In the region, Rel ¼ u0l=LfUf51, where l5Lf

and u05Uf the flame is laminar. It is convenient to present different regimes of

flame propagation using so-called Borghi diagram (Fig. 10.3), where vertical

axis is non-dimensional ratio u0=Uf, and horizontal axis is non-dimensional

ratio l=Lf. Region of the laminar and wrinkled flames are located below

Rel ¼ 1 and u0=Uf ¼ 1. The line corresponding to the equation Da ¼ 1

(tt ¼ tR) separates the region of well-stirred reactor regime. If we introduce

also dimensionless parameter – Karlovitz number, which characterize the ratio

of the laminar flame scale in terms of the Kolmogorov’s turbulent scale

Ka ¼ flame width

Kolmogorov scale

� �2

¼ L2
f

l2
¼ u02

U2
f

; (10:2:4)

then the corrugated flames are situated below this line in the Borghi diagram.
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The intermediate regime, between Ka ¼ 1 and Da ¼ 1, corresponds to thick

flames, when intensity of turbulence is high so that turbulence changes the

transport properties of the gas and weakens the flame, though flame still

represents a configuration, when burned gas is separated from unburned

mixture.
The most common regime is the flamelet regime, when thickness of the flame

is much smaller compared to the smallest turbulent scale – Kolmogorov scale.

These combustion regimes are typical for combustion in engines, industrial

burners and gas turbines.
The flamelet regime of premixed turbulent combustion can be described

using phenomenological scalar G-equation. Let us consider surface given by

the scalar function Gðr; tÞ ¼ G0, such that the region of the burned gas corre-

sponds to Gðr; tÞ4G0, and the region of the unburned gas corresponds to

Gðr; tÞ5G0, where r ¼ ðx; y; zÞ. Let n ¼ �rG= rGj j is the unit normal vector

to the front surface in the direction of the unburned gas. The time derivative of

the function G0 ¼ Gðr; tÞ is

dG0

dt
¼ @G

@t
þrG � drf

dt
¼ 0; (10:2:5)

where rf is the vector coordinate at the surface.
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It is obvious that the propagation velocity drf=dt of the front equals to sum

of the flow velocity u and the component of the local burning velocity normal to

the front

drf
dt
¼ uþ n �Uf ¼ u� rGrGj jUf; (10:2:6)

where for normal vector we used expression n ¼ �rG= rGj j.
Substituting (10.2.6) into (10.2.5) we obtain equation for G

@G

@t
þ u � rG ¼ Uf rGj j: (10:2:7)

As an example of application of G-equation, let’s calculate the angle of the

flame cone in a Bunsen burner. We consider two-dimensional problem with

angle of the flame cone above the burner tube being 2a, axis x being the

symmetry axis directed along the central line of burner channel, and the burner

rim is located at x ¼ 0, y ¼ �d, similar to the problem considered earlier in Sect.

10.1. For the steady flow with the oncoming vertical flow velocity of the

unburned mixture u, the G-equation (10.2.7) takes the form

u
@G

@x
¼ Uf

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
@G

@x

� �2

þ @G

@y

� �2
s

: (10:2:8)

For our purpose it is enough to consider only inner part of the flame cone – the

region of the unburned mixture. Solution to the Eq. (10.2.8) we shall seek in the

form

G ¼ G0 þ xþ FðyÞ; (10:2:9)

where G0 is some constant.
Substituting (10.2.9) into (10.2.8) we obtain

u ¼ Uf

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ @F

@y

� �2
s

: (10:2:10)

Integrating (10.2.10) gives

FðyÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
u2 �U2

f

q

Uf
ð yj j � constÞ: (10:2:11)

Taking into account the boundary conditions at the burner rim:

Fðx ¼ 0; y ¼ �dÞ ¼ 0, and substituting this into (10.2.9) we will find solution

of the G-equation
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G ¼ G0 þ xþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
u2 �U2

f

q

Uf
ð yj j � d

2
Þ: (10:2:12)

According to derivation of G-equation the flame is the surface r ¼ rðxf; yfÞ,
where Gðx; yÞ ¼ G0, therefore for the flame surface we have

xf ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
u2 �U2

f

q

Uf

d

2
� yfj j

� �
: (10:2:13)

From this formula it is clear that flame may exist only if the flow velocity in the
tube is larger than the normal flame velocity, and for the flame tip, which is
located at y ¼ yf ¼ 0 we find

xf0 ¼
d

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
u2 �U2

f

q

Uf
: (10:2:14)

From the geometrical consideration, it is clear that the flame angle is

tan a ¼ d

2xf0
¼ Ufffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

u2 �U2
f

q : (10:2:15)

It is easily seen that this expression is the same that we already obtained at the
end of Sect. 10.1, sin a ¼ Uf= uuj j. It should be noted that this expression for the
cone angle is valid independently of either a flame is laminar or it is turbulent.

10.3 Velocity of Turbulent Flame

One of the most important tasks of a turbulent premixed combustion model is
calculation of the mean fuel consumption rate. In the flamelet regime, which is
the most common for practical use in industrial burners, engines, etc., flamelet
propagates normal to itself, and therefore its location depends on the flow field
and is determined by interaction of the locally laminar flame with the oncoming
external turbulent flow. The flamelet regime itself can be divided into regimes
of wrinkled flamelets and corrugated flamelets (see Fig. 10.3). In the regime
of wrinkled flames, when u05Uf, u

0 can be interpreted as circumferential velocity
of the large eddies, which bend the flame front but which are ‘‘too large’’ to
convolute the front so that to form islands or multiply reaction sheets. The
interaction between week turbulence and the flame front in the regime of
wrinkled flames can be described using asymptotic methods for large activation
energy. In particular, effective method is to include phenomenologically term
describing the flame respond to the external turbulence in the nonlinear equation
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of Sect. 9.12. In this way the nonlinear equation takes into account both

influence of the weak external turbulence and the DL instability. The values of

the turbulent flame velocity obtained in this way are in a good agreement with

experimental measurements and reproduce the limiting cases for the flame speed

obtained for the case of zero thermal expansion of the fuel mixture.
Rough estimate for the turbulent flame velocity of a wrinkled flame can be

obtained according Damköhler as

Ut ¼ UfðSf=StÞ; (10:3:1)

where Sf denotes the overall area of the wrinkled flame, St is the area of the

mean turbulent flame front, and Uf is the normal laminar flame velocity.
Assuming that Sf=St ¼ 1þ u0=Uf, one obtains

Ut ¼ ð1þ u0=UfÞ �Uf: (10:3:2)

For the case of large activation energy the flame speed is very sensitive to

temperature change in a thin reaction layer caused by the flame stretch induced

by interaction with turbulent eddies since it changes relative diffusion of heat

and the reactant. Then we conclude that positive stretch increases the enthalpy

and therefore the temperature in the reaction layer and this results in the flame

acceleration if Le51. Correspondingly, the flame decelerates if flame stretch is

negative and Le51 or if flame stretch is positive and Le41.
The regime of corrugated flames is much more difficult to analyze both analy-

tically and using numerical modeling since in this regime Ka51, and according

to (10.2.4) u04Uf so that the velocities of largest eddies are greater than the

normal flame speed and this means that the largest eddies may cause considerable

convolution of the flame front, in particular, splitting the burned islands.
As the turbulence intensity u0 increases, a maximum in the turbulent flame

velocity Ut is observed. An interaction between the flame and large-scale eddies

of the turbulent flow field results in the extension of the flame interface and

thereby in the burning rate enhancement. Yet, it has long been observed that for

each gaseous combustible mixture there is a certain level of turbulence intensity

at which the flame speed reaches it maximum, and further increase of the

turbulence intensity leads to a drop of the flame speed followed by the flame

disintegration and extinction. The flamelet model suggests a likely explanation

of the phenomena. The positive stretch caused by a high intensity turbulent flow

reduces the reaction rate. The sign of the stretch alternates along the flame front

in a turbulent flow. Turbulent eddies bring reactants toward the flame, and this

leads to steeper gradient at the flame front, which in turn causes larger diffusion

losses. Finally, with increasing of the turbulence intensity, the finite rate of the

chemical kinetics is unable to generate products as fast as reactants are deliv-

ered. As a consequence, the flame temperature drops, which further lowers the

reaction rate. Finally this leads to extinguish of the flame.
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10.4 Spontaneous Reaction in Nonuniform Combustible Mixture

The regimes of propagation of a self-sustained reaction wave propagating either

subsonically (deflagration) or supersonically (detonation) at a well-defined

speed, which were considered in previous chapters, are caused by the diffusion

of heat or reactants or by the change in the reaction rate due to compression and

temperature increase in a shock wave. Therefore, these regimes represent a

thin layer of the reaction wave, which is a wave front propagating in a medium

that can be considered as uniform compared to large gradients within the wave

front. In many cases the combustible mixture can be considered as being

uniform everywhere, except of the thin layer of the reaction wave. Such

approach is based on the essential difference in chemical reaction and charac-

teristic hydrodynamic time scales. Though in general local self-ignition of the

reaction represents a thermal explosion, which is accompanied by generation of

the pressure waves heating and compressing the surrounding fresh mixture, in

the case when chemical reaction and hydrodynamic time scales are essentially

different the motion of the matter resulting from thermal expansion of a

reactive mixture is of no importance and it can be not taken into account.

Self-ignition of the reactive mixture takes place in the first time in a layer with

highest temperature corresponding shortest induction time of the reaction,

highest temperature of the mixture etc. In this case the reaction propagates

over all the volume in the form of reaction wave, which is either deflagration or

detonation wave.
Let reaction occurs in a vessel of characteristic size L. If the reaction wave

propagates in deflagration regime, then the characteristic reaction time is

tR ¼ L=Uf, and the characteristic hydrodynamic time scale is ta ¼ L=as.
Since the flame velocity is much less than the sound speed, then ta � tR. In
this case sound waves equalize the pressure over the whole volume, and

the process is isobaric with accuracy �P=P /M2 � 1. Correspondingly, the

motion of the matter and related hydrodynamic effects are negligible. The

opposite limiting case, ta � tR, corresponds to self-ignition of uniform reaction

pocket, which is a thermal explosion. Maximum pressure jump corresponding

to thermal explosion is of the order of P2=P0 / Tb=T0 / 10, so that shock

waves generated by thermal explosion are relatively weak and not able to

initiate a detonation in the surrounding cold mixture; the corresponding

Mach number is Msh / 2. Typical strength of the shock wave initiating detona-

tion corresponds to a shock wave with the Mach number Msh / 6=8. Detona-

tion is an example of coupled motion of a shock wave and a chemical reaction

front, which corresponds to condition ta ffi tR.
It is obvious that initiation a flame requires that the size of the reactive

pocket needed to ignite a flame must be of the order of the laminar flame

thickness with its temperature being close to adiabatic flame temperature. If

the initial temperature of the fuel mixture is less than the adiabatic flame

temperature, then the initial reaction time is much longer than the reaction
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time in a flame. If in addition the initial temperature distribution is nonuniform,
and there is a gradient of the initial temperature, and corresponding gradient of
the induction time, then the layers of the combustible mixture will react inde-
pendently according to adiabatic thermal explosion. The reaction wave and
energy release in this case will be propagating according to the nonuniform
character of the initial temperature distribution, which Zel’dovich, who con-
sidered the problem for the first time, called spontaneous propagation of the
reaction, or spontaneous reaction wave.

For the reaction of the Arrhenius type the reaction time depends on the
initial fuel temperature as

tR ¼ t0 � expðE=TÞ; (10:4:1)

where we use energy units and assume that activation energy is large, E=T� 1,
t0 is constant of time dimension.

When reaction starts, the fuel concentration changes only slightly and energy
release is small. The reaction is completed as an abrupt explosion within a short
time interval about texp ’ ðT=EÞ tR. For a nonuniform initial temperature
distribution T ¼ TðrÞ, the reaction region can be considered as a wave of
reaction propagating with the velocity

usp ¼
dtR
dr

� ��1
¼ dtR

dT

� ��1 rT
rTj j2

¼ � T2

EtR

rT
rTj j2

(10:4:2)

The reaction region can be considered as a wave with well-defined front if the
thickness of the reaction zone �sp ¼ usptR is small compared to the length scale
of the temperature variation, LT ffi T= rTj j. This condition always holds for the
large activation energy, except the region of the temperature maximum, or if
rT ¼ 0,

�sp ¼ usptR ¼
T2

E

rT
rTj j2

� T

rTj j (10:4:3)

For a nearly uniform temperature distribution corresponding to a very small
temperature gradient (rT! 0), when the velocity of spontaneous reaction is
much larger than the local acoustic velocity, a nearly constant volume thermal
explosion takes place. In the opposite limiting case, when the velocity of
spontaneous reaction is much smaller than the local acoustic velocity, which
corresponds to a large temperature gradient, the explosion is almost isobaric,
which corresponds to a deflagration regime of reaction wave propagation.

For an intermediate temperature gradient a detonation wave can be initiated
due to the initial temperature gradient if the generated shock wave is synchro-
nized with the energy released by the self-ignition, which occurs at different time
at each place.
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If a hot spot and as a consequence the nonuniform temperature profile was
formed at the fuel mixture, for example, with the temperature distribution in the
form

T ¼ T0 1� a
r2

R2
0

 !
; (10:4:4)

where T0 is the maximum temperature at r ¼ 0, then the velocity of the sponta-
neous reaction wave is

usp ¼
T

tRE
R2

0

2ar
(10:4:5)

The velocity is infinitely large at the r ¼ 0, but at this location the wave is not
formed yet. The condition (10.4.3), when the reaction wave front is formed, for
the temperature profile (10.4.4) can be written as,

�sp ¼ usptR ¼
T2

E

rT
rTj j2

� R0 ) r� T

aE
R0: (10:4:6)

At the beginning, when the spontaneous wave is formed, its velocity is

usp ¼
T

tRE
R2

0

ar
	 R0

tR
(10:4:7)

The synchronization between the traveling shock wave produced by the local
volume explosion at high temperature region and the traveling energy source
associated with the self-ignition of the spontaneous wave at lower temperature,
which amplifies the shock wave andmay induce detonation, can be written as

uspðrÞ / asðrÞ: (10:4:8)

The condition (10.4.8) determines the temperature profile, or in the case of
linear temperature distribution the temperature gradient, for the spontaneous
formation of a detonation wave.

10.5 The Deflagration to Detonation Transition

As was said a self-sustained wave of exothermic chemical reaction in a homo-
geneous combustible mixture propagates either as a subsonic deflagration or as
a supersonic detonation wave. Normally, deflagration is initiated by a mild
energy release, such as e.g. a spark, while detonation is provoked by shock
waves via localized explosions. Detonations can be generated directly if a large
amount of energy is rapidly released in the explosive mixture. Thus, both
deflagration and detonation appear to be stable attractors each being linked
to its own base of initial conditions. Yet, it has long been known that the
initially formed deflagration undergoes acceleration accompanied by a rapid
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change in the velocity of the reaction wave following abrupt transition from
deflagration to detonation mode.

Since the first description of the deflagration-to-detonation transition by two
prominent French teams of Berthelot and Vieille (1882), and Millard and Le
Chatelier (1883), more than century ago, a large number of experimental,
theoretical and numerical studies have been performed to understand the
basic physical mechanisms responsible for transition from deflagration to
detonation and to determine the critical conditions that lead to or prevent the
DDT in reactive mixtures. Understanding of deflagration to detonation transi-
tion (DDT) is of great importance since detonation represents the most sever
form of explosion hazard produced in industrial accidents involving fuel-air
explosions. Predicting the occurrence of DDT has practical importance e.g. for
pulse-detonation engines and because of its destructive potential. It still remains
a major concern and source of industrial hazards produced by DDT in H2-air,
C2H2-air and CH4-air mixtures.

Experimental studies indicate that normally DDT is reluctant to occur in
unconfined freely propagating flames, like spherical clouds with central ignition.
Yet the transition to detonation occurs considerably easier in presence of walls
and flow obstacles. In the case of unconfined freely propagating flames this
can be attributed to the geometrical effects of expansion, which make smoother
and weaker development of flame instabilities and correspondingly the
flame acceleration. Also, shocks, which precede the detonation, might be wea-
kened or turbulence might be damped by the expansion. All these effects lead to
the preconditioned mixture becomes reluctant to explode. On the contrary, the
presence of rough walls or obstacles produce dramatic acceleration of a flame
within a short distance of 6–8 tube diameter. It was found that the following
parameters are important: the intrinsic laminar flame speed, the thickness of the
reaction zone, transverse dimension of the obstacles, obstructed area ratio.

How can detonation be formed in the absence of strong energy sources and
associated blast wave? A detonation is a supersonic combustion wave across
which the pressure and density increase. The wave speed is typically slightly
larger 2000m/s for hydrocarbon fuel-air mixtures and about 3000m/s for
hydrogen-oxygen mixture. An idealized model of detonation structure, the
classical ZND model discussed in Chap. 8, is a planar shock wave followed
by a laminar chemical reaction zone, where reaction is initiated thermally in
the high temperature of the order of 1500K produced by the leading shock. The
spatial location of exothermal reaction moves at exactly the same speed as the
leading shock, thus being coupled to the shock wave. However, in reality such a
simple laminar scenario of detonation is unstable. Almost all self-sustaining
gaseous detonations exhibit formation of the cellular structure with the char-
acteristic cell size in between 10 and 100 times of the idealized reaction zone
thickness. A key role of the transverse waves for self-sustaining propagation of
the detonation and for formation of the cellular structure in a tube with rough
walls has been first noted by Ya. B. Zel’dovich (1949). He noted that if the inner
surface of the tube was coarse then the detonation velocity was considerably
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lower than that in smooth tubes. In case of a tube with rough walls the reflection
of the shock from irregularities of the wall produces transverse waves, which in
turn create Mach reflections, so that the temperature behind the Mach steam is
high to form hot spots required for local ignition and rapid energy release.
Calculations using the idealized ZND reaction zone thickness have shown that
the cell size is approximately proportional to the reaction zone thickness. In
particular, transition to detonation is possible if the detonation cell size is less
than the tube diameter. Transitions to detonation were never observed in the
experiments, where special measures were taken to damp the transverse pres-
sure waves, which means that the transverse waves are important both to
accelerate the deflagration wave and to sustain detonation.

The main features of qualitative understanding of transition to detonation
have been acquired largely due to the comprehensive experimental studies of
K. I. Schelkin,Ya.B.Zel’dovich and their co-workers, and later ofA.K.Oppenheim
and co-workers with their stroboscopic laser schlieren photography technique.
A high-speed framing camera has been used by researches at McGill University to
photograph sequences of schlieren images to form a cinematic impression of the
behavior of flames and detonations in tubes. Their studies of DDT have shown that
the main feature leading to the detonation onset, which is common for all cases even
though theprocess of transition is in essencenon-reproducible in its detailed sequence
of events, is amoderate acceleration in the velocity of the combustionwave following
by abrupt increase in the velocity and an explosive character of transition.

The deflagration-to-detonation transition exhibits two stages of evolution
of the propagating flame corroborating majority experimental observations.
During the first stage the flame propagating from the closed end of the tube acts
as a permeable moving piston, which sets into motion the gaseous mixture
within part of the flow between the flame front and the advancing shock wave
emitted by the flame after its initiation. The velocity of the blast flow satisfies
the boundary condition (ub ¼ 0) at the closed end in the burned gas, so that
from the continuous equation velocity of the flow ahead is

uu ¼ ð�� 1ÞUw: (10:5:1)

Propagating flames rarely have a smooth or laminar appearance. Many
instabilities as well as interaction with upstream flow disturbances cause the
flame surface to become highly distorted. The flame burning velocity, Uw

increases due to the flame convolution caused by different factors, which
involve, the flame front stretching due to interaction with nonuniform flow
ahead of the flame caused by noslip or rough walls, interaction with turbulent
eddies of the blast flow, hydrodynamic flame instability, etc. The increase of the
flame burning velocity can roughly be estimated as the ratio of the actual flame
area brush to that of the tube cross section. It can be several times larger than
the incipient velocity of a planar flame but still much less than the sound speed.
Accelerating flame together with the flow of the burned products acts as an
accelerating piston generating pressure and shock waves in the flow ahead. At
the initial stage the shocks emitted by the accelerating flame are too weak to

10.5 The Deflagration to Detonation Transition 285



provide noticeable heating of the unburened gas for further flame acceleration,
but may have positive feedback effect enhancing turbulence-induced flame
folding and further moderate flame acceleration. Duration of the first stage
depends on the combustible mixture and initial and boundary conditions. The
former may promote the spontaneous origin of a flame folding producing
preheating zone suitable for further local and much faster self-accelerating of
the reaction wave on the second stage. It was argued that hydraulic resistance
may also be involved in the mechanism of deflargation-to-detonation transition.

Just before the detonation onset the flame acquires either a tulip-shaped
front or spikes and folds developed at the flame front. Either the flame acquires
a convex wrinkled shape, or concave tulip-shaped front depends on the initial
pressure, flame thickness, and on the roughness of the channel walls. The
second stage is an abrupt transition to detonation, which is accompanied by a
very fast acceleration of the reaction wave. The onset of detonation is prompted
by an explosion, which is localized either within the flame brush or in the
boundary layer, or sometime by an explosion inside the region between the
flame and advancing shocks, and as a rule resulted from merging of repeated
shocks and the reaction wave. In the latter case the explosion spreads out from a
point it originated and its reflection from the walls results in the transverse and
refraction waves, while propagating front acquires the character of a self-
sustained detonation. The distance at which combustion transforms into deto-
nation is typically reaches tens of tube diameters.

Turbulence may play an important role in transition to detonation enhan-
cing the flame acceleration. The result is an extended turbulent ‘‘flame brush’’
propagating with velocity several times larger compared to the normal velocity
of a laminar flame. Many experimental studies of DDT in coarse tubes have
been performed being very much influenced by the concept of the effect of
turbulence on the deflagration to detonation transition. Yet, compared to what
have been thought on earlier stage of the DDT studies, the principle mechan-
isms of the DDT triggering are accomplishable irrespectively of whether the
bulk flow and the flame are laminar or turbulent. In particular, DDT was
observed in very thin capillary tubes, where the flow is always laminar.

The experimental study of the detonation onset has shown that the detona-
tion onset depends on the particular pattern of accelerating flame and on the
action of the shock generated by the flame. A distinction should be made
between DDT in rough tubes and smooth tubes since the wall roughness
plays a significant role on both the propagation of deflagration and detonation.
In a smooth tube where only the shear at the wall provides the means for
turbulence generation, the deflagration speeds are typically an order of magni-
tude less than that at tubes with rough walls. In particular, it was observed that
the roughness of the channel’s walls and obstacles are considerably shorten time
of the transition. Transition to detonation is also not so clearly marked by an
abrupt increase in the reaction wave velocity.

More recent experimental studies of the Karlsruhe Research Center group
(M. Kuznetsov, I. Matsukov and co-workers) using high speed shadow
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photography, have confirmed the main features of transition, helped to con-
siderably clarify role of the boundary layer formation for the transition in
smooth and coarse tubes, and shed light on the physical mechanism of transi-
tion to detonation. Experiments indicate that detonation often starts near the
wall, especially in case of rough walls (N. Smirnov, 1995). It is likely due to
viscous heating of the unburned mixture in the boundary layer (A. Merzhanov,
1996). If T0 is temperature near the tube axis, and Mu is the flowMach number
ahead of the flame front, then the temperature excess in a stationary boundary

layer �Twall ¼ T0 1þ 1
2 ðg� 1ÞM2

u

� �
is negligibly small when flame starts; MuD

0.2–0.3 at the beginning. However, velocity of the flow ahead of the flame
exceeds considerably before the transition, and Mu became close to unity, so
that temperature excess in the boundary layer becomes noticeable. This may
considerably influence both extension and temperature of the preheating zone in
the boundary layer, therefore favouring location of the transition somewhere
near the wall (see below Sect. 10.6 Mechanism of deflagration to detonation
transition). Besides, the effect is also accumulating. Thus, the distance of transi-
tion will be not some universal value but rather depends on the tube diameter.

The earlier stage of the flame propagation in H2 þO2 mixture before the
transition is shown in the sequence of frames in Fig. 10.4. The flame-generated
advancing shock and transverse pressure waves are clearly seen in the first
frame. On the second frame the advancing shock is seen together with trans-
verse shocks generated by accelerating corrugated flame. The flame in this
photo is beyond the vision. The boundary layer formed behind the advancing
shock is seen in these photographs as a white strip near the lower wall with its
thickness gradually increasing in the direction to the flame.

Shock
wave

Boundary
layer

Fig. 10.4 Shadow
photographs of early stage
of flame propagation in a
smooth tube filled with a
hydrogen-oxygen:
P=0.75 bar, window at
210–440mm from ignition
point (Courtesy of
Kuznetsov, M. and
Matsukov, I. Private
communication, 2007)
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Sequence of shadow photographs in Fig. 10.5 demonstrates typical scenario
of the flame surface distortion due to interaction with nonuniform flow
upstream, flame wrinkling and formation of cellular structure of the flame
surface due to hydrodynamic instability.

For a larger roughness of the channel walls and for higher pressure the flame
brush acquires a tulip shaped (V-shape) with the leading edges of petals at the
wall, where intense turbulence and pressure waves are generated first from the
boundary layer, as it is seen in sequence of shadow photographs in Fig. 10.6. The
flame is becoming increasingly disturbed by vortices of the flow, being stretched
in the upstream nonuniform flow, acquiring more and more corrugated shape
andmay pass finally to a turbulent flame brush. The process of positive feedback
between the flame and its induced flow is one of the key themes in deflagration to
detonation transition. The paradigm of this amplification process is the interac-
tion of a flame with a vortex generated by the shear formed behind the advancing
shock wave generated by the accelerating flame, or a flame wrapping by wakes
behind the obstacles, as well as gas-dynamic feedback mechanism of flame
acceleration. The flame acceleration may be caused also by the DL instability
that also triggers a positive feedback process. Though the positive feedback may

Fig. 10.5 Flame surface has
cellular structure due to
hydrodynamic instability.
Cell size decreases with
distance. Flame generates
week shock waves ahead.
H2 þO2; P ¼ 0:6 bar (from:
Kuzntsov,M.,Matsukov, I.,
Alekseev, V., Breitung, W.,
Dorofeev, S., Effect of
boundary layer on flame
acceleration and DDT,
Proc. 20th Int. Coll. On
Dynamics of Expl. and
Reactive Systems, Montrel,
Canada, 2005)
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be not very pronounced in case of a tube with smooth walls, it strongly influences

transition to detonation in the tubes with rough walls. For slow flames and in the

case of rough walls this positive feedback may be the dominant process involved

in the mechanism triggering transition to detonation.
The increase of the flame velocity due to stretching of the flame front by the

nonuniform flow ahead can be estimated as being proportional to the increase

of the flame surface.
Two different stages of the evolution of combustion wave velocity are seen in

Fig. 10.7. During the first stage the flame accelerates, though its velocity

Fig. 10.6 Sequence of
shadow photographs
showing boundary layer
ahead of accelerating flame
propagating from the left to
right. Boundary layers are
seen as dark regions on the
top wall and as lighter
regions on the bottom wall
of the channel. Wall
roughness is 1mm,
H2 þO2; P ¼ 0:75 bar
(from: Kuzntsov, M.,
Alekseev, V., Matsukov, I.,
Dorofeev, S., DDT in
smooth tube filled with
hydrogen-oxygen mixtures,
Shock Waves, vol. 14,
pp. 205–215, 2005)
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remains considerably subsonic. The nonuniform flow formed ahead of propa-

gating flame, stretches the flame, so that the flame mimics its shape, which

becomes similar to the velocity profile, and this increases the flame surface area

accelerating the reaction wave and consequently the flow velocity ahead. As the

flame accelerates and generates shock waves running ahead of the flame front,

the mean flow and turbulent intensity between the flame and the leading shock

increase. Estimating the flame velocity increase being proportional to the

increase of the flame surface area and taking into account the above considera-

tion, we obtain that the flame must accelerates exponentially in time

Uw / Uf0 expðatÞ: (10:5:2)

This conclusion agrees with linear dependence VðxÞ, which is seen in the

experimental diagrams Fig. 10.7 and 10.9.
Of great importance for DDT is the transverse pressure and shock waves

irradiated by the accelerating curved flame, which are essential ingredients for

the onset of detonation and for the amplification of the blast waves by the

preconditioned mixture. Obstacles, rugged walls and turbulence deform the

flame front enhancing the rate of the instability development and correspondingly

promoting development of folds in the flame front and increasing its acceleration.
Though the flame acceleration is an essential stage which promotes transi-

tion to detonation, it does not explain a mechanism of transition since it does

not explain formation of a strong shock typical for a detonation or amplifica-

tion of a shock. In fact the amplification of the shock wave and transition to

detonation originate due to formation of the preheating zone in the unburned

gas adjacent to the advancing deflagration front, which leads after extended
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Fig. 10.7 Velocity evolution
of the combustion wave for
different initial pressure and
roughness of the tube walls
(from: Kuzntsov, M.,
Alekseev, V., Matsukov, I.,
Dorofeev, S., DDT in
smooth tube filled with
hydrogen-oxygen mixtures,
Shock Waves, vol. 14,
pp 205–215, 2005)
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period formation of a proper preconditioned preheating zone to triggering an

abrupt transition to detonation.
Note that after its initiation the flame acts as an accelerating piston and

generates the first weak shock wave, which sets into motion the gaseous mixture

within part of the flow between the flame and the advancing shock wave.

Typical Mach number of the leading shock is about 1.5. Therefore the flame

Fig. 10.9 V-x diagram of the
combustion process for the
conditions of Fig. 10.8
(Courtesy of Kuznetsov, M.
and Matsukov, I. Private
communication, 2007)

Fig. 10.8 Formation of a preheating zone adjusted to the flame and transition to detona-
tion. Stoichiometric ethylene-oxygen flame, P ¼ 0:121 bar; Uf0 ¼ 5:2m=s; Lf ¼ 0:61mm
(Courtesy of Kuznetsov, M. and Matsukov, I. Private communication, 2007)
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propagates form the very beginning through the mixture of higher than initial
pressure and temperature, P2=P0 ’ 2:4, T2=T0 ’ 1:24. This means that even
planar flame will propagate with the velocity noticeably higher than the intrin-
sic velocity of a planar flame in the initial mixture. Further distortion of the
flame surface due to stretching by nonuniform flow upstream, wrinkling due to
instability, interaction with turbulent eddies, etc., even more increase both the
flame velocity and the velocity of the blast flow upstream.

There are different possible mechanisms of formation of the preheating zone
required for triggering transition to detonation. The wall friction or resistance
caused by the wall roughness lead to the reduction of the gas flow momentum,
and this hydraulic resistance causes a gradual precompression and hence pre-
heating of the unburned gas. A noticeable preheating certainly would require
considerable increase in the flame and the blast flow velocities. Also hydraulic
resistance causes preheating of the unburned gas of the whole flow between the
leading shock and the flame, but not of the unburned gas adjusted to the
propagating flame. Therefore, it is unlikely that the hydraulic resistance is a
mechanism of the preheating zone formation in DDT events. More plausible is
that the preheating zone is formed by compression and heating of the unburned
gas by series of weak shocks generated by the accelerating flamewhen the flame,
which already propagates with considerably increased velocity achieved during
the first stage of acceleration, is additionally accelerated, for example, due to
additional wrinkling. In some cases the preheating zone suitable for triggering
detonationmay be formed inside a deep and narrow fold within the flame brush
originated from the flame instability (Sect. 10.7).

Formation of a preheating zone in the unburned gas adjacent to the advan-
cing deflagration followed by triggering a detonation, first observed experimen-
tally by M. Kuznetsov and I. Matsukov, is shown in sequence of shadow photo
of Fig. 10.8. Here the higher temperature corresponds to the white curve strips
ahead of the flame front. The measured length of the preconditioning zone is
13=15mm ’ ð20=24ÞLf. In accordance to the above discussion the shape and
visible structure of the preheating zone looks more as if it is formed by the
sequence of shocks emitted by the accelerated curved flame rather than by the
hydraulic resistance. In the latter case one should expect larger extension and
higher temperature near the walls, ahead of the flame front petals.

Dependence of the reaction wave velocity on the distance along the tube for
the experiment shown in Fig. 10.8 is presented in the V-x diagram in Fig. 10.9.

We can estimate a distance from the accelerating flame front to the location
where shock wave is formed due to the flame acceleration using data of
Fig. 10.9. With help of the formulas obtained in Sect. 6.15, the first shock
corresponding to the first flame acceleration, which is the first linear part of
V(x), less then approximately 0.5m in Fig. 10.9, is formed at about (1.5–2)m
ahead of the flame. The second flame acceleration corresponding to the distances
from 1m to 1.5m is larger and takes place at much larger flame velocities. In this
case the shock wave generated by the flame is formed at the distance (2–5)cm
from the flame, which is close to the width of preheating zone 1.5 cm.
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As it is seen from the V-x diagram in Fig. 10.9, transition to detonation takes
place when the velocity of the reaction wave becomes equal to the local sound
speed. For the experimental conditions of Figs. 10.8 and 10.9, the sound speed
in the unburned gas of reactants is 324m/s, and taking into account that
temperature in the preheating zone is approximately 700K, the local sound
speed is 500m/s. Overshooting of the detonation seen in Fig. 10.9 is because of
the formed detonation wave initially propagates through the mixture precom-
pressed by the leading shock.

When temperature and extent of the preheating zone become large enough,
the local explosion followed by transition to detonation takes place. In the last
frame of Fig. 10.8, which corresponds to the transition to detonation, one can
see only the retonation wave propagating to the left.

10.6 Mechanism of Deflagration to Detonation Transition

Detonation represents a propagation of reaction, which is preceded by compres-
sion and heating of the gas by a strong shock wave. The pressure in this shock
increases in about two orders of magnitude. How is such a wave formed during
flame propagation when the flame velocity in the most rapidly burning mixture
does not exceed (10–15)m/s and the pressure change was negligibly small? What
is the mechanism of formation of such a strong shock wave which is capable of
rising temperature high enough to ignite the reaction? How can detonation be
formed in the absence of strong energy sources and associated blast wave?

For cogent insight to the mechanism of triggering detonation, and to eluci-
date connection between local formation of extended preheating zone ahead
of the advancing flame it should be taken into account that triggering detona-
tion requires generation of rather strong shock wave, which is strong enough to
ignite burning. Typical strength of the shock wave must satisfy condition of
strong coupling between the leading shock and chemical reaction wave, which
means that the shock wave must be strong enough to raise temperature up to
about 1500K to initiate the reaction. Typical Mach number of the leading
shock wave in Chapman-Jouguet detonation is Msh ’ 6=7, corresponding to
temperature elevation and the pressure jump across the shock in the compressed
combustible mixture

T2=T0 ffi
2�ð� � 1Þ
ð� þ 1Þ2

M2 � 1500K; (10:6:1)

P2=P0 ffi
2�

ð� þ 1ÞM
2 ¼ 40=50; (10:6:2)

which is enough to induce exothermal chemical reaction.
The shock waves, generating by the accelerating flame in the unburned fuel

during the first stage, are tooweakwith theMachnumbers about 1.5. Such shocks
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may only slightly raise temperature of the unburned mixture ahead of the flame
front. It should be noticed that amaximumpressure jump, which can be produced
by thermal constant volume explosion of a uniform reactive pocket, is about the
ratio of the adiabatic flame temperature and the initial mixture temperature. The
corresponding magnitude is P2=P0 
 Tad=T0 / 8=10, which is about one order
less than the value of pressure jump in a detonation stock wave (10.6.2).

In traditional attempts to explain the phenomenon the role of confinement was
reduced exclusively to generation of turbulence. Only recently the idea was sug-
gested that the flame acceleration and transition to detonation may occur for
laminar flames, when it was realized that the preheating zone of the unburned
gas adjusted to the advancing deflagration is always a precursor of a detonation
triggering (M. Liberman and G. Sivashinsky, 2006). It was found that a proper
extended preheating zone of the unburned gas adjusted to the advancing deflagra-
tion can be produced if a laminar flame propagates in a tube with adhesive or
roughwalls, aswell as an appropriate local preheating zone canbeproducedby the
influxofheat from the folded reaction zone formeddue to thehydrodynamic flame
instability if the fold induced by the instability is sufficiently narrow and deep.

The fruitful idea is that the reaction wave trajectory can be set-up by reactant
and temperature gradients alone. The accelerating reaction wave generates
pressure waves in the partially reacted gas in the region between the flame
and precursor shock. If these pressure waves and the reaction waves move
synchronously, then the pressure waves can be amplified while the reaction
wave remains closely coupled, spontaneously forming a detonation. The idea of
spontaneous initiating a detonation has been proposed by Ya. B. Zel’dovich
(1970) and independently by J. H. S. Lee with collaborators (1978), who called it
SWACER (Shock Wave Amplification by Coherent Energy Release) and
demonstrated the detonation initiation by using photochemical excitation of a
hydrogen-chlorine mixture. The SWACER mechanism requires a synchrony
between the progress of the shock and the sequential release of chemical energy.

Since velocity of a deflagration is much less than the sound speed, the flow
upstream and downstream is nearly isobaric. The reaction wave – flame accel-
erates if part of unburnedmixture adjusted to the flame front is preheated and acts
as a permeable piston emitting pressure waves. If the pressure waves produced by
the accelerating reaction wave are synchronized with the further accelerating
reaction wave and therefore considerably amplified and steepen into a strong
shock wave then detonation can be initiated. This occurs if the preheating zone is
formed ahead of the flame and the temperature profile within the flame front is
modified so that the reaction wave accelerates and simultaneously a shallower
temperature gradient is formed from the initial steep temperature profile of the
deflagration wave. Then the mechanism of the reaction propagation changes
from the diffusive deflagration to ‘‘spontaneous’’ regime of the reaction wave
propagation (see Sect. 10.4). The detonation development in such scenario is
similar to the situation with a prescribed nonuniform initial temperature profile,
when the generated shock wave is synchronized with the energy released by the
self-ignition occurring at different time and locations.
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In numerous numerical calculations it was found that scenario of the DDT

depends only slightly on the particular temperature profile in the preheating

zone. Qualitatively, the picture is very similar independently on either tempera-

ture exponentially decreases from its maximum value Tm just ahead of the flame

front, or it decreases linearly, or the stepwise temperature profile is taken within

the preheating zone. For the one-dimensional numerical simulation of a flame

propagating from the closed end of a tube, the initial spatial temperature

distribution is taken as

Tð05x5xfÞ ¼ Tb; Tðxf5x5LÞ ¼ Tm; TðL5x51Þ ¼ Tu; (10:6:3)

where xf is the initial position of the flame front set at xf ffi 25Lf from the closed

end, L is the characteristic length of the preheating zone with temperature Tm.
The initial conditions for the concentration, pressure and flow velocity are

specified as,

Y ¼ ðTb � TÞ=ðTb � TuÞ; Pðx40Þ ¼ Pu; uðx40Þ ¼ 0: (10:6:4)

Initial distributions of the temperature, pressure and the rate of reaction in

the flame are shown in Fig. 10.10. Due to the preconditioning the incipient

flame speed exceeds the normal flame speed associated with the uniform initial

state at x4L, and in the course of the subsequent evolution, depending on

details of the initial data, the process settles either into the deflagrative or

Fig. 10.10 Initial distribution of temperature, pressure and reaction rate for the deflagration
wave with the preheating zone
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detonative combustion. From the beginning the whole process is isobaric, flame
starts to propagate, and pressure is nearly constant everywhere.

Temporal evolution of the temperature, reaction rate, pressure, velocity, and
density profiles shown in Figs. 10.11 and 10.12 illustrate the described scenario
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Fig. 10.11 First stage of temporal evolution of temperature, reaction rate, pressure, velocity
and density profiles due to preheating zone ahead of the propagating flame before triggering
detonation

296 10 Regimes of Premixed Flames



of formation a shallow temperature gradient from the initial deflagration with

adjusted preheating zone in the unburned gas. Evolution of the deflagration

wave shown in Fig. 10.11 corresponds to the stage before transition to detonation

starts. The figure shows the pressure pulse straddling the reaction region, which is

gradually modified. The flame accelerates due to higher temperature upstream

and emits pressure waves. Upstream the leading edge of the pressure pulse the

temperature is low and the reaction is chemically frozen due to high activation

energy, while behind the pressure pulse the reaction is essentially in progress. It is

worth to observe that while at the beginning the reaction and the heat release had

been localized in a thin reaction zone near the maximum temperature T ¼ Tb,

soon after emitting the pressure pulse the reaction is in progress within the

preheating zone rising temperature behind the edge of the pressure pulse. Thus,

in effect, the leading pressure edge overcomes the temperature deficit and causes

the reaction, which was chemically frozen before, to be noticeably switched on

upstream. After some time the reaction rate and the heat release have grown

noticeably upstream and resulted in formation acoustically commensurate zone

of shallow temperature gradient. In the main body of the pressure pulse tempera-

ture and pressure continue to rise, and so does the reaction rate.
While at the beginning of the evolution the pressure pulses pass ahead of the

temperature front, their leading edges coincide after some time, when detona-

tion starts developing. In this way the combustion wave is transformed in a

diffusionless deflagration. This later stage of transition to detonation is shown

in Fig. 10.12. As a result, now energy release of the thermal explosion is not

localized at the narrow reaction zone near T ¼ Tb as it was for deflagration but

extent over the preheating zone, so that explosion occurs at different locations

at different time instants.
The reaction wave now propagates with the velocity corresponding to the

spontaneous regime of combustion, which is defined by the gradient of the

induction time

uspðxÞ ¼
dti
dx

� ��1
: (10:6:5)

The initial steep temperature profile of the deflagration is finally trans-

formed in a shallow temperature gradient such that the local explosion becomes

close to the constant-volume one, producing sufficiently strong pressure wave.

At the same time the reaction wave accelerates to a velocity close to the local

acoustic velocity, so that the shock wave produced by the explosion will over-

take the reaction front compressing and heating the fresh mixture upstream.
The shocks generated by the local explosions of different parcels within the

formed shallow temperature gradient amplify as they propagate down the tem-

perature gradient. This requires a synchrony between the progress of the shock

and sequential release of chemical energy by successive parcels of themixture. The

required synchrony means that the reaction heat release time tR becomes smaller
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than the characteristic acoustic time ts ’ T=ðdT=dxÞas, and the velocity of reac-

tionwave corresponding the formed shallow gradient uspðxÞ ’ as. The detonation

is settled when the traveling shock wave produced by the volume explosion

at higher temperature is synchronized with the energy source associated with
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Fig. 10.12 Temporal evolution of temperature, reaction rate, pressure, velocity and density
profiles and detonation initiation
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self-ignition at lower temperature. In this way the velocity of the reaction wave
becomes coupled with the shock, finally forming a detonation wave.

Indeed, the calculations indicate that amplification of the pressure pulses and
triggeringof thedetonation starts form the instantwhen the velocityof the reaction
wave becomes equal to the local sound velocity as it is shown in Fig. 10.13.

Obviously that as faster a flame is, other parameters are identical to those
of slower flame, as shorter can be the initial preheating zone or lower tempera-
ture in the preheating zone required for transition to detonation since in this
case tR, which defines the flame velocity, is smaller, and therefore the tempera-
ture in the preheating zone rises faster. Since the induction time depends on
the reaction order, there is a strong positive feedback of the reaction rate for the
higher order reactions, while for the first order reaction the reaction rate
decreases with the pressure rise. Consequently, the length of the preheating
zone and maximum temperature in the preheated mixture required for transi-
tion are smaller for a flame of the second or third order reactions compared to
the first order reaction, other parameters being identical to those of the first
order reaction flame.

If length of the preheating zone is less than some critical value, or the
temperature at the preheated mixture is too low, than the deflagration wave
accelerates generating pressure waves, and later will return to the deflagration
regime. Figure 10.14a, b show representative results of simulations for two
different length of the preheating zone: L ¼ 9:5Lf and L ¼ 9:0Lf, with the
same maximum temperature at the preheated mixture Tm ¼ 600K; other para-
meters are identical to those of the 2D simulations in Figs. 10.18 and 10.19. The
emerging pressure peaks are about ð50=60ÞPu at Fig. 10.14a and located almost
inside the reaction zone when transition settles. As a result the shock-reaction
complex is formed, which is strong enough to initiate a self-sustained detona-
tion. As a counter example Fig. 10.14b shows the temperature, pressure and
density profiles for a shorter preheating zone, L ¼ 9:0Lf. In this case the
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Fig. 10.13 Calculated
evolution of the reaction
wave velocity and the local
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emerging pressure peaks appear to be too weak to trigger detonation. Here the
pressure waves steepen into a weak shock far ahead of the preheating zone and
are not amplified by the accelerating reaction wave. For a successful transition,
the pressure wave induced by the gas expansion must steepen into a shock
within the time interval shorter than the characteristic time of heat release and
while the shock is still positioned within the preheating zone.

The minimum length of the preheating zone required for the successive
transition is sensitive to the maximum temperature Tm and the order of the
reaction, but only slightly sensitive to the particular temperature profile in it.
All the results are quite similar for the case of stepwise, Tðxf5x5LÞ ¼ Tm,
temperature distribution in the preheating zone, compared to more realistic
temperature distribution observed in 2Dmodeling. An increase in Tm facilitates
the transition for smaller L. The dependence of the critical length of preheating
zone on the incipient flame velocity is obvious and was discussed earlier: as
faster a flame is, other parameters are identical to those of slower flame, as
faster the temperature in the preheating zone rises. Much stronger is sensitivity
of the critical preheating length L to the order of the reaction: because of the
dependence on the pressure of the reaction rate there is strong feed back of

(a) (b)

Fig. 10.14 (a, b) Temporal evolution of the temperature, pressure and density profiles for: (a)
Tm ¼ 600K;L ¼ 9:5Lf; (b) Tm ¼ 600K;L ¼ 9:0Lf. The temperature profile in the preheating
zone is taken similar to the profile formed along the fold axis in 2D modeling shown in
Figs. 10.18 and 10.19
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the reaction rate and temperature rise in the preheating zone. The results of the

pertinent simulations conducted for flames with different normal flame speed

expressed in the Mach number ðMf0 ¼ Uf0=asÞ and for different reaction order

(n) are plotted on Fig. 10.15.
For the sake of simplicity in calculations shown in Fig. 10.15 a stepwise

temperature profile in the preheating zone is taken. The curves shown in this

figure separate the upper domain associated with the successful transition to

detonation form the lower domain where the transition fails. One readily

observes that for a given Tm the critical length L drops drastically for higher

values of Mf0, but the effect is more profound for the higher order of reaction,

which means that the transition is much more feasible for faster flames and for

reactions of higher order. Note, that in the above one-dimensional description

the preheating zone is prescribed, while for realistic multi-dimensional systems

it is a product of the intrinsic pattern forming dynamics sustained either by the

flame accelerating under confinement in the presence of adhesive or rough walls

or by the hydrodynamic flame instability. In particular, this explains why

transition to detonation was never observed in 2D modeling for the flames of

the first order reaction in a channel with slip walls, but the transition was

feasible in case of adhesive wall. For a flame of the first order reaction the

required for successful transition length of the preheating zone is apparently too

large for the potential of the DL instability.

Fig. 10.15 Critical length of the preheating zone: transition boundary evaluated for several
reaction orders (n) and incipient flame velocities ðMf0Þ
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10.7 Formation a Preheat Zone and Deflagration to Detonation

Transition

Detailed description of the experimentally observed extremely intricate process of

flow, consisting the build-up of turbulence its couplings and evolution of a

convoluted flame interacting with turbulence and nonlinear acoustics, represents

a formidable task, which is beyond the capabilities even themost power computa-

tional tools. Clearly, numerical simulation of the complete flame acceleration and

detonation onset is extremely daunting problem, greedy of computing resources

andnot really practical at present, particularly since the turbulence is generated by

the previous motion of the flame and a very large range in space and temporal

scales exists in both the chemical and fluid dynamic aspects of the problem.

Qualitatively, however, the mechanisms of transition can be reasonably well

understood using 2D modeling of laminar flames, which can elucidate the main

features of the basic physical mechanisms of flame propagating in a tube and

triggering the transition from deflagration to detonation.
To single out the impact of preheating zone formation, different sets ofmodeling

were performed exhibiting either impact of preheating zone induced by the large-

scale folding of the fast flame, or by the strong flame acceleration due to the

adhesive walls or the wall roughness. There are different physical mechanisms

capable to form preheating zone ahead of the propagating flame needed to provide

condition of synchronization of the accelerating reaction wave and triggering

transition to detonation. As an example, it was shown that the large-scale folding

of the fast flameproduced by theDarrieus-Landau instability alone is quite capable

of triggering the transition.Undernormal conditions this effect shouldbe feasible in

fast burning systems such as acetylene and hydrogen-fluorine mixtures where the

normal flame-speed may raise as high as 15m/s. Such an outcome is clearly a

product of a very high flame velocity. An analogous effect may apparently be

induced also by the flow turbulence developing in wide channels. Another basic

mechanism of the preheating zone formation initiating transition to detonation is

the flame acceleration due to the flame stretching in a channel with adhesive walls,

which is much stronger than in the case of DL instability. This mechanism may

compete with the flame folding, facilitating the transition by shortening the pre-

detonation time and distance. For both no-slip and rough walls the transition is

triggered after an extendedpreheating zone is formed, usually along thewalls ahead

of the advancing flame, and thereby creating conditions for triggering detonation.
To single out the impact of the DL instability, a numerical simulation of

premixed gas combustion spreading from the closed end of a semi-infinite,

smooth-walled channel was performed with the gas flow subjected to the free-

slip and adiabatic boundary conditions, thereby eliminating the possible influence

of the flame stretching and acceleration due to the wall friction. The most pene-

trating inside into the wave phenomena accompanying the onset of detonation is

obtained by numerical simulation of a flamewith the second order reaction shown

inFig. 10.16,where sequences of the calculated images show temporal evolution of
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the flame shape for the flame with 2 nd order chemical reaction, spreading from a
closed to an open end of a rectangular channel of width D ¼ 70Lf. The earliest
frames with the slightly perturbed flame as well as the left part (far behind the
flame) in rest of the computationaldomainare not shown.Theparameters taken in
calculations, the incipient dimensionless flame velocity, activation energy, and
expansion ratio are:Mf0 ¼ Uf0=as0 ¼ 0:05, e ¼ E=RTb ¼ 8, � ¼ 10. A sequence
of events involves development of the flame instability, the flame acceleration and
generation of pressure and shock waves.

Temporal evolution of the scaled flame velocity of Mf (solid line) and shock,
Msh (dashed line) corresponding to Fig. 10.16, is shown in Fig. 10.17. One
observes a characteristic overshoot in the propagation velocity, upon which the
process settles into a conventional Chapman-Jouguet (CJ) regime.

A zoomed view of the flame fold dynamics near the transition point is shown
in the series of images presented in Fig. 10.18. The profiles of temperature,
density, flow velocity, and pressure along the fold axis corresponding to the
images of Fig. 10.18, are plotted on Fig. 10.19.

Here one readily observes (i) formation of the large-scale preheating
zone (preconditioning) in the unreacted gas trapped within the fold interior,
(ii) fast acceleration of the fold-tip reaction zone, and (iii) formation of a high-
pressure peak. The preheating zone is formed by the influx of heat from the
folded reaction zone increasing temperature of the unburned mixture trapped
inside the fold. This requires the fold to be narrow and deep; so that the
thickness of the layer of unreacted gas inside the fold to be comparable to
the flame thickness, otherwise one ends up with a moderately strong pressure
wave emitting by the flame insufficient for triggering the transition. This

Fig. 10.16 Time sequence of
images for the flame/shock
dynamics near the transition
point. Stronger shading
corresponds to higher
pressure gradient. The time
and distance are referred to
Lf=Uf and Lf respectively.
The incipient dimensionless
flame velocity is Mf0 ¼ 0:05,
activation energy e ¼ 8,
� ¼ 10, D ¼ 70Lf, � ¼ 10
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means that the length of the preheating zone formed by the DL instability

inspired folding is limited by about several times of the flame thickness, which

in turn limits possibility of transition caused by the DL instability.
Another basic mechanism of the preheating zone formation initiating

transition to detonation is the reaction wave acceleration due to flame front

stretching by the nonuniform flow formed due to hydraulic resistance, which

may compete with the flame folding, facilitating the transition by shortening

the predetonation time and distance. In this case the flame dynamics is

different from that observed for no-slip walls. Soon after the ignition the

flame front develops bulges near the channel’s walls, which grow and merge

forming the familiar tulip shape. The bulging is a product of a peculiar

interaction of the flame and its self-induced boundary layer. In the course of

its evolution the tulip may become shallower, and the flame gradually assumes

the tongue-like shape stretched along the channel’s axis. The transition occurs

as soon as the fresh near-wall mixture adjacent to the flame becomes appropri-

ately preconditioned. Quite in line with the results described above, the transition

occurs faster for higher initial flame velocities and higher reaction order. As an

example, the transition to detonation for the flame of the second order reaction is

shown in Figs. 10.20 and 10.21, other parameters are as in Fig. 10.18.
The merging of the bulges, formed near the wall from the very beginning,

results in a localized explosion at the tulip’s tip. This explosion however does

Fig. 10.17 Temporal evolution of the reaction wave (solid line) and shock (dashed line)
velocities for conditions of Fig. 10.16
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not evolve into a detonation, but only emitting additional compression waves.
The transition to detonation occurs somewhat later in the near-wall mixture
adjacent to the edge of the tulip’s petals where the fresh mixture develops an
appropriately extended preheating zone (shown in calculated temperature
profiles in Fig. 10.22), where the transition to detonation starts.

It is worthwhile to note that as it is seen form Fig. 10.22, the length of the
preheating zone formed in this case is noticeably larger (about 30Lf) than it can
be formed by the folding flame. That is why transition is feasible for the first
order reaction flames propagating in tubes with no-slip walls, while it was not
observed for the same conditions but for a flame propagating in a tube with slip
walls.

Since the classical experiments of Schelkin and coworkers, it was known that
the wall roughness may significantly facilitate the transition to detonation. The
dynamical picture of the transition in the channels with rough walls shown in
Fig. 10.23 is basically similar to that of smooth channels with adhesive walls: the
transition is conceived near the wall where the largest acceleration and pre-
compression leads to formation of preheating ahead of the advancing flame.

Fig. 10.18 Time sequence of
zoomed images for the flame
dynamics near the transition
point in Fig. 10.16. Lighter
shading corresponds to
higher temperature
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Interesting is that in the case of a rough wall, where the free-slip and
adiabatic boundary conditions were taken, it was just a hydraulic resistance
producing the wakes of the pressure waves-flow interaction, which is respon-
sible for formation of a preheating zone in the unburned gas. The transition to
detonation occurs in the near-wall mixture adjacent to the edge of the tulip’s
petals where the fresh mixture develops an appropriately extended preheat zone
shown in calculated temperature profiles near the channel wall and along the
channel axis in Fig. 10.24.

The formation of preheating of any kind and heat losses to the walls exert
opposite effects on the transition. Typically the resistance raises the near-wall
temperature (through adiabatic compression) and thereby promotes autoigni-
tion. The heat loss tends to reverse this trend by reducing the temperature. In
smooth channels both mechanisms are of comparable influence.

Fig. 10.19 Temperature,
density, flow velocity, and
pressure profiles for the fold
dynamics near the transition
point shown in Fig. 10.18
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Therefore, one cannot be certain about the final outcome of the above

competition. The transition may be triggered predominantly by the local for-

mation of an extended preheating zone ahead of the advancing flame, induced

either in the fresh mixture trapped within the large-scale fold, or it can be

induced somewhere near the wall being induced by the flame acceleration due

to adhesive or rough walls.

Fig. 10.20 The incipient
flame dynamics: formation
of the flame bulges and
emergence of the tulip flame

Fig. 10.21 Time sequence
of images for the flame
transition to detonation in
case of adhesive wall
boundary conditions; n ¼ 2,
D ¼ 70Lf, Mf0 ¼ 0:05
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Fig. 10.23 Time sequence of
images for the flame-flow
evolution and transition to
detonation for the flame
propagating in a channel
with the rough walls. n ¼ 2,
D ¼ 70Lf, Mf0 ¼ 0:05,
e ¼ 4, � ¼ 8, wall roughness
� ’ Lf

Fig. 10.22 Temperature
profiles along the channel
wall and axis at several
consecutive instants of time
for conditions of Fig. 10.21
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10.8 Thermonuclear Burning of the Stars: White Dwarfs

An interesting example of deflagration to detonation transition is the thermo-

nuclear explosion of the white dwarf in Supernovae events. Compact objects –

white dwarfs, neutron stars, and black holes are ‘‘born’’ when normal stars

‘‘die, ’’ that is, when most of their nuclear fuel has been consumed. Compact

objects are the end products of stellar evolution. The primary factor determin-

ing whether a star ends up as a white dwarf, neutron star, or black hole is the

star’s mass. White dwarfs are believed to originate from light stars with masses

M 
M�. All three species of compact object differ from normal stars in two

fundamental ways. First, since they do not burn nuclear fuel they cannot

support themselves against gravitational collapse by generating thermal pres-

sure. White dwarfs support themselves against gravity by the pressure of

degenerate electrons, while neutron stars support by the pressure of degenerate

neutrons. The predominance of neutrons in their interior following the mutual

elimination of electrons and protons by inverse beta-decay, which held together

by self-gravity at densities, is comparable to nuclear values. Black holes are

completely collapsed stars, that is, stars that could not find any means to hold

back the inward pull of gravity and therefore collapsed to singularities. The

second characteristic distinguishing compact objects from normal stars is their

exceedingly small size. Relative to normal stars of comparable mass, compact

objects have much smaller radii and hence much stronger surface gravitational

fields. No light or anything else can escape from a black hole. Thus, isolated

black holes will appear ‘‘black’’ to any observer. Contrary, neutron stars can be

observed as pulsating radio sources (‘‘pulsars’’) and as gas-accreting, periodic

X-ray sources (‘‘X-ray pulsars’’). White dwarfs can be observed directly in

Fig. 10.24 Evolution of
temperature profiles along
the channel wall and axis at
several consecutive instants
for Fig. 10.23
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optical telescopes during their long cooling epoch. Because of their small radii,

luminous white dwarfs are characterized by much higher effective temperatures

radiating away their thermal energy.
Maximum allowed mass for white dwarfs is around 1:5M�. The existence of

a mass limit for a degenerate stars can be understood from a simple arguments.

Let a star of radius R consists of N fermions (baryons and/or electrons), so that

the number density of fermions is n 
 N=R3. Then the average momentum of a

fermion according to uncertainty principle is pF 
 �hn1=3, and the Fermi energy

of the gas of relativistic fermion is

EF 
 pc 
 �hn1=3c 
 �hcN1=3

R
(10:8:1)

The gravitational energy per fermion (proton) is

EG 
 �
GMmp

R
¼ �

GNm2
p

R
; (10:8:2)

so that the equilibrium corresponds to a minimum of total energy

E ¼ EF þ EG ¼
�hcN1=3

R

GNm2
p

R
: (10:8:3)

It is obvious from (10.8.3) that the total energy is negative for large N, so that

the minimum of the energy is determined by the condition E = 0, which

corresponds to the maximum baryon number at equilibrium

Nmax 

�hc

Gm2
p

 !3=2


 2 � 1057: (10:8:4)

Correspondingly,maximummass ofwhite dwarfs known as theChandrasekhar limit

is aroundMmax 
 Nmaxmp ¼ 1:67 � 10�24g� 2 � 1057 ¼ 3:3 � 1033g 
 1:5M�.
The equilibrium radius associated with maximum mass is determined by

the onset of relativistic degeneracy, EF 
 mc2, which gives with account of

(10.8.1) and (10.8.4)

R 	 �h

mc

�hc

Gm2
p

 !1=2


 5 � 108 cm ¼ 5000km for m ¼ me

3 � 105 cm ¼ 3km for m ¼ mp

(
(10:8:5)

White dwarfs no longer burn nuclear fuel. The light thermonuclear fuels such as

hydrogen, helium, lithium etc. were already burned during the previous stages

of stellar evolution. Instead, they are slowly cooling as they radiate away their

residual thermal energy, supporting themselves against gravity by the pressure

of degenerate electrons. If the white dwarf accretes mass, then gravity increases
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compression of the core; the temperature at the white dwarf center increases and
the carbon thermonuclear reactionmay be ignited. The ignitionmay occur if the
reaction time is shorter than the time of cooling processes, which take the energy
away from the star (neutrino losses, for example) or distribute the energy from
the hot reacting center of the white dwarf to the cold outer layers (thermal
conduction, convection). Among them convection is the fastest of the cooling
processes for the conditions of CO white dwarfs. The time of the carbon
thermonuclear reaction at the white dwarf center becomes shorter than the
typical convection time when the temperature at the star center exceeds
56:89 keV � 6:6 � 108K.

At the moment of the thermal run-away the typical central density of the
white dwarf is about rc ¼ 3 � 109g=cm3. The thermonuclear explosion of a
carbon-oxygen (CO) white dwarf accreting mass – the Type Ia Supernovae
(SNIa) is one of the most fascinating phenomena, which is of greatest interest
due to their regularity and brightness. These properties of the SNIa allow using
them as distance indicators – standard candle in the Universe, which shed
recently new light on our understanding of the geometry of the Universe.

The observations show that during thermonuclear burning most of the white
dwarf is converted into Fe-peak elements such as Ni, Co, Fe. At the same time,
an important feature of the SNIa spectrum is the presence of lines correspond-
ing to intermediate mass elements such as Si in the outer layers of the ejected
matter. The observed production of the intermediate mass elements imposes
strict limitations on the possible regimes of white dwarf burning. As in any
exothermal reaction, the thermonuclear reaction may spread according to two
possible regimes, which are a deflagration or a detonation. When the spherical
flame propagates from the white dwarf center, it causes pre-expansion of the
outer unburned layers of the star. On the contrary, since the detonation pro-
pagates with supersonic velocity, it causes no motion ahead of the detonation
front. Thus, the white dwarf consumed by the detonation is burned at high
densities equal to the initial densities at the moment when the detonation was
ignited.

The choice of the burning regime is important in the theory of thermonuclear
Supernovae, because it affects the chemical composition of the ‘‘ashes’’ and the
total energy of the explosion. There are observations, which must be explained
by the theory. These are the chemical composition of the ‘‘ashes’’ and observed
during the explosion mass ejection from the star surface. The characteristic
scale of the problem is of the order of 103km, which is much larger than the
thickness of detonation and deflagration fronts, which are of the order of
10�3cm and 10�1cm, respectively. Therefore, in any numerical simulation of a
thermonuclear Supernova the grid is too rough to determine the hydrodynamic
regime of burning, and the choice of the burning regime becomes inevitably an
artifact of a particular simulation.

It was found that neither the detonation nor the deflagration models have
reproduced the observed features of SNIa events properly. The purely detona-
tion model did not explain the production of intermediate mass elements in
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the Supernova spectrum properly. The deflagration model reproduced the
observed spectrum rather well, but cannot explain the mass ejection. Indeed,
the gravitational binding energy per unit mass is comparable to the internal
energy per unit massGMWD 
 P=r 
 a2s . Thus, to overcome gravity the burning
must cause flow with velocities comparable to the sound speed, as. However, the
velocity of the flame in white dwarfs Uf 
 0:01as is much less than sound speed.

The detonation in white dwarfs may also produce a sufficient amount of
intermediate mass elements if a considerable part of the star is consumed at
low densities. Therefore, the observed SNIa spectrum may be explained if the
white dwarf is pre-expanded by some reason prior to the detonation ignition.
The desirable pre-expansion may occur if part of the star has been consumed by
the flame prior to the detonation was triggered. Bearing this in mind, a good
agreement with observations was found in the numerical simulations if the
detonation regime was artificially ‘‘turned on’’ after the flame has consumed
about 10% of the white dwarf mass. At present the commonly adopted phe-
nomenological model is so-called the delayed detonation model, according to
which the explosion starts as deflagration that later undergo transition to
detonation, which may reproduce the majority of the observed features in
Type Ia supernova. However the major unresolved problem remains the physics
of the transition from the slow combustion regime to the detonation regime.

10.9 Burning Ignition and Transition to Detonation

in White Dwarfs

Consider the initiation of the self-sustained thermonuclear reaction near the
white dwarf center. Since flame is the slow regime of reaction propagation and
detonation is the supersonic fast regime, then detonation triggering requires
more energy. Flame may be ignited in white dwarfs by hot pockets of a size
about Lf 


ffiffiffiffiffiffiffiffi
�tR
p 
 0:3m� RWD. On the contrary, initiation of a detonation

requires a hot pocket about LDet 
 as�tR 
 103km, which is comparable to the
size of the hot center core of the star, therefore flame always starts first in the
Supernova explosions. The rate of the thermonuclear reaction depends strongly
upon the initial temperature. The kinetic equation for the fuel mass is

da

dt
¼ � a2

t0
expð

ffiffiffiffiffiffiffiffiffiffiffi
Ea=T

�3
p

Þ; (10:9:1)

where t0 is the time constant, which depends slightly on temperature,
Ea ¼ 5:9 � 1014K is the activation energy for carbon reactions.

If Q is the energy release per unit mass, then the energy balance equation is

dHðTÞ
dt

¼ �Qda

dt
; (10:9:2)
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where the enthalpy per unit mass for the degenerate matter of white dwarfs can

be expressed as a function of temperature

H ¼ 4P

r
¼ 3:1

�hc

r
ðrZ=mÞ3=4 1þ 2:06

m

rZ

� �2=3
T

�hc

� �2
" #

; (10:9:3)

where m is the average mass, eZ is the average electrical charge of ions and

temperature is measured in energy units.
Taking into account that at the beginning the process is isobaric and

neglecting by the energy losses, the Eqs. (10.9.1), (10.9.2) and (10.9.3) can be

combined in

@H

@T

� �
P

dT

dt
¼ Q

t0
1þ Hc �H

Q

� �2
" #

expð�
ffiffiffiffiffiffiffiffiffiffiffi
Ea=T

3
p

Þ; (10:9:4)

where subscript ‘‘c’’ denotes initial values at the white dwarf center.
The characteristic induction time of the reaction is

ti 
 28t0
ffiffiffiffiffiffiffiffiffiffiffiffiffi
Tc=Ea

3
p

Þ T2
c

rQ�hc
ðrZ=mÞ2=3 expð

ffiffiffiffiffiffiffiffiffiffiffi
Ea=T

3
p

Þ: (10:9:5)

Obviously, due to strong exponential sensitivity of the reaction rate for the

large=activation energy, even slight increase of the temperature,

�T ¼ ðT� TcÞ � 3Tc

ffiffiffiffiffiffiffiffiffiffiffiffiffi
Tc=Ea

3
p

Þ � Tc leads to considerable increase of the

reaction rate. Therefore the characteristic reaction time is determined by

the time of the first slow induction stage of the reaction, when temperature

exceeds the initial value by �T 
 Tc

ffiffiffiffiffiffiffiffiffiffiffiffiffi
Tc=Ea

3
p

Þ. The slow induction stage of

burning is followed by the fast stage of the reaction (explosion), which is

much shorter than the induction time

tRexp � ti
ffiffiffiffiffiffiffiffiffiffiffiffiffi
Tc=Ea

3
p

: (10:9:6)

The temperature increase �T 
 Tc

ffiffiffiffiffiffiffiffiffiffiffiffiffi
Tc=Ea

3
p

Þ on the induction stage of the

reaction near the white dwarf center, which may initiate the combustion, also

causes the density decrease

�r ¼ � @r
@T

� �
P

3Tc

ffiffiffiffiffiffiffiffiffiffiffiffiffi
Tc=Ea

3
p

Þ; (10:9:7)

which leads to the convection that can be roughly described as rising of the

bubbles of light heated matter out of the center of the star.
The convection distributes the energy released in the reaction from the hot

white dwarf center to the cold outer layers andmay prevent the self-accelerating
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reaction (thermal run-away) at the star center. The thermal run-away starts

when the induction time of the reaction is shorter than the convection time
ti 	 tconv ’ 3=4s.

The convection establishes the iso-entropy profile of the average tempera-

ture a body of large mass in the equilibrium

�T ¼ �Tc 1� 1

2

R2

R2
WD

 !
; (10:9:8)

where �T and �Tc are averaged over the surface R ¼ const, and the characteristic
length scale of the white dwarf core

RWD ’ 0:38

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�hc

Gr2=3c m
4=3
p

s
’ 600km (10:9:9)

is steamed from the equilibrium condition of a body of large mass for

rc ¼ 3 � 109g=cm3.
Consider the ignition of the nuclear flame that can propagate in highly

degenerate matter of white dwarfs, which as it was shown is the most probable

initial stage of the burning. The ignition of the flame means formation of the
self-sustained reaction front propagating due to thermal conduction in the star
matter. If ignition occurs, the burning becomes localized with a sharp boundary

between burned and unburned material. As it was shown in Sect. 9.15, the
propagation of a flame in a strong gravitational field can be fully controlled by

the bubbles of burned matter. Let us consider a small volume near the center
of the star where the flame was ignited. The reaction is completed inside the

volume and propagates outside in the deflagration regime. The bubble of
the burnt matter is separated from the cold fuel by the flame front, which is
the surface of the bubble. The burning is localized at the surface of the bubble,

which is almost discontinuous boundary between burned and unburnedmatter.
The density of the burned matter inside the bubble is smaller than the density of

the surrounding fuel. The expansion coefficient is determined by the chemical
composition of the CO white dwarfs, � ’ 1:2. Therefore, the bubbles near the
white dwarf center tend to run away to the surface of the star.

There are competing processes, which determine the destiny of the bubble:

the bubbles grow in volume due to the flame propagation, and at the same time
the bubbles as a whole run away from the star center. Let us compare the effects

of the bubble rising from the star center and growth of the bubble’s radius due
to the flame propagation. The velocity of a steady planar flame at the center of
the carbon-oxygen white dwarf is about Uf ¼ 100km=s, and this is the velocity,

which define growth of the bubble radius. At the same time since the Rayleigh
Taylor instability in a strong gravitational field is the determinative process (for

an estimate we can take the gravity acceleration g 
 Gð4p=3ÞrcRb), the char-
acteristic time of the bubble formation is of the order of
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tb ’
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð4p=3Þð�� 1ÞGrc
p : (10:9:10)

During this time, the radius of a bubble becomes

Rb ’ Uftb; (10:9:11)

In the case of white dwarf with the central density rc ¼ 3 � 109g=cm3 this means
that the flame may incinerate only the bubble of a small radius Rb ’ 10km,
which is much smaller than the radius of the hot central part of the white dwarf.
The bubbles are running away from the center as faster as larger their radius

Ub ’ 0:67
ffiffiffiffiffiffiffiffiffi
gRb

p
¼ 0:67Rb

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4p
3

�� 1

�
Grc

r
’ 0:67Rb=tb: (10:9:12)

The mass of the burned matter in such bubbles is negligible (less than 0.1%) in
comparison with the total mass of in the center of the white dwarf. As a result,
almost all matter in the central part of the white dwarf remains unburned.

Thus we come to the conclusion that the deflagration stage of white dwarf
burning is very asymmetrical and the hot central part of the white dwarf
remains unburned despite of the flame ignition and propagation. The main
result of the ignited flame during this stage is the initiation of convection, which
forms the nonuniform profile of the average temperature (10.9.8). The
unburned thermonuclear carbon-oxygen fuel at the center of the white dwarf
may explode later leading to the detonation regime of burning. This occurs since
another regime of spontaneous burning is involved.

For the nonuniform profile of the temperature (10.9.8) the average velocity
of the spontaneous explosion in the white dwarf is

usp ¼ 3
ffiffiffiffiffiffiffiffiffiffiffiffiffi
Tc=Ea

3
p R2

WD

RtR
: (10:9:13)

Triggering of detonation may occur either if the velocity of the spontaneous
wave becomes equal to the local sound speed, or if the velocity of the sponta-
neous wave becomes equal to the velocity of the Chapman-Jouguet detonation.
Numerical data indicate that the detonation can be triggered near the edge of
the hot core of the star. More detailed studies (Kriminskii, Bychkov, Liberman,
1998) have shown that the detonation wave is absolutely unstable at the high
densities and it becomes stable only at the densities less than 2 � 107g=cm3, near
the surface of the star.

Thus we come to the following scenario of the white dwarfs burning shown
schematically in Fig. 10.25. At the beginning, the local thermal run-away ignites
the flame at several points at the center of the star. The bubbles of burnt matter
together with the flame front are pushed out from the center of the star faster
than the flame propagates, so that the center of the star remains unburned.
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At the same time, the growth of bubbles due to the flame propagation ensures
the pre-expansion of the star. After a period of time equal to the average
induction time at the white dwarf center, spontaneous explosion occurs on a
length scale comparable to the size of the white dwarf. The detonation triggered
by the spontaneous explosion incinerates the rest of the star. Supersonic velo-
city of the particles in the detonation overcomes the gravitational binding and
leads to mass ejection. When the detonation consumes the outer layers of the
white dwarf, pre-expanded due to preceding flame stage of the burning, it
produces the intermediate mass elements.

The amount of the intermediate mass elements produced by the detonation
in the pre-expanded layers depends upon the fraction of white dwarf mass
consumed by the flame in the deflagration stage of white dwarf burning. For
the most part of the fuel, the spontaneous explosion occurs after a period of
time equal to the average induction time at the white dwarf center. The pre-
sented physical scenario shows when and how transition from deflagration to
detonation regime in white dwarfs occurs. The scenario includes the consequent
stages of the flame, the spontaneous explosion and the detonation. Though, as
it was said the full-scale numerical simulation of white dwarfs burning is not
available yet, the existing numerical models confirm the tendency of bubble
formation and the pushing out of the bubbles from the center of the star similar
to those described above.

C, O

Flame is pushed out of the center

Ni

Si

Ni

C, O

Production of the intermediate mass elements

Ni

C, O

C, O

Flame starts

Explosion triggers the detonation

Detonation stage

Fig. 10.25 Schematic
scenario of white dwarf
explosion
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Problems

10.1. Normal velocities of the planar flames at normal conditions in the mix-
tures 6%CH4 þAir, 5%C3H8 þAir, H2 þAir, H2 þ 0:5O2þ0:5N2,
C2H2þ25O2: are: Uf ¼ 5:0 cm/s, 50, 220, 900, and 1330 cm/s, correspond-
ingly. What must be possible oncoming flow velocities for these mixtures
to obtain a steady flame in the Bunsen burner? What is the angle of the
Bunsen flame cone? Assume a two-dimensional version of the axisym-
metric Bunsen burner. How result will change for cylindrically symmetric
burner? How would you design the experiment for flame speed measure-
ment using the Bunsen burner?

10.2. A stoichiometric propane-air flame (4% C3H8-Air) has normal velocity
40 cm/s. Tb ¼ 2240C, rb=ru ¼ 7:8 at normal conditions P ¼ 1atm,
T ¼ 300K. Find the velocity of the combustion products relative to the
flame front and pressure change across the front.

10.3. Find the velocity of the combustion products relative to the flame front
and pressure change across the front for the flame in: 6% CH4þ94%Air,
25%CH4-O2, 30% H2-Air, H2þ0.5O2, C2H2þ2.5O2. Use data of Table
5.1 and compare the pressure change across the front for different flames.

10.4. According to Table 5.1 the maximum normal velocity of methane-air
flame is 43 cm/s, for the propane-oxygen it is 320m/s, etc. Also tempera-
ture of combustion products is different for different mixtures. Explain
what cause this difference in the flame velocities and temperatures.

10.5. The laminar flame velocity in a stoichiometric methane-air flame at normal
conditions of 1 atm and 300K is 43 cm/s. Calculate the reaction rate and the
thickness of the flame front and chemical reaction zone. Thermal conduction
and density of methane and air at T ¼ 300K are 0:74 � 10�4cal cm�1s�1,
0:56 � 10�4cal cm�1s�1; and 0.717 g/L and 1.29 g/L. Assume that thermal
conduction increases with temperature as

ffiffiffiffi
T
p

.
10.6. A horizontal long tube 3 cm in diameter is filled with a stoichiometric

methane-air. The normal laminar flame velocity at normal conditions of
1 atm and 300K is 43 cm/s and the expansion ratio is 7.5. The planar
flame is initiated near the left closed end and starts propagating to the
right open end of the tube with ideally slip adiabatic walls. What is the
mass burning rate of the mixture and the flame velocity under a laminar
flow conditions if the unburned gas mixture density is 0.0063 g/cm3.

10.7. What is the mass burning rate of the mixture and the flame velocity under
a laminar flow conditions of previous problem just after initiating of the
flame if the flame propagates in the tube with adiabatic and no-slip walls?
How the flame velocity will change in the established laminar flow?
Sketch a velocity profile that would exist in a laminar flow ahead and
behind the flame front.

10.8. A laminar flame propagates in a horizontal tube 3 cm in diameter filled with
a combustible mixture. The normal laminar flame velocity is 43 cm/s
(a stoichiometric methane-air mixture). The tube is open at both ends. Due
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to buoyancy effect the flame tilts at 30� angle to the upper tube wall. What
is the mass burning rate of the mixture and the flame velocity under a
laminar flow conditions if the unburned gas mixture density is 0.0063 g/
cm3. Assume the walls to be slip and adiabatic.

10.9. The normal laminar flame velocity of a stoichiometric hydrogen-air
mixture is 265 cm/s at normal conditions of 1 atm and 300K. Suppose
that the air is replaced with helium, and assume that temperature of the
burnedproducts donot change, estimate the burning velocity. Take thermal
conductivity of the hydrogen-helium mixture 0:56 � 10�4cal cm�1s�1, at
T ¼ 300K assuming that it increases with temperature as

ffiffiffiffi
T
p

. For hydro-
gen and helium use cP ¼ 7

2R and cP ¼ 5
2R. Since the specific heat of helium

is lower than that of air, explain how will change the flame temperature?
10.10. The normal laminar flame velocity in a stoichiometric methane-air flame

at normal conditions of 1 atm and 300K is 43 cm/s. The activation energy
is 18kcal/mol and the adiabatic flame temperature is 2250 C. An inert
diluent gas is added to the mixture so that the flame temperature lowered
to 1700 C. Estimate the flame speed after inert diluent gas was added
assuming that it has no other effects on the properties of the system.

10.11. A flame propagates in a constant-volume chamber between two parallel
plates. Calculate the quenching distance for the flame if distance between
plates is 3 cm for the following cases: (a) P ¼ 1atm, T ¼ 300K,
Uf ¼ 15cm=s, (b) P ¼ 1atm, T ¼ 500K, Uf ¼ 15cm=s, (c) P ¼ 10atm,
T ¼ 300K, Uf ¼ 15cm=s. Assume that the thermal conduction of the
mixture is the same as for air 0:56 � 10�4cal cm�1s�1, at T ¼ 300K.

10.12. Calculate the quenching distance for the flame of Problem 10.10 for
cases (a), (b), (c) if the normal velocity of the flame is Uf ¼ 90cm=s.
Compare the results and explain the difference.

10.13. A laminar flame propagates through a combustible mixture at P ¼ 1 atm,
T ¼ 300K with a velocity Uf ¼ 220 cm=s, a mass burning rate is
0:16 g=cm2s. What will be velocity and mass burning rate of a turbulent
flame in the samemixture at P ¼ 10 atm, if reaction is of the second order
if due to turbulence the thermal diffusivity increased in 10 times.

10.14. A normal velocity of a laminar flames at P ¼ 1 atm, T ¼ 300K:
Uf ¼ 3:2m=s, Uf ¼ 9m=s, and Uf ¼ 13:3m=s. How these velocities will
be increasedby turbulence if intensityof turbulent pulsation is u0 ¼ 0:8m=s?

10.15. Calculate velocity, pressure and temperature of a strong detonation
wave propagating in hydrogen-oxygen mixture at normal conditions,
P ¼ 1 atm, T ¼ 300K. Take the heat of reaction for the mixture
Q ¼ 57:8 kcal=mol, and �2 ¼ 1:4.

10.16. Calculate velocity, pressure and temperature of a strong detonation
wave propagating in hydrocarbon-air mixture at normal conditions,
P ¼ 1 atm, T ¼ 300K. Take the heat of reaction for the mixture
Q ¼ 27:8 kcal=mol, and �2 ¼ 1:2.

10.17. For the conditions of Problems 10.14 and 10.15 calculate ratio of the
detonation and adiabatic flame temperatures.
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Chapter 11

Internal Combustion Engines

The industrial revolution of the nineteenth century was largely fuelled by coal
and, as industrialization .developed, the close relationship between economic
growths and increased demand for primary energy sources was established.
Since the late nineteenth century petroleum demand has steadily increased, with
road and air transport being the biggest users. Few inventions have had as great
an impact on society, the economy, and the environment as the reciprocating
internal combustion (IC) engine. Yet for decades, IC-engine design and
improvement remains largely a cut-and-try experiential process. Engineers
develop new combustion systems by making variations in previously successful
configurations. However, today the automotive industry has faced numerous
challenges. One of the most compelling has been reducing exhaust emissions
and reductions in fuel consumption. The current trend is to replace highly
expensive experimental investigation by numerical modeling with the main
task of raising the thermodynamic efficiency of the power generating cycle
with reduced pollutant emission. Analysis and numerical modeling of practical
combustion systems together with detailed chemical model require under-
standing of combustion regimes, in particular, associated with changes in fuel
composition for low-emission engines. The theory and design of internal com-
bustion engines: spark ignition (SI) engine, diesel, and gas turbine have been
the subject of intense engineering studies and treated exhaustively in many
specialized monographs.

The purpose of internal combustion engines is the production of mechanical
power from the chemical energy containing in the fuel. This converting of stored
chemical energy is released by burning of the fuel-air mixture inside the engine.
The fuel-air mixture before combustion and the burned products after combus-
tion are the working fluids. The work transfers providing the desired power
output occur between these working fluids and the mechanical components
of the engine. There are two main types of internal combustion engines:
spark-ignition engine (Otto engine) where burning is initiated by a spark, and
compression-ignition engine (diesel engine), where burning is initiated by the
heating due to adiabatic compression of the mixture. Both these type of engines
are widely used in transportation and for power generation. The early engines
for commercial use, which burned coal-gas-air at atmospheric pressure, had

M.A. Liberman, Introduction to Physics and Chemistry of Combustion,
DOI: 10.1007/978-3-540-78759-4_11, � Springer-Verlag Berlin Heidelberg 2008
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been invented more than 150 years ago. Next step was in 1867 due to Nicolaus

Otto and Eugen Langen, who used the pressure rise resulting from combustion

of the fuel-air in the outward stroke to accelerate a free piston so that its

momentum generate a vacuum in the cylinder, while atmospheric pressure

then pushed the piston inward. Thermal efficiency of these engines was very

small, less than 10%. Next step in increasing thermal efficiency was introduc-

tion of an engine cycle with four strokes and the increase of the pressure of

the compression stroke before ignition. Maximum efficiency for an internal

combustion engine is simple consequence of thermodynamic and can be sum-

marized form conditions of minimum heat losses and maximum work transfer

in the thermodynamic Carno cycle. These are: the minimum ratio of the

boundary surface and cylinder volume; maximum expansion ratio; maximum

pressure at the beginning of expansion. In fact almost two times higher effi-

ciency was achieved in invented in 1892 by Rudolf Diesel engine, where injected

liquid-air fuel was heated and ignited solely by compression, thus providing

much greater expansion ratio compared to spark-ignition engine, where

compression ration has been limited from the very beginning by knock.
Considerable progress has been made in course of 100 years of engine

development. Nevertheless, nowadays the main concern is related to reduction

of fuel consumption and further more considerable increase of thermal effi-

ciency because of very tough situation, limited sources and high prices of oil,

and considerable reduction of emission from engines, which may be at least

partly responsible for global warming and other unpleasant phenomena. In this

chapter we shall discuss briefly some aspects of combustion processes in engines

for the purpose of background information.

11.1 Spark Ignition Engine (Otto-Engine)

In reciprocating engines the piston moves back and forth in a cylinder,

transmitting chemical energy released from burning of the fuel in the cylinder

through a connecting rod and crank mechanism into the mechanical energy of

the rotating shaft. The corresponding schematic picture is shown in Fig. 11.1.

The piston comes to rest at the top center (TC) of the crank position and at the

bottom center (BC) crank position, where the cylinder volume is a minimum

and maximum, respectively. The minimum cylinder volume is called the clear-

ance volume, Vc and the difference between the maximum volume and the

minimum volume is called swept volume. The ratio of maximum volume to

minimum volume is the compression ratio, Rc. Typical values of the engine

parameters are: the compression ratio are: Rc ¼ ð8=12Þ for SI engines and

Rc ¼ ð15=24Þ for diesel engines; B=L ¼ 0:8=1:2 for small and medium size

engines; ‘=R’ 3=4. Important characteristics are the instantaneous piston

speed Sp and the mean piston speed �SP:
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SP ¼
dh

dt
; �SP ¼ 2LN; (11:1:1)

where N is the rotational speed of the crank shaft in units revolutions per
second. From geometrical consideration of Fig. 11.1 follows that

SP ¼ �SP
p
2
sin y 1þ cos yffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð‘=RÞ2 � sin2 y
q

2
64

3
75 (11:1:2)

The piston velocity is zero at the beginning of the stroke, reaches a maximum
near the middle of the stroke and decreases to zero at the end of the stroke.
Majority of the time it changes almost linearly. The maximum piston velocity
is limited by stress due to inertia and typically it is within the range 8=15m=s.
The power _W delivered by the engine is the product of torque and angular
velocity in units rad/s: _W ¼ oT ¼ 2pNT ðWattÞ

h

L

B

Vc

TC

BC

θ

l

R

Fig. 11.1 Schematic picture
of a connecting rod, crank
mechanism, and the rotating
shaft
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Majority of reciprocating engines operate on four-stroke cycle, shown

schematically in Fig. 11.2. Each cylinder requires four strokes of its position

to complete the sequence of events, which produces one power stroke, thus –

two revolutions of the crankshaft. An intake stroke starts with the position at

TC and ends at BC: fuel-air mixture introduced into cylinder through intake

valve. A compression stroke: fuel-air mixture compressed, valves are closed. A

power stroke starts with the position at TC and ends at the position BC:

combustion occurs and high temperature gases expand doing work. An exhaust

stroke: burned gases pushed out of the cylinder through the exhaust valve. The

four-stroke cycle requires for each engine cylinder two crankshaft revolutions

for each power stroke. To obtain a high power output from a given engine size

the two-stroke cycle was developed for both SI and diesel engines.
Schematic pressure-volume engine diagram for a four-stroke SI engine is

shown in Fig. 11.3, and more realistic diagram is shown in Fig. 11.4. At the

beginning of intake stroke the piston start to move at the top center with a

Compression
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Power
Stroke
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Ignition
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Intake
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Fig. 11.2 Four-stroke cycle of a reciprocating engine
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Fig. 11.3 Pressure-volume
engine diagram for a
four-stroke SI engine
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clearance above it, which is filled with burned gas from the previous burning. As
the pistonmoves downward, the exhaust valve closes and the intake value opens
through which a charge of gasoline and air in approximately stoichiometric
proportions is drawn into the cylinder. The intake valve closes and mixture is
compressed by the upward-moving piston in compression stroke. A little before
top dead center the spark passes, and the ensuing combustion causes a rapid rise
in pressure. During the combustion time the piston moves through top dead
center and is subsequently forced downward by the expanding hot gas. When
the piston reaches bottom dead center the exhaust valve opens and the burned
gas escapes in the subsequent exhaust stroke the piston moves upward. The
corresponding sequence of strokes is shown in Fig. 11.2 by arrows.

11.2 Engine Operating Cycles

Let us consider simple models, which provide useful insight into performance
and efficiency of engines. For the sake of simplicity we consider ideal engine
cycles, assuming that the working mixture is an ideal gas. Typical engine
operating cycle represents a consecutive sequence of processes, examples of
which are shown in the Figs. 11.3 and 11.4. The cycle consists of: adiabatic
compression (1–2), which is isentropic; combustion (2–3), which can occur

Exhaust
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P

Displacement

Compression

Top dead
center
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dead

center

Power

Exhaust

Intake

Intake
valve
closes

Exhaust
valve
closes

Fig. 11.4 Pressure-volume engine diagram for a four-stroke SI engine
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either at constant volume, or it can be combined – partly at constant volume
and partly at constant pressure; adiabatic and isentropic expansion (3–4),
adiabatic exhaust (4–5–6); intake (6–1). Reliability of such ideal model for
evaluation of an engine performance depends essentially on how realistic is
accepted description of these processes. As a matter of fact we consider two
limiting cases: the constant volume cycle corresponding to the limit of infinitely
fast combustion at TC, and the constant pressure cycle corresponding to slow
and late combustion. This means that Fig. 11.3 illustrates the first cycle of
constant volume combustion, and Fig. 11.4 is a schematic sketch of the inter-
mediate case.

Let us apply the first and the second laws of thermodynamic to evaluate the
engine performance and efficiency assuming the working fluid (fuel-air and
combustion products) to be an ideal gas with constant specific heats CV and CP.
We consider an ideal cycle 1–2–3–4 shown in Fig. 11.3. In position 1 the intake
valve closes and the upward moving piston compresses the mixture. The curve
of compression stroke, 1–2, is isentropic compression. The spark initiates
combustion at point 2, slightly before TC, causing a rapid rise in pressure,
which is depicted at Fig. 11.3 as constant volume pass 2–3, which is the constant
volume heat addition. During the combustion time the piston moves from the
top dead center downward forced by the pressure of expanding hot gas. This is
isentropic expansion-work stroke corresponding to curve 3–4. The stage 4–1 is
the constant volume heat rejection. The exhaust valve opens when the piston
reaches bottom dead center, piston moves upward and pushes away the burned
products during exhaust stroke 5–6, and then returns back to 1 during intake
stroke. The work gained in the cycle 1–2–3–4 is Ri ¼

H
PdV given by the area

inside 1–2–3–4 in Fig. 11.3. For more realistic cycle it should be difference
between areas of upper and lower loops in Fig. 11.4. The area of the lower loop
represents the work expended to overcome the flow resistance of the gas during
intake and exhaust strokes, which is pumping losses. If the heat of combustion
for a given fuel is known, the diagram provides a measure of the transformation
of chemical energy into mechanical work, i.e., thermal efficiency or fuel econ-
omy. The product of the work done in each cycle and the number of cycles per
unit time power determines the engine power.

For the idealized cycle shown in Fig. 11.3, when no heat or pumping losses
occurred and assuming the combustion is fast and its energy contents is known,
so that fuel is burned at constant volume at top dead center to thermodynamic
equilibrium, the thermal efficiency and power can be calculated from the
changes of state of the gas during the cycle. A simple estimate of the factors
that influence thermal efficiency and power can be obtained by analyzing the
standard air cycle. In such idealized cycle we assume that chemical reaction
involves only addition of heat to the gas without changing its composition. The
actual working fluid in an engine consists largely of nitrogen whose specific heat
is a mild function of temperature; furthermore, the change in number of moles
due to chemical reaction is small. Therefore, if the specific heat of the gas in the
standard air cycle is identified with an average constant specific heat of the
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actual mixture during the cycle, the quantitative differences between this cycle
and the idealized cycle for the actual gas will not be too large. Thus, the
following simplifications compared to the real cycle include: (1) fixed amount
of ideal gas for working fluid; (2) combustion process not considered; (3) intake
and exhaust processes not considered; (4) engine friction and heat losses not
considered. This is calledAir-StandardOtto cycle, which consists of four stages:
(1–2) isentropic compression, (2–3) constant volume heat addition, (3–4) isen-
tropic expansion, (4–1) constant volume heat rejection. The compression ratio
of the cycle Rc ¼ V1=V2 is the ratio of the volumes in the state BC – V1 and in
TC – V2.

Let masses of the fresh intake fuel and residual gas are denoted by Mf and
MR, and T1, T2 and T3, T4 are the temperatures at the beginning and end of
compression stroke and at the beginning and end of the work stroke, respec-
tively. The thermal efficiency is defined as

Zth ¼
heat input� heat rejected

heat input
¼Wcycle

Qin

¼Wout �Win

Qin

; (11:2:1)

where work per cycle, Wcycle is the sum of the compression stroke work and the
expansion stroke work.

The work during isentropic compression (1–2) is

Win ¼ ðMf þMRÞCVðT2 � T1Þ: (11:2:2)

The constant volume heat input is chemical energy released in combustion QMf

corresponding to the increase of energy and temperature change between 2–3

Qin ¼ QMf ¼ ðMf þMRÞCVðT3 � T2Þ; (11:2:3)

where Q is energy release in combustion per unit mass.
The isentropic expansion work (3–4) is

Wout ¼ ðMf þMRÞCVðT3 � T4Þ: (11:2:4)

We obtain for the net cycle work

Wcycle ¼Wout �Win ¼ ðMf þMRÞCV T3 � T4ð Þ �m T2 � T1ð Þ: (11:2:5)

Substituting (11.2.5) and (11.2.3) in (11.2.1) we obtain

Zth ¼
Wcycle

Qin

¼Wout �Win

Qin

¼ ðT3 � T4Þ � ðT2 � T1Þ
ðT3 � T2Þ

¼ 1� T4 � T1

T3 � T2
: (11:2:6)

It follows from (11.2.6) that the work done in the cycle is Wcycle ¼ ZthQin. To
determine the power one needs to know the amount of fresh fuel mixture Mf
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drawn into the cylinder each cycle. The fresh fuel comes with temperature Tf

and the residual gas left in the cylinder at the end of the exhaust stroke at the
temperature T6, therefore

T1 ¼ ðMfTf þMRT6Þ=ðMf þMRÞ (11:2:7)

For the two isentropic processes (1–2) and (3–4) in the cycle, assuming ideal gas
with constant specific heat and using equations for ideal gas (PVg ¼ const:;
PV ¼ RT), or

TVg�1 ¼ const; (11:2:8)

we can find relations between temperatures for (1–2)

T2

T1
¼ V1

V2

� �g�1
¼ Rc

g�1; (11:2:9)

and

T4

T3
¼ V3

V4

� �g�1
¼ 1

Rc

� �g�1
(11:2:10)

From the last two equations we have T1=T2 ¼ T4=T3, and (11.2.6) can be
rewritten using (11.2.9) as

Zth ¼ 1� T4 � T1

T3 � T2
¼ 1� ðT1=T2ÞT3 � T1

T3 � T2
¼ 1� T1

T2
¼ 1� 1

Rc
g�1 : (11:2:11)

It is seen that the thermal efficiency increases with the increase of compres-
sion ratio and value of adiabatic constant g. For air, which can be considered as
two-atomic gas g ¼ 1:4. Therefore g is smaller for reach mixtures and larger for
leaner mixtures. For typical compression ratio Rc ¼ 8 the ideal model gives for
the thermal efficiency the value of 56%which is about twice of the actual value.
It is seen that in the ideal cycle where no heat and pumping losses occur, the
thermal efficiency is not dependent on engine factors other than the compres-
sion ratio. As far as mixture composition is concerned, it is not possible to effect
more than a compromise between power and economy. The power can be
increased further by supercharging, for example, by increasing initial pressure,
however both thermal efficiency and power are increased by increasing the
compression ratio. As far as design of the Otto engine is concerned, the
compression ratio is limited not by engineering factors but by the increase of
knocking tendency of fuels with increasing the compression ratio. Knock is the
term used to describe a pinging noise emitted from a SI engine undergoing
abnormal combustion. The practical limit of compression ratio seems to be
reached in the modern high-speed Diesel engine, which actually operates very
nearly on an Otto cycle.
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11.3 Diesel Cycle

The compression-ignition and diesel engines are superior to that of the port-

fuel-injected SI engines due to the use a higher compression ratio. The diesel

engines, however, generally exhibits higher particulate and NOx emissions than

the SI engines. The combustion process in the compression-ignition engines

proceeds by the following stages shown schematically in Fig. 11.5 and in the

corresponding diagram of ideal Diesel cycle in Fig. 11.6. Compression stroke –

isentropic compression: (a–b); fuel injection and combustion – constant pres-

sure heat addition stroke: (b–c); power stroke – isentropic expansion: (c–d);

exhaust stroke-constant volume heat rejection (d–a).
In compression stroke – the fuel is compressed adiabatically along (a–b). The

liquid fuel atomizes into small drops and penetrates into the combustion

chamber. The fuel vaporizes andmixes with the high-temperature high-pressure

air. Combustion of the fuel is going at constant pressure along (b–c). The fuel

mixed with the air during the ignition delay period, which occurs rapidly in a

few crank angles. The rate of burning is controlled in this phase primarily by the

fuel-air mixing process.
The heat added from b to c is chemical energy released in combustion QMf,

so that according to the first law of thermodynamic temperature change

between (b–c) is

Qin ¼ QMf ¼Mfðhc � hdÞ

¼Mf CPðTc � TbÞ þ P2ðV3 � V2Þ½ �
(11:3:1)

From the equation of state of ideal gas we can write also

Pb ¼ Pc ¼
RBTb

V2
¼ RBTc

V3
(11:3:2)

or,
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Q in
Qout

Compression
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Constant volume 

heat rejection 
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Fig. 11.5 Scheme of Diesel cycles
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V3

V2
¼ Rbc ¼

Tc

Tb
: (11:3:3)

Since the compression and power strokes of this idealized cycle are adiabatic,

the efficiency can be calculated from the constant pressure and constant volume

processes. The input and output energies and the efficiency can be calculated

from the temperatures and specific heats in a way similar to howwe did for ideal

Otto engine cycle. Similar to (11.2.1) thermal efficiency for Diesel cycle is

defined as

ZDiesel ¼ 1�Qout

Qin

(11:3:4)

Equations for processes (a–b) and (c–d) are the same as those (1–2) and (3–4)

for the Otto cycle Eqs. (11.2.8), (11.2.9) and (11.2.10). Repeating calculations

for the work per cycle delivered to the piston over the compression and expan-

sion strokes similar to Eqs. (11.2.8), (11.2.9) and (11.2.10) we can write down

for isentropic expansion (c–d)

Wout ¼MfðTc � TdÞ: (11:3:5)

The relations between compression ratios can be written as

Vd

Vc
¼ Vd

V2
� V2

Vc
¼ V1

V2
� V2

V3
¼ R

Rbc
; (11:3:6)

where R � Rab � R12 ¼ V1=V2.

Fig. 11.6 PV-diagram of
ideal Diesel cycle

328 11 Internal Combustion Engines



Since Va ¼ Vd ¼ V1, we can write using equation of state

PdVd

Td
¼ PcVc

Tc
) Pd

Pc
¼ Td

Tc
� R
Rbc

: (11:3:7)

For thermal efficiency we have

ZDiesel ¼ 1�Qout

Qin

¼ 1� Td � Ta

h3 � h2
: (11:3:8)

Taking into account that according to the thermodynamic gas law

Tc=Tb ¼ Vb=Vc; (11:3:9)

and for the adiabatic compression and expansion

Ta

Tb
¼ Vb

Va

� �g�1
¼ V2

V1

� �g�1
¼ R1�g; (11:3:10)

and for adiabatic expansion

Td

Tc
¼ Vc

Va

� �g�1
¼ V3

V1

� �g�1
; (11:3:11)

and combining the Eqs. (11.3.6), (11.3.7), (11.3.8), (11.3.9), (11.3.10) and
(11.3.11) we obtain for the thermal efficiency

ZDiesel ¼ 1� 1

gRg�1 �
Rg

bc � 1
� �
Rg

bc � 1
� � (11:3:12)

Note, that for a given compression ratio and mixture composition the effi-

ciency of theDiesel cycle is less than the efficiency of theOtto cycle, since the term

in the square bracket in (11.3.12) is always larger than one, however compression
ratio used in a diesel engines is always much larger than that in SI-engines. The

difference depends on themagnitude of the pass (b–c) in the PVdiagramFig. 11.6,

which itself is a function of compression ratio. With increasing compression ratio
the efficiencies of the two cycles approach each other. The comparison also shows

that in order to obtain the highest efficiency in the Otto cycle, combustion should

take place at as nearly constant volume at top dead center. For equal compression
ratios the peak temperature and pressure obtained in the Otto cycle are much

higher than in the Diesel cycle. Because of the poorer mixing of the fuel and air,

Diesel engines are always operated with an excess of air. However, in general the
efficiency of Diesel engines is higher than the Otto engines since in Diesel engines

much higher compression ratio can be used.
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11.4 Knock in SI-Engines

A thermodynamics of the engine cycle shows that overall efficiency can be

increased with the increase of the compression ratio. Yet, as the compression

ratio is raised the onset of a phenomenon called ‘‘knock’’ occurs, which can be

destructive to the engine and should be avoided. The knock phenomenon in SI

engines has constituted a major and the most serious limitation upon increasing

efficiency of SI engines by increasing the compression ratio from the very

beginning of car technology. Even though knock in SI engines was considered

for decades as one of the most challenging problems, our ability to extend the

knock limits of a spark-ignition engine is limited so far by the lack of funda-

mental knowledge of the processes, which cause knock in an engine. One of the

main difficulties in analyzing the problem implies strong coupling of multidi-

mensional hydrodynamics of a gas fuel and turbulence in an engine cylinder with

chemical kinetics, making it hard to reveal the key mechanisms governing the

knock occurrence. A number of chemical kinetic models of autoignition at high

pressure and temperature fuel-air mixtures are currently available with the

complete models including up to several hundred reactions. As a result, even

given the remarkable development of computational facilities, numerical simula-

tions of comparatively realistic models often meet with formidable difficulties.
Knock is currently believed is the result of the spontaneous thermal ignition

of a certain amount of fuel-air mixture in the combustion chamber before it can

be consumed by a primary flame propagating through the cylinder charge. At

moderate compression ratios, the temperature of the end gas may be within the

temperature range of (600–800) K, and knock may be related to two-stage

ignition and cool flame phenomena, being caused by autoignition of the end-

gas. The heat release accompanying the autoignition may be so rapid that it

produces strong pressure rise, which is sometimes followed by exciting of shock

waves. This abnormal combustion, known as knock, which got this nickname

from the noise that is transmitted from the colliding of the multiple flame fronts

and the increased cylinder pressure that causes the piston, connecting rod and

bearings to resonate, has been the limiting factor in internal combustion engine

power generation since the discovery of the Otto cycle itself. The noise is

generated by shock waves produced in the cylinder when unburned gas ahead

of the flame auto-ignites. Since the engine thermal efficiency is directly related

to the compression ratio, but engine knock occurs more easily if the compres-

sion ratio is increased, it is important to find possible ways of how to avoid the

knocking combustion. It was found that autoignition depends on the sensitivity

of the induction time on the range of temperature change, and that the main

factors that influence knock are the combustion chamber size, the location of

the spark plug, and the ratio of specific heats.
As the flame propagates away from the spark plug, the pressure and tem-

perature of the unburned gas increase. The unburned gases are compressed by

the piston and additionally compressed by the burned gases that expand behind
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the spark-ignited flame front. The last remaining unburned gas is called the end
gas. With higher compression ratios, the end-gas temperature increases until
spontaneous ignition occurs. This sudden ignition leads to the formation of
pressure peaks in the cylinder that cause the audible knocking noise. Knock
must be avoided since these pressure peaks damage the piston and engine. The
end-gas autoignites after a certain induction time which is dictated by the
chemical kinetics of the fuel-air mixture. If the flame burns all the fresh gas
before autoignition in the end-gas can occur then knock is avoided. Therefore
knock is a potential problem when the burning time is long enough.

Fuels differ in their tendency to produce knock. Isooctane (with a low knock
tendency) has an octane number of 100 while n-heptane, which has a high knock
tendency, has an octane number 0. Thus, a fuel with (octane number) ON ¼ 80
has the same knocking tendency as a mixture of 80% isooctane and 20%
n-heptane. Engine parameters that affect occurrence of knock are as following.
(1) Compression ratio: at high compression ratios, the fuel-air mixture is com-
pressed to a high pressure and temperature, which promotes autoignition.
(2) Engine speed: at low engine speeds the burn time is long and this results in
more time for autoignition. However, as higher engine speed as less the heat
losses, so the unburned gas temperature is higher, which promotes autoignition.
Thus, just simple rise of the engine speed does not lead to knock mitigation.

There is no complete explanation of the knock phenomenon yet, however it
is generally agreed that knocking in SI-engines is caused by the end-gas auto-
ignition, which results in the extremely rapid release of much energy contained
in the end gas ahead of the flame propagating from the spark and results in a
very fast rise of local pressure. In reacting mixture as hydrocarbon-air used in
engines, the reaction is not a single or even few-step process, but actual chemical
mechanism consists of many hundreds reactions between a large amount of
species. In such chain reactions there are initiating reactions, where highly
reactive intermediate radicals are produced from stable molecules of fuel and
oxygen. If due to chain branching, the number of radicals increases sufficiently
rapidly, the reaction rate becomes extremely fast and results in chain-branching
explosion.

Among various low-temperature kinetics models the Shell model developed
by Halstead et al. (1975) should be distinguished. Despite of its mathematical
simplicity the model catches the essence of the mechanism of low-temperature
oxidation and gives a good agreement for hydrocarbon fuels autoignition for
the experiments in a rapid compression machines. It was first developed phe-
nomenologically as generalization of experimental data obtained on rapid
compression machines, and later on Cox and Cole (1985) have shown that
generalized species used in the Shell model can be related to particular chemical
species and that the Shell model can be reformulated in terms of the elementary
reactions of certain species and radicals, which makes this mathematical model
well-grounded from the point of view of real chemical kinetics. The Shell model
is based on skeletal mechanisms, which represent the most important generic
species, though since some of the reaction rates are not known, they must be

11.4 Knock in SI-Engines 331



adjusted to the experimental data according to the fuels used and the engine

operation conditions. With such an interpretation and a good fit to experi-

mental observation the Shell model can be treated as a well reliable formodeling

low-temperature kinetics.
The Shell model is formulated in terms of generalized species, their variation

being described by the equations based on detailed analysis of the experimental

results on hydrocarbon autoignition.

1

V

dnR
dt
¼ 2 kq½RH�½O2� þ kB½B� � kt½R�2
n o

� f3kp½R�; (11:4:1)

1

V

dnB
dt
¼ f1kp½R� þ f2kp½Q�½R� � kB½B�; (11:4:2)

1

V

dnQ
dt
¼ f4kp½R� � f2kp½Q�½R�; (11:4:3)

1

V

dnO2

dt
¼ �pkp½R�; (11:4:4)

nRH ¼
nO2
� nO2

ðt ¼ 0Þ
pm

þ nRHðt ¼ 0Þ; (11:4:5)

where ns and [. . .] denote the concentration and number of moles of various

species, [RH] is the concentration of the hydrocarbon moles, [R] is the total

concentration of radicals participating in the reactions, B denotes the intermedi-

ate agents of the branching chains, Q is the autocatalysis product which can be

identified with the aldehyde radical RCHO; m is the number of the hydrocarbon

moles; p is the corresponding number of oxygen moles needed to form 1mol of

water by the cool flame. The dependence of the reaction rates ki is taken in the

form of the Arrhenius law ki ¼ Ai exp �Ei=RBTð Þ, and the coefficients fi can be

written in the form fi ¼ Afi exp �Efi=RBTð Þ½O2�a½RH�b . In the model they are

considered as the fitting parameters, with the constants being chosen for the best

fitting of the first and second induction times, which are measured from the

experiments with the adiabatic compression of the Primary Reference Fuel. Fuel

consumption is assumed to occur at a rate of single entity for each propagation

cycle. The number of O2 moles consumed per propagation cycle in cool flame is

defined from the assumed overall reaction stoichiometry

1

nþ 1
CnH2nþ2 þ pO2 !

zn

nþ 1
COþ ð1� zÞn

nþ 1
CO2 þH2O; (11:4:6)

where z ¼ 0:67, and p ¼ ½ð3� zÞnþ 1�=2ðnþ 1Þ.
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The heat release per one cycle of the chemical reaction (per 1mol of water) is
Qf ¼ qkp½R� with the value of the specific heat release for the standard fuel
q ¼ 9:4 � 104cal=cycle.

The chain branching reaction, which dominates combustion at high tem-
peratures, is too slow to explain autoignition at temperatures below 1200K.
The initiating steps proceed primarily through hydrogen peroxide (H2O2) to
form the hydroxyl radicals (OH) at low temperatures. The process by which
hydrocarbon is oxidized can exhibit different types of behavior, typically two-
stage ignition of cool flames with slightly exothermic reactions, followed by a
hot flame. Sensitivity analyses and analyses of reaction paths indicate that the
chain branching responsible for the autoignition after an initiation reaction

RHþO2 ! RþHO2 (11:4:7)

are the following

RHþHO2 ! RþH2O2; (11:4:8)

H2O2 þM! 2OHþM: (11:4:9)

The OH-radicals can reproduce the HO2 radicals in reactions

OHþH2 ! H2OþH; (11:4:10)

HþO2 þM! HO2 þM: (11:4:11)

This branching via the HO2-radical can explain the knock process in an engine
at temperatures of about 1100K.

Though these mechanisms can explain the observations of so-called two-
stage ignition and a negative temperature coefficient of the ignition delay time,
the process involves too complex chemistry and also depends on hydrodynamic
of the propagating flame, in particular non-uniformities formed by the pressure
waves generated in the end gas by the propagating flame. Therefore, numerical
modeling of knock in engines is usually based on temperature and pressure
histories taken from experimental studies. The pressure is measured directly,
whereas the temperature is calculated assuming nearly adiabatic compression in
the cylinder and a certain heat loss to the cylinder walls.

Thorough analysis of the flame dynamics in engines (Liberman et al., 2006)
has shown that development of the autoignition is tightly connected to the
formation of hot spots that evolved from the nonuniformities caused by pres-
sure waves emitted by the propagating flame. It was shown that there is a
considerable positive feedback: a propagating flame is accelerated by the tem-
perature increase due to development of the cool flames in the end gas, and the
development of the autoignition is enhanced by the flame acceleration. The
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numerical modeling has shown that the calculated dependence of the tempera-
ture and pressure in the end gas on crank angle and predicted time of the
autoignition onset for different engine operation conditions, in particular, for
different percentage of the exhaust gas recycled (EGR) were in a good agree-
ment with the experimental data.

To increase the engine efficiency andmitigate knock some chemical additives
can be used to increase the octane number of gasoline. Among these alcohols,
ethanol and methanol have high knock resistance. Besides the compression
ratio, the occurrence of knock is influenced the engine speed. At high engine
speeds there is less heat loss so the unburned gas temperature is higher which
promotes autoignition. These effects are competing; some engines show an
increase in propensity to knock at high speeds while others don’t. Maximum
compression from the piston advance occurs at TC, so that the increasing the
spark advance makes the end of combustion crank angle approach TC and thus
get higher pressure and temperature in the unburned gas just before burnout. If
the fuel-air mixture is leaned out with excess air or is diluted with increasing
amounts of residual gas or exhaust gas recycle, then the burn time increases and
the cycle-by-cycle fluctuations in the combustion process increase. As dilution
increases, the burning slows and combustion is only just completed prior to the
exhaust valve opening. As dilution increases further, in some cycles combustion
is not complete prior to the exhaust valve opening and flame extinguished
before all the fuel is burned. As the dilution is further increased, the proportion
of partial burns andmisfires increase to a point where the engine no longer runs.
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Chapter 12

Combustion and Environmental Concerns

Recent climate catastrophes indicate serious warning of the global warming
underway. It is generally believed that burning of hydrocarbon fuels, required by
industry and transport, is the main source of the pollutants, which may influence
or aggravate global warming. Of the total emissions of NOx, CO, CO2, aerosols,
and other chemical species almost all are attributable to the fossil-fuel combustion.
At the same time the energy requirement is growing and it is expected to triple over
the next 20 years. Advance in computational power together with theoretical
combustion models offers an opportunity to revolutionize the design and perfor-
mance of combustion systems, which will considerably lower emissions and
increase the thermodynamic efficiency of new combustion technologies.

All internal combustion engines and combustion processes used in the
industry produce harmful emissions. Those include unburned hydrocarbons,
carbon monoxide (CO), oxides of nitrogen NO and NO2 collectively called
NOx, sulfur dioxide, and solid carbon particulates (soot). They pollute the
environment and contribute to the acid rain, smog, and respiratory and other
health problems. Hydrocarbons’ emissions from gasoline-powered vehicles
include a number of toxic substances such as benzene, polycyclic aromatic
hydrocarbons (PAHs), butadiene and aldehydes (formaldehyde, acetaldehyde,
acrolein). Carbon dioxide is an emission, which while not being regulated, is the
primary greenhouse gas. The NOx-s participate in a chain reaction removing
ozone from the stratosphere allowing more ultraviolet radiation to reach the
Earth’s surface. The NOx is a major contributor of photochemical smog and
ozone in the urban air. Consequently, reduction of the NOx production has
become one of the most important topics in combustion research. With the
steady increase in combustion of hydrocarbon fuels, the products of combus-
tion are distinctly identified as a severe source of environmental damage.

12.1 Formation of Hydrocarbons and Soot

The carbon particles formed from the gas phase are generally referred as soot.
Hydrocarbon (HC) emissions result from the presence of unburned fuel in
the burner or in engine exhaust. Some of the exhaust hydrocarbons are not

M.A. Liberman, Introduction to Physics and Chemistry of Combustion,
DOI: 10.1007/978-3-540-78759-4_12, � Springer-Verlag Berlin Heidelberg 2008
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found in the fuel, but are hydrocarbons derived from the fuel whose structure
was altered due to a chemical reaction, which did not proceed to a completion.
The examples are acetaldehyde, formaldehyde, butadiene, and benzene, which
are all classified as toxic emissions. About 9% of fuel supplied to the engine is
not burned during the normal combustion phase of the expansion stroke. Only
2% ends up in the exhaust, the rest is consumed during the other three strokes.
Thus, hydrocarbon emissions ending up as an air pollutant also decrease the
thermal efficiency.

In general, unburned hydrocarbons are a consequence of local flame extinc-
tion at walls and in gaps. High strain caused by turbulence or other events may
also lead to local extinction of the flame. When flame interacts with turbulent
flow turbulence is modified by combustion. This happens because of the strong
flow acceleration through the flame front induced by heat release, and because
of the large changes in kinematic viscosity associated with temperature changes.
On the other hand, turbulence alters the flame structure, and it may enhance
chemical reaction but also, in certain cases, completely inhibit it, leading to
flame quenching. The study of the effect of turbulence on premixed combustion
is of great practical importance because turbulence may increase the propaga-
tion rate of the turbulent flame to a value well above the laminar burning
velocity in the same mixture. This in turn increases the heat release rate and
thus the power available from combustor or internal combustion engine of a
given size. Yet, it has long been observed that for each gaseous mixture there is a
certain level of turbulence at which the flame speed reaches its maximum.
Further increase in the flow intensity leads to a drop of the flame speed,
followed by the flame disintegration and quenching. This can be one of the
reasons for the high emission of hydrocarbons from lean combustion engines.

Flame extinctions at walls and in gaps are caused by cooling of the reaction
zone due to the heat losses to the walls as well as by the removal of reactive
radicals by surface reactions with the quenching distance being of the order of
the flame thickness. The issue is controversial since the experimental studies
have shown that the flame extinction at walls contributes much less to the
emission of unburned hydrocarbons from SI engines than it was expected.
Nevertheless, it is generally believed that the principal mechanisms responsible
for hydrocarbon emissions in engines are: crevices, representing a narrow
regions in the combustion chamber located around the piston, head gasket,
spark plug and valve seats, inside which the flame cannot propagate because it is
smaller than the quenching distance, oil layers, liquid fuel, flame quenching,
and exhaust valve leakage. Since the piston ring is not 100% effective in
preventing oil penetration into the cylinder above the piston, oil layers may
appear within the combustion chamber. This oil layer traps fuel and releases it
later during expansion. With time carbon deposits build up on the valves;
cylinder and piston head, and these deposits are porous. The pores’ sizes are
smaller than the quenching distance so that trapped fuel cannot burn. The fuel
is released later during expansion. For some fuel injection systems there is a
possibility that liquid fuel is introduced into the cylinder past an open intake
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valve. The less volatile fuel constituents may not vaporize during engine warm-
up and be absorbed by the crevices or by carbon deposits.

A high concentration of particulate matter is manifested as visible smoke in
the exhaust gases. Particulates are substance other than water that can be
collected by filtering the exhaust: solid carbon material or soot, condensed
hydrocarbons and their partial oxidation products. Diesel particulates consist
of solid carbon at exhaust gas at temperatures below 500 C. Diesel engine
designers experience the following problem: an attempt to reduce NOx increases
the amount of soot in the exhaust. Particulate can arise if leaded fuel or overly
rich fuel-air mixture are used. Also the highest CO emission occurs during
engine warm-up when the engine is run fuel-rich to compensate for poor fuel
evaporation. For fuel-rich mixtures there is insufficient oxygen to convert all
the carbon of the fuel to carbon dioxide. Any carbon not oxidized in the
cylinder ends up as soot in the exhaust. In a properly adjusted SI engines soot
is usually not present in the exhaust. Most particulate material results from
incomplete combustion of fuel, which occurs in fuel-rich mixtures when the
C=O ratio exceeds 1. Experimentally it is found that the critical C=O ratio for
onset of soot formation is between 0.5 and 0.8.

Methods used to control engine emissions include: advances in fuel injectors,
oxygen sensors and on-board computers, spark retard and exhaust gas recircu-
lation (EGR), and the catalytic converter. The catalytic converters are built in a
honeycomb or pellet geometry to expose the exhaust gases to a large surface
made of one or more noble metals: platinum, palladium and rhodium.
Rhodium is used to remove NO and platinum is used to remove HC and CO.
A catalyst forces a reaction at lower temperature. As the exhaust gases flow
through the catalyst, the NO reacts with the CO, HC and H2 via a reduction
reaction on the catalyst surface, e.g.,

NOþ CO! 1

2
N2 þ CO2 NOþH2 !

1

2
NþH2O

The remaining CO andHC are removed through an oxidation reaction forming
CO2 and H2O products with air added to exhaust after exhaust valve.

12.2 Processes of Particulate and Soot Formation

The various phenomena involved in carbon particulate formation have been
under extensive study. The carbon particulates formation may be as harmful as
well as beneficial. The presence of particulates in gas turbines can severely affect
the lifetime of the blades, soot particulates in diesel engines are carcinogenic and
otherwise harmful to the environment. Higher temperatures and pressures, such
as in diesel engines, may lead to increased amounts of soot, which may be itself
carcinogenic or absorb other carcinogenic polycyclic aromatic hydrocarbons.
The extent of soot formation is related to the type of flame in a given process.
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However, the presence of carbon particulates in industrial furnaces increases
the radiative power of the flame and therefore increases the heat transfer rates.
Notice that hydrocarbon diffusion flames are luminous. The luminosity arises
due to carbon particulates that strongly radiate at high combustion tempera-
ture; that is why candle is lighting. The solid phase particulate cloud has a very
high emissivity approaching the black body conditions compared to a pure
gaseous mixture. That’s why diffusion flames in the presence of particulates
are yellow. Note a yellow color of the burning in a strove and fireplaces. Thus,
for some industrial furnaces it is beneficial to operate in a particular diffusion
flame burned-off in the later stage with additional air.

The appearance of soot and smoke is the result of unburned hydrocarbons in
combustion, and they depend on time and temperature. By allowing for more
time at high temperatures with good mixing, one is usually assured of oxidizing
soot and other hydrocarbons. However, at high temperatures a larger amount
of NO is produced.

The words ‘‘unburned hydrocarbon, carbon and soot’’ are used to describe a
wide variety of solid materials, which contain appreciable amounts of hydrogen
and compounds that may be present in original hydrogen fuel. The unburned
hydrocarbon can be directly formed from the fuel or the hydrocarbon can be
generated during the combustion process. The problem can be even more
important if combustion is used to destroy toxic compounds or medical wastes.

A remarkable feature of the soot formation is the rapidity with which soot
particles form in flames. They appear in less than 1ms and rise up to size about
0:1 mm in less than 10ms. There is still great controversy about chemical reac-
tion steps leading to soot formation. It is believed that the main element in the
overall process is the formation of the aromatic ring. Aromatic rings are formed
by reaction of CH or CH2 with C2H2 to C3H3, which can form the first ring –
benzene C6H6 after recombination. An important class of higher hydrocarbons
is the polycyclic aromatic hydrocarbons (PAH). These compounds are usually
formed under fuel-rich conditions and can be carcinogenic. Acetylene formed in
high amounts under rich conditions is the most important precursor of PAH’s.
PAH formation is started by C3H4 decomposition or reaction of CH or CH2

mentioned above. It is believed that further growth of the PAH leads to soot.
Subsequently the particles grow by surface growth by addition of mainly
acetylene and by coagulation. The first step here is formation of particle-like
structures by conglomeration of molecules. The process of coagulation may be
considerably affected by turbulence, leading either to enhance or to weakening
of the clustering depending on the intensity of turbulence.

The tendency of fuels to soot formation may be different for premixed and
diffusion flames. Usually the tendency to soot in premixed flames is correlated
with equivalence ratio at which luminosity just begins, so that the luminosity is
attributed to the formation of soot. The smaller is the equivalence ratio at the
point where luminosity begins, the greater is the tendency to soot for the fuel.

The major physical effect on soot formation is the temperature. Increasing
temperature for premixed flame conditions decreases the soot production. The
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opposite effect is true for diffusion flames. In the latter case fuels are vaporized
to form a gaseous jet. The mass flow of the fuel jet increases until soot breaks
through the top of the flame. In non-premixed combustion systems soot oxida-
tion is taking place after mixing with oxygen. If too much radiation is allowed,
the soot is too cool for rapid oxidation and thus appears in the exhaust. This
overcooling is responsible for the smoking of kerosene lamps if the wick is
turned up too high. The CO, H2, and C (s) are oxidized in the diffusion flame to
CO2 and H2O via the reactions

COþ 1

2
O2 ! CO2 CðsÞ þO2 ! CO2 H2 þ

1

2
O2 ! H2O

12.3 NOx Formation and Reduction

The remedy to the appearance of soot is more time, higher temperature and
better mixing in combustion, which assure the soot and other hydrocarbons
oxidizing. However, higher temperatures result in a larger production of NO.
The major producer of NOx is automobile emission. Nitrogen oxides can be
formed from the atmospheric nitrogen and also from fuel bound nitrogen, when
fuel compounds contain nitrogen atoms bound to other atoms. The flame
structure, combustion mixture ratio, and combustion temperature are the
prime parameters in determining the quantities of NOx formation. It was
recognized that nitrogen oxides are the major contributors of photochemical
smog in troposphere and urban air, as well as NOx is participates in a chain
reactions removing ozone from the stratosphere and causes the increase of
ultraviolet radiation on the earth’s surface. Therefore reduction of NOx

production became of one of the most important problem in combustion
research.

The kinetic rout of NO formation is not simply the attack of an oxygen
molecule on a nitrogen molecule according to reaction N2 þO2 ¼ 2NO, but
these are oxygen atoms formed from the dissociation of O2 which attack
nitrogen molecules to start the chain reaction

OþN2 !
ðk1Þ

NOþN; k1 ¼ 1:8� 1014 expð�76500=RTÞ; (12:3:1)

NþO2 !
ðk2Þ

NOþO; k2 ¼ 9:0� 109 expð�6300=RTÞ; (12:3:2)

NþOH!ðk3ÞNOþH; k3 ¼ 2:8� 1013 expð�2600=RTÞ cm3=ðmol sÞ: (12:3:3)

This mechanism was first postulated by Ya. B. Zel’dovich (1946) and it is
referred to as Zel’dovich or thermal mechanism (see Chap. 3). It is thought to
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be the main source of NO in combustion systems. The mechanism name is

thermal because the reaction (12.3.1) has very high activation energy due to the

strong bond in the N2-molecule. Reaction (12.3.1) is the rate-limiting step of the

thermal NO-formation. Therefore NO is only formed at high temperatures and

the reaction rate is relatively slow. At temperatures below 2000K the reaction

rate is extremely slow. Thus, the best practical means of controlling NO

according to Eq. (12.3.1) is to either reduce the combustion temperature or

oxygen concentration.
Experimental measurements indicated that reactions other than theZel’dovich

mechanism might play certain role in the flame, especially in the fuel-rich flames.

The mechanism of prompt NO was proposed by C. P. Fenimore (1979), who

measured NO concentration above a hydrocarbon flat flame and noted that the

[NO] did not approach zero level as the probe approached the flame from the

downstream side as the Zel’dovich mechanism predicts. The additional mechan-

ism that is promptly producing NO at the flame front is more complicated than

that of thermal NO, because the prompt NO results from the CH radicals. The

CH radicals are formed as an intermediate at the flame front and react with the

nitrogen of the air forming hydrocyanic acid (HCN). The nitrogen compound

then formed in the following mechanism

CHþN2 ¼ HCNþN; (12:3:4)

C2 þN2 ¼ 2CN: (12:3:5)

The N atoms can form further NO by reactions (12.3.2) and (12.3.3), and CN

could yield NO by oxygen atom attack. The activation energy of the reaction

(12.3.4) is about 75 kJ=mol, compared to 318 kJ=mol for the formation of the

thermal NO, therefore, in contrast to thermal NO, prompt NO is produced at

relatively low temperatures (about 1000K). Precise information about the rate-

limiting reaction (12.3.4) is rather poor, and predictions of Fenimore NO are

less accurate. Because C2H2 as a CH-radical precursor is accumulated under

fuel-rich conditions due to CH3-recombination, prompt NO is favored in rich

flames. Lean conditions can suppress the formation of CH, hence leading to less

prompt NO, and low temperatures can suppress the thermal NO.
The conversion of fuel-nitrogen into NO is mainly observed in coal combus-

tion, because coal contains about 1% of chemically bound nitrogen. The

nitrogen-containing compounds evaporate during the gasification process and

lead to NO formation in the gas phase.
If combustionmodifications are not efficient or not possible, post-combustion

measures are necessary to remove NO. The well known of NO removal method

is the catalytic converter that is in the exhaust system of many automobiles. The

catalyst is a combination of noble metals that oxidize CO to CO2 and simulta-

neously reduce some amount of NO to N2.
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In SI engines the dominant component of NOx is NO, which is formed as a
result of dissociation of molecular nitrogen and oxygen. Since the activation
energy of the limiting reaction OþN2 ! NOþN is high the reaction rate is
very sensitive to temperature, and NO is only formed at high temperatures. At
temperatures below 2000K the reaction rate is extremely slow, so NO forma-
tion not important. Since the cylinder temperature changes throughout the
cycle, the NO reaction rate also changes. The actual NO concentration tends
toward its equilibrium value but never achieves the equilibrium value since the
chemistry is not fast enough. If NO concentration is lower than equilibrium
value then NO forms. If NO concentration is higher than equilibrium value
thanNO decomposes. Once the temperature rises up to 2000K the reaction rate
becomes so slow that the NO concentration effectively freezes at a value greater
than the equilibrium value. The total amount of NO that appears in the exhaust
can be calculated by summing the frozen mass fractions for the whole process.
Typically peak NO concentrations occur for slightly lean mixtures. Since the
formation of NO is highly dependent on cylinder gas temperature, the effective
method is to increase residual gas or exhaust gas recirculation.

In attempt to reduce NO generated by industrial burners, engineers use
staged combustion technologies. The fuel rich conditions are used in order to
reduce amount of NOx, HCN and NH3 compounds. Then oxygen rich condi-
tion is used to achieve stoichiometric combustion in the overall process. The
combustion temperature is steadily reduced due to radiation and convective
heat transfer, so that N2 is not converted to thermal NO during the first
stage. A further reduction of NO is achieved by using excess of air in the second
stage. On the third stage an additional reburned can be used similar to EGR
used in SI engines.

One should remember that the reduction of NO production and the thermo-
dynamic efficiency are competing processes. To reduce NO production we are
interested in systems, which burn at lower temperature and pressure, while
thermodynamic efficiency is higher at higher temperature and pressure.
The optimum can be obtained for some intermediate systems, which require
thorough theoretical and computational analysis.
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Appendix A

Conversion Formulas and Constants

Prefixes:

10�3– milli [m], 10�6– micro [m], 10�9– nano [n], 10�12– pico [p], 10�15– femto [f]
103– kilo [k], 106– mega [M], 109– giga [G], 1012– tera [T], 1015– peta [P]

Length units: 1 km ¼ 103m ¼ 105cm; 1 cm ¼ 10mm ¼ 104mm¼107nm ¼ 108Å

Volume units: 1m3 ¼ 103L ¼ 106cm3 ¼ 109mm3

Mass units: 1 ton ¼ 103kg, 1 kg ¼ 103g ¼ 106mg ¼ 109mg

Energy units:

1 cal ¼ 4:1868 J ¼ 4:1868 � 107erg ¼ 2:6126 � 1019eV
1 J ¼ 1N �m ¼ 1W � sec ¼ 107 erg ¼ 6:2419 � 1011eV
1 eV ¼ 11600K ¼ 6:021 � 10�12 erg ¼ 6:021 � 10�19 J ¼ 3:827 � 10�20 cal

Temperature units: T½K� ¼ T½�C� þ 273:15

Density units: 1 kg=m3 ¼ 10�3 g=cm3

Pressure units:

1atm¼1:0133bar¼1:0133 �105N=m2¼1:0133 �106dyn=cm2¼760Torr¼760mmHg

1 bar ¼ 105 N=m2 ¼ 105Pa

Force units: 1N ¼ 10 kg �m= sec2 ¼ 105dyn

A.1 Fundamental Constants

Universal gas constant:

RB ¼ 8:3144 J=g-mol �K ¼ 8:3144 kJ=kmol �K ¼ 1:987 cal=g-mole �K
¼ 8:3144 � 107 erg=mol �K

Boltzmann constant:

k ¼ RB=NA ¼ 1:38 � 10�23 J=K
Avagadro number:

NA ¼ 6:022 � 1023 molecules=g-mol. Number of molecules in 1 cm3:
n ¼ 2:686 � 1019 cm�3

Volume of 1mole at normal conditions: V0 ¼ 2:2414 � 104cm3=mol
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Stefan-Boltzmann constant:

s ¼ p2k4=60�h3c2 ¼ 5:670 � 10�8 W=m2 �K4 ¼ 5:670 � 10�5 erg=cm2 � sec �K4 ¼
¼ 1:355 � 10�12 cal=cm2 � sec �K4

Atomic mass unit:

ma ¼ 1:660 � 10�24 g ¼ 1:660 � 10�27 kg
mp ¼ 1:67264 � 10�24 g, mn ¼ 1:67495 � 10�24 g, me ¼ 9:109534 � 10�28 g

Speed of light: c ¼ 2:997 � 1010 cm=sec ¼ 2:997 � 108 m=sec

Electron charge: e ¼ 1:602189 � 10�19coulombs ¼ 10�20cgsmunits

Max Plank constant:

h ¼ 6:626 � 10�27erg sec ¼ 6:626 � 10�34J sec, �h ¼ h=2p ¼ 1:054 � 10�27erg sec

A.2 Density, Thermal Conductivity, Viscosity

Density of some gases at T ¼ 0�C, P ¼ 760mmHg r ½kg=m3�

Gas Air H2 O2 C2H2 CH4 C2H4 C2H6 C3H8 CO CO2 NO

r ½kg=m3� 1.29 0.089 1.429 1.170 0.716 1.260 1.356 2.003 1.250 1.976 1.34

Thermal conduction of some gases at T ¼ 0�C, P ¼ 760mmHg: l 10�6
cal

cm sec K

� �

Gas Air H2 O2 C2H2 CH4 C2H4 C2H6 C3H8 CO CO2 NO

� ½10�6cal=cm sK� 57.5 401 57.5 44 69.6 41.5 43.5 35.5 51.1 34.6 56.4

Coefficient viscosity of some gases at T ¼ 0�C, P ¼ 760mmHg: Z 10�8
kg

m sec

� �

Gas Air H2 O2 C2H2 CH4 C2H4 C2H6 C3H8 CO CO2 NO

Z ½10�8kg=ms� 1720 866 1993 955 1028 855 1223 1390 1660 1463 1800

Temperature dependence is approximated by Sutherland’s formula

ZT ¼ Z0

ffiffiffiffiffiffi
T

T0

r
1þ a=T0

1þ b=T
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Appendix B

Useful Formulas of Vector Analysis

A, B, C are vectors, f is a scalar function, r is the radius vector

r ¼ xêx þ yêy þ zêz

A � B� Cð Þ ¼ A� Bð Þ � C ¼ B � C� Að Þ

A� B� Cð Þ ¼ C� Bð Þ � A ¼ B A � Cð Þ � C A � Bð Þ

r � fAð Þ ¼ fr � Aþ A � rf

r� fAð Þ ¼ fr� Aþrf� A

r � A� Bð Þ ¼ B � r � Að Þ � A � r � Bð Þ

r � A� Bð Þ ¼ A r � Bð Þ � B r � Að Þ þ B � rð ÞA� A � rð ÞB

A � rð ÞA ¼ r1
2
A2 � A� r� Að Þ

A� r� Bð Þ ¼ r A � Bð Þ � A � rð ÞB� B � rð ÞA� B� r� Að Þ

r � r� Bð Þ ¼ r r � Bð Þ � r2A

r� rfð Þ ¼ 0; r � r � Að Þ ¼ 0

r � r ¼ 3;r� r ¼ 0; rfðrÞ ¼ df

dr

r

rð

V

rf � dV ¼
ð

S

f � dS

ð

V

r � A dV ¼
ð

S

A � dS

þ

C

A � dr ¼
ð

S

r� A � dS
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B.1 Cylindrical Coordinates

r is the distance from the axis; y is the azimuthal angle about the axis; z is the
coordinate along the axis

r � A ¼ 1

r

@

@r
rArð Þ þ 1

r

@Ay

@y
þ @Az

@z

rfð Þr¼
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1
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� @Ay

@z

r� Að Þy¼
@Ar

@z
� @Az

@r

r� Að Þz¼
1

r

@

@r
rAyð Þ � 1

r

@Ar

@y

r2f ¼ 1

r

@

@r
r
@f

@r

� �
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r2A
� �
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@Br

@r
þAy

r

@Br

@y
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�AyBy
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B.2 Spherical Coordinates

r � A ¼ 1

r2
@

@r
r2Ar

� �
þ 1

r sin y
@

@y
sin yAyð Þ þ 1

r sin y
@Aa

@a

ðrf Þr ¼
@f

@r
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1
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@Ay

@a
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1

r sin y
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r

@
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ðrAaÞ
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ðr � AÞa ¼
1

r

@

@r
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1

r
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Appendix C

Equations of Fluid Mechanics in Curvilinear

Coordinate Systems

C.1 Cylindrical Coordinates

The continuity equation

@ur
@r
þ ur

r
þ 1

r

@uy
@y
þ @uz
@z
¼ 0:

The Navier-Stokes equation

@ur
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The operator ðu � rÞ and the operator r2 acting on a scalar
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:

The components of the viscous stress tensor in cylindrical coordinates are:

zrr ¼ 2m
@ur
@r

; zry ¼ zyr ¼ m
1

r

@ur
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þ @uy
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� uy

r

� �
;

zyy ¼ 2m
1
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þ @uy
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;
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:
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C.2 Spherical Coordinates

The continuity equation
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The Navier-Stokes equation
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r2 sin y
@ua
@a

� �
þ 1

r
Fr;

@uy
@t
þ u � rð Þuy þ

uruy
r
� u2a

r
cot y ¼ 1

rr
@P

@y
þ

m
r
r2uy

uy

r2 sin2 y
þ 2

r2
@ur
@y

2 cos y

r2 sin2 y

@ua
@a

� �
þ 1

r
Fy;

@ua
@t
þ u � rð Þua þ

urua
r
þ uyua

r
cot y ¼ � 1

rr
@P

@a
þ

m
r
r2ua �

ua

r2 sin2 y
þ 2

r2 sin y
@ur
@a
þ 2 cos y

r2 sin2 y

@uy
@a

� �
þ 1

r
Fa:

The operator u � rð Þ and the operator r2 acting on a scalar.

u � rð Þf ¼ ur
@f

@r
þ uy

r

@f

@y
þ ua
r sin y

@f

@a
;

r2f ¼ 1

r2
@

@r
r2
@f

@r

� �
þ 1

r2 sin y
@

@y
sin y

@f

@y

� �
þ 1

r2 sin2 y

@2f

@a2
:

The components of the viscous stress tensor in cylindrical coordinates are:

zrr ¼ 2m
@ur
@r

; zry ¼ zyr ¼ m
1

r

@ur
@y
þ @uy
@r
� uy

r

� �
;

zyy ¼ 2m
1

r

@uy
@y
þ ur

r

� �
; zay ¼ zya ¼ m

1

r sin y
@uy
@a
þ 1

r

@ua
@y
� cot y

ua
r

� �
;

zaa ¼ 2m
1

r sin y
@ua
@a
þ ur

r
þ cot y

uy
r

� �
;

zar ¼ zra ¼ m
1

r sin y
@ur
@a
þ @ua

@r
� ua

r

� �
:
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Acetylene, 36, 39, 40, 93, 302, 344
Acetylene-oxygen flame, 42
Activation energy, 57, 61, 65, 67, 69, 74, 77,

78, 92, 93, 95, 103, 104, 216, 220,
221, 222, 241, 242, 279, 280, 282,
296, 302, 303, 312, 346, 347

Activation reaction, 59
Active centers, 60, 61, 63, 67, 68, 69, 70, 73,

74, 75, 89, 99
Adapted grid, 311
Adiabatic compressibility, 17, 23, 146, 265,

308, 319, 323, 329, 332, 333
Adiabatic expansion, 24, 25, 329
Adiabatic exponent, 120, 124, 199, 216
Adiabatic flame temperature, 40–42, 43,

46–50, 80, 91, 242, 267, 281, 293
Adiabatic flow, 121, 126
Adiabatic motion, 114, 115, 118
Adiabatic process, 9, 23, 41, 76, 149
Adsorption rate, 70
Airfoil, 129
Alcohols, 39
Aldehydes, 332
Aliphatic hydrocarbon combustion reaction,

343, 344
Alkynes, 39
Ammonia, 347
Aromatic ring, 344

formation, 344
Arrhenius equation (law), 57
Arrhenius law, 54, 57, 77, 79, 80, 81, 92, 103,

215, 216, 272, 332
Ash, 311
Asymmetric airfoil, 129
Atmospheric aerosols, 341
Atomic mass unit, 350
Autoignition, 272, 308, 330, 331, 332,

333, 334
temperature, 330, 333

Automobile engines, 319
Average molecular velocity, 67, 93, 147
Avogadro’s number, 8, 27

Benzene, 36, 93, 100, 272, 341, 342, 344
Bernoulli

equation, 126, 129, 134, 138, 192, 246,
260, 261

integral, 128, 129
Beta function, 309
Bimolecular collision (binary collision), 59
Bimolecular reaction (binary reaction), 55,

56, 57, 59, 62, 65, 68, 76, 106
Boltzmann

constant, 8, 58, 349
factor, 8, 57, 58

Boltzmann L., 4
Boltzmann’s exponential factor, 58
Bond energy, 38, 39, 40, 60, 71
Borghi diagram, 276, 277
Boundary conditions, 86, 94, 95, 102, 104,

116, 138, 141, 161, 165, 170, 172,
173, 190, 192, 194, 199, 209, 219,
221, 223, 230, 234, 235, 237, 243,
248, 250, 259, 278, 285, 302, 306

Boundary layer, 190–196, 249, 259, 286, 287,
288, 289, 305

Branched-chain explosion of hydrogen, 272
Bubble radius, 143, 314, 315
Bunsen

burner, 272, 273, 274, 278
flame, 269, 317

Buoyancy effect, 270, 317
Burning velocity, 273, 278, 285, 286, 342

mixtures, 342
Butane, 36, 42, 93

C2H5OH (ethanol) reactions, 39
Candle, 311, 344
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Carbon black, 40
Carbon monoxide, 30, 36, 42, 93, 106
Carnot’s

cycle, 16–18
theorem, 16–18

Catalytic combustion, 346
Catalytic converter, 343, 346
Catalytic surface reaction, 343
Cellular flame structure, 245, 246, 254
Cellular structure, 241, 245, 284, 285,

287, 288
CH2CO reactions, 29
CH2O reactions, 345
CH2 reactions, 58, 344
CH3 reactions, 39
CH4 oxidation, 39
CH4 reactions, 94
Chain-branching reaction, 65–66
Chain-initiating reactions, 60
Chain reaction, 59–62, 68, 69, 71, 73, 76, 331,

341, 345
Chain-terminating reaction (chain-breaking,

reaction), 61, 65, 68, 70, 72, 73,
74, 83

Chaotic process, 180, 271
Chapman-Jouguet, 304

detonations, 205, 207, 208, 209, 210,
293, 316

point, 205, 206, 207, 210
Characteristic length, 122, 124, 167, 230, 231
Characteristic time of combustion, 92, 275
Characteristic time of reaction, 84, 92, 275,

299, 314
Chemical equilibrium, 44, 45, 46–50, 53, 102

constant, 45
Chemical kinetics, 54, 65, 71, 215, 217, 218,

256, 280, 330, 331
Chemical potential, 19, 20, 44
Chemical rate of production, 63, 70
Chemical reaction, 29, 53–59, 63, 66, 67, 73,

79, 80, 83, 89, 90, 92, 95, 97, 98, 103,
164, 202, 241, 242, 271, 272, 275,
276, 281, 283, 324, 333, 342, 344

Chemical reaction rate, 54, 98
Chemical species, 56, 341
Clausius – Clapeyron equation, 21
Clausius R., 4
Closed system, 2, 3, 4, 7, 8, 10, 25
Coagulation, 344
Coal, 319, 346

combustion, 346
Collision

frequency, 67

integral, 106
number, 55, 106

Combustion bomb, 326
Compressibility, 125, 146, 177, 201, 217
Compressible flow, 121, 122
Compression

ratio, 320, 325, 326, 327, 328, 329, 330,
331, 334

work, 325
Conservation equation, 116
Conservation equation of velocity

circulation, 129–131
Constant pressure specific heat, 6, 11, 13, 24,

31, 41, 92, 95, 97, 120, 163, 216,
324, 328

Constant volume specific heat, 6, 11, 13, 23,
24, 31, 76, 81, 120, 216, 324, 328

Continuity equation, 115, 116, 117, 118, 123,
138, 162, 169, 170, 173, 187, 188,
191, 192, 194, 227, 272, 355, 356

Control emissions of pollutants, 343
Convection, 24, 161, 164, 259, 310, 313, 315
Cool flame, 272, 330, 332, 333
Correlation function, 187–190
Coward, 245, 264, 265
Critical heat production, 82
Critical Mach number, 300
Critical pipe diameter, 268
Critical temperature, 66, 74
Critical tube width, 249, 250, 254
Cylindrical coordinates, 173, 243, 352,

355, 356

Dalton law of partial pressure, 31
Damkohler number, 276, 280
Darrieus-Landau (DL) theory of flame

instability, 246
Deflagration, 89, 96, 97, 202, 271, 281, 283
Deflagration-to-detonation transition,

284, 285
Deflagration wave, 285, 294, 295, 299
Density, 1, 91, 93, 95, 106, 109, 110, 111, 112,

113, 115, 118, 119, 120, 121, 122,
123, 124, 141, 142, 143, 145, 146,
148, 149, 150, 151, 152, 162, 163,
164, 165, 176, 179, 185, 186, 197,
198, 199, 201, 203, 208, 210, 211,
212, 216, 217, 220, 221, 229, 230,
232, 259, 261, 263, 266, 275, 284,
295, 296, 297, 299, 300, 304, 305,
309, 310, 313

Density variation in sound wave, 146
Detonating mixture, 66
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Detonation
adiabatic, 202–206, 207
velocity, 285
wave, 89, 202, 203, 204, 205, 206, 208,

209–210, 281, 283, 292, 297, 316
speed, 202, 281, 292, 316
velocity, 287, 292, 299

Diatomic gas, 200
Diesel cycle, 327–329
Diesel engine, 319, 320, 322, 326, 327,

329, 343
Diffusion

coefficient, 98, 100, 101
equation, 97, 98
flame, 91, 95, 96, 344, 345
flux, 202, 272
time, 94

Direct numerical simulation (DNS), 216, 256
Discontinuity, 83, 132, 151, 152, 153,

197–198, 199, 202, 205, 209, 210,
220, 224, 226, 243, 249, 255

Dispersion relation, 141, 142, 178, 224, 225,
230, 234, 235, 237, 238, 239, 240,
241, 250

Dissipation, 114, 131, 143, 152, 157–196
rate, 185

Dissociation reactions, 43, 50
Divergence, 125
DL theory (Darrieus-Landau theory), 215,

230, 231, 246
Droplet burning, ix
Dynamic viscosity, 159

EGR– exhaust-gas recirculation, 334, 343, 347
Eigenvalue, 101, 220, 221, 222, 234, 235
Einstein’s equation, 94
Electron, 27, 39, 57, 65, 66, 309, 310
Elementary reaction, 67, 331
End-gas, 331

pressure, 331
temperature, 331

Endothermic reaction, 33, 65
Energy

equation, 101, 243
flux density, 119, 160, 162
transfer, 162, 164, 178, 185, 217

Engine knock, 330
Enthalpy, 13–14, 16, 19, 22, 31, 32, 34, 36, 37,

76, 97, 99, 100, 101, 115, 118, 119,
199, 203, 216, 217, 218, 280, 312

Entropy, 1–4, 7, 8, 9, 10, 11, 12, 15, 16, 17, 18,
19, 20, 23, 31, 44, 46, 114, 115, 148,
161, 162, 198, 200, 201, 205, 206, 313

flux density, 115

Entry length, see Poiseuille flow
Equation

of continuity, 98, 111–113, 120, 121, 122,
143, 157, 161, 173, 179

of motion, 114, 115, 118, 132, 137, 157,
179, 191, 211, 212

of state, 14, 109, 111, 120–122, 146, 200,
216, 217

of state for ideal gas, 21, 22, 24, 120,
146, 327

Equilibrium, 2, 4, 5, 7, 8, 9, 10, 11, 12, 14, 16,
17, 18, 25, 37, 43–45, 46–50, 53, 59,
62, 64, 65, 69, 95, 102, 110, 123,
124, 125, 134, 137, 138, 143, 151,
185, 310, 313, 314, 324, 347

conditions, 314
composition, 47, 50
constant, 43–45, 47, 48, 59, 62, 65
equivalence ratio, 43
for isentropic flow, 116, 130
mechanical, 5, 10, 123, 125

Equivalence ratio, 42, 43, 344
Ethene, 36
Ethyl, 39
Ethylene (C2H4), 290
Euler equation, 113–116, 118, 120, 121, 122,

123, 126, 130, 132, 133, 137, 144,
148, 161, 226

Exhaust-gas recirculation, 343, 347
Exothermic reaction, 33, 64, 66, 67, 92, 333
Expanding spherical flames, 255
Explosion

limits, 66–70, 85
thermal, 66, 70, 73, 81–83, 84–85, 272,

281, 282, 297
Extinction, 271, 280, 342

Fenimore NO -prompt NO, 346
First-order reaction, 59
Flame

extinction, 342
front, 90, 92, 96, 97, 101, 131, 215,

219, 222–231, 234, 241, 242,
243, 244, 245, 246, 247, 248,
249, 250, 252, 254, 255, 257,
259, 261, 262, 263, 265, 267,
272, 275, 276, 279, 280, 285,
288, 291, 292, 293, 294, 305,
314, 316, 330, 331, 342, 346

laminar, 86, 89–107, 275, 276, 277, 279,
280, 281, 284, 286, 294, 302

laminar premixed, 271–318, 344
length, 251
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Flame (cont.)
pressure dependence, 56
propagation, 89, 90, 94, 96, 101–105, 109,

235, 243, 245, 246, 247, 250, 255,
258, 261, 265, 267, 268, 271, 276,
287, 293, 314, 316

quenching, 267–268, 342
radius, 255, 257, 258
stability, 231, 234
stabilization, 241, 244
stretch, 259, 280, 289, 302
structure, 245, 252, 263, 266, 275, 276,

342, 345
temperature, 40–43, 46–50, 80, 91, 242,

267, 280, 281, 293
temperature dependence, 57, 80
thickness, laminar, 281
turbulent, 273, 279–280, 288, 342
velocity, 90, 92, 93, 94, 95, 101, 105, 106,

220, 222, 223, 228, 229, 233, 244,
248, 249, 250, 251, 252, 254, 255,
256, 258, 259, 261, 263, 264, 265,
266, 267, 280, 289, 291, 298, 300,
302, 303

laminar, 280
see Normal flame velocity
turbulent, 280

wrinkled, 254, 255, 256, 257, 272, 276,
277, 279, 280

Flamelet model, 280
Flamelet regime, 276, 277, 279
Flammability

of laminar flames, 267–269
limits, 267–268

Flow
in a pipe, 152–154
reactor, 276
velocity, 126, 128, 169, 170, 171, 191, 225,

273, 274, 275, 278, 279, 289, 295,
304, 305

Fluctuations, 1, 2, 334
Fluid

dynamics, 28, 109–111, 116, 120, 121,
122, 126, 134, 135, 161, 176, 179,
187, 302

element, 110, 113, 114, 123, 127, 128,
131, 137, 151, 158, 161, 169,
186, 190

particle, 109, 114, 115, 117, 121, 127, 129,
131, 137, 139, 141, 143, 144, 157,
161, 187

Flux density, 113, 115, 119, 160, 162,
199, 203

Fourier
equation, 164, 165
integral, 165
series, 147

Fractal flame structure, 254, 255, 257
Frank-Kamenetsky

theory, 220
transformation, 80, 84

Free energy, 12, 13, 14, 19, 21, 22, 23, 44,
46, 125

Froude number, 177, 238
Fuel

-bound nitrogen, 345
evaporation, 343
jet, 262, 345

Fuellean, 59, 275
Fuel-rich, 343, 344, 346
Fundamental, 9, 57, 69, 83, 111, 184, 215,

228, 244, 254, 309, 330

Gas
constant, 6, 30, 57, 146
equation, 200
ideal, 21–22, 23, 24, 30, 31, 33, 37, 44, 46,

56, 120, 124, 146, 149, 153, 157,
163, 199, 206, 210, 218, 229, 323,
324, 325, 326, 327

-turbine engines, ix
Gauss theorem, 113, 117, 119
Gibbs free energy, 14, 22, 44, 125
Global reaction rates, 272
Global warming, 320, 341
Gravitational potential, 124
Gravity, 114, 115, 117, 118, 123, 125, 128,

137, 141, 145, 157, 177, 216, 237,
238, 239, 240, 259, 262, 263, 265,
309, 310, 311, 314

acceleration, 123, 124, 142, 143, 177, 216,
237, 239, 240, 262, 314

waves, 137, 141, 142

Harmful effects, 63
Hartwell, 245, 264, 265
Heat

of combustion, 324
conduction, 102
conduction equation, 102
conductivity, 85
of formation, see Standard heat of

formation
flux, 81, 102, 104, 105, 162, 165
loss, 41, 81, 82, 83, 84, 250, 267, 268, 275,

308, 320, 325, 331, 333, 334, 342
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production, 81, 82, 83, 84, 103
of reaction, 33, 35, 38, 76, 98, 106
release, 69, 77, 81, 82, 83, 89, 91, 92, 94,

97, 101, 102, 103, 105, 218, 267,
275, 297, 299, 330, 333, 342

thermal conductivity, 89, 102
transfer, convective, 347
transfer, radiative, 344, 347
transport, 92

Helmholtz free energy, 12
Heptane-air flame, 331
HO2 formation reaction, 70
Homogeneous reactions, 89, 271, 283
Homogenous ignition, 89, 271, 283
Hot spot, 283, 285, 333
Hugoniot adiabatic, 199, 201
Hydrocarbon

-air mixtures, 90
-air reactions, 90, 275, 284, 331
combustion, xiii
oxidation, 343

kinetics, 331
Hydrocyanic acid (HCN), 346
Hydrodynamic instability, 224, 227, 242,

244, 247, 250, 254, 255, 258, 267,
276, 287

Hydrogen/air premixed flames, 344
Hydrogen fluoride, 32, 42
Hydrogen-oxygen explosive

mixture, 284
Hydrogen-oxygen reactions, 66–70
Hydrogen peroxide (H2O2) formation

reactions, 333
Hydrostatic, 123–125
Hydroxyl radical, 36, 65, 333

IC engines, 319
Ideal equation of state, 111, 120–122, 146,

218, 327
Ideal fluid, 109–155, 157, 161, 201, 237
Ideal gas, 21–22, 23, 24, 30, 31, 33, 37, 44, 46,

56, 120, 124, 146, 149, 153, 157,
163, 199, 206, 210, 218, 229, 323,
324, 325, 326, 327

Ignition, 37, 66, 67, 68, 69, 73, 76–79, 82, 83,
85–86, 89, 243, 254, 255, 271, 272,
281, 282, 283, 284, 285, 287, 294,
297, 305, 308, 310, 312–316, 319,
320–323, 327, 330, 331, 332,
333, 334

delay time, 333
energy, 85–86
temperature, 66, 83

Implicit solution, 149
Incompressible flow, 121, 122, 175, 177
Incompressible fluids, 121–122, 135, 159, 160,

163–165, 168, 169, 178, 179, 191
Independent variable, 5, 6, 7, 9, 10, 14, 18, 19,

20, 102, 211, 212
Induced ignition, 294, 305
Induction time, 75, 79, 84, 85, 96, 281, 282,

297, 299, 313, 316, 330, 331, 332
Industrial furnace, 344
Inertia force, 137, 177
Initial conditions, 74, 79, 134, 258, 284, 295
Instabilities, 91, 134–136, 225, 250, 252, 255,

266, 284, 285
Instabilities hydrodynamic instability,

250, 255
Intensity of turbulence, 276, 277, 344
Internal combustion engine, 319–334,

341, 342
Internal energy, 4, 5, 21, 22, 31, 116, 119, 120,

121, 128, 199, 213, 216, 311
Irreversible process, 5, 161
Irrotational flow, 131
Isentropic, 115, 116, 130, 131, 133, 197, 323,

324, 325, 326, 327, 328
Isobaric specific heat, 216
Isolated system, 4, 16
Isothermal, 12, 17, 57, 59, 121, 122, 123,

124, 146
Isothermal flow, 121, 122
Isothermal gas, 124

JANNAF Tables, 35, 36, 41, 46, 62
Joule, 8, 30

Karlovitz number, 276
Kelvin theorem, 227
Kinematic viscosity, 159, 163, 169, 175, 178,

185, 276, 342
Kinetic energy, 4, 5
Kinetic energy turbulent, 184
Kinetic theory of gases, 6
Knock, 272, 320, 326, 330–334

in Otto engines, 320, 326
tendency, 331

Koch fractal structure, 254
Kolmogorov length, 186
Kolmogorov spectrum (turbulence), 185
Kolmogorov theory of turbulence, 184–187

Laminar burning velocities, 342
Laminar flame (premixed laminar flame), 89,

91, 271, 273, 275, 279, 302
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Laminar flame speed
effect of initial temperature, 90
effect of pressure, 284
flame temperature, 90
measurement, 90
mixture composition, 90, 284
thermal diffusivity, 90

Landau (DL) flame instability, 224, 241, 244,
245, 302

Laplace equation, 260
Laplacian, 173
Law of thermodynamics, 4–7, 32, 35, 76

first, 4–7, 32, 76
second, 4
third, 14–16

Lean mixtures, 43, 100, 437
Lean-premixed combustion, 271, 342
Le Chatelier principle, 18
Length scale, 89, 110, 122, 124, 163, 180, 184,

186, 187, 189, 190, 191, 222, 230,
231, 255, 256, 282, 314, 316

of the flow, 110, 163
Taylor, 314
turbulent, 184, 186, 187, 189, 190

Lewis number, 98, 105, 214, 218, 222, 231,
235, 236, 238, 239, 240, 241

Lewis and von Elbe theory, 90
Lifetime, 106, 343
Lifting work, 129
Linear waves, 134–136
Liouville theorem, 3
Liquid fuels, combustion, 327, 342

Mach number, 91, 177, 200, 216, 217, 281,
291, 293, 300

Mallard and LeChatelier theory, 220
Markstein

length, 242, 243
numbers, 258

Mass
-average velocity, 174
conservation, 112, 113, 138, 219
density, 28, 29, 91, 106, 111, 112, 113, 115,

118, 119, 123, 124, 125, 160, 162,
185, 203, 212, 229, 232, 260, 263,
309, 314, 315

diffusion coefficients, 98, 101
flux density, 113, 199, 203
fraction, 28, 29, 216, 347

Material derivative, see Substantial derivative
Maximum flame

speed, 280, 342
temperature, 42, 280

Max Plank quantum constant, 3
Maxwell-Boltzmann distribution, 57
Mean free path, 94, 106, 110, 168
Mean mass velocity, 101
Mechanical energy, 16, 17, 160, 178, 320
Mechanical equilibrium, 5, 10, 123, 125
Methane, 36, 39, 42, 93, 95, 245, 264

air flame, 93
oxidation, 39

Minimum ignition
energy, 85–86
temperature, 66, 83

Mixture fraction, 93, 216, 217, 286, 347
Molar-average velocity, 174
Molar concentration, 29
Molar concentration, 55, 64
Molar fraction, 28, 29, 47
Molar standard free energy of formation, 46
Momentum

equation, 159
flux, 97, 160, 198, 218, 223, 229, 232,

237, 238
Monatomic gas, 200
Multicomponent

diffusion coefficients, 98
thermal diffusion, 92, 164

N2O mechanism, 40
NASA Air Force Thermochemical

Tables, 35
Natural gas-air flame, 275
Navier-Stokes equations, 161, 175, 191, 256
Negative temperature coefficient, 333
Nernst’s theorem, 14–16
Newton law, 113, 139, 212
Nitric oxides, NO, NO, 36, 38, 40, 43, 47, 48,

63, 64, 66
Nitroether, 40
Nitrogen dioxide, 36, 63
Nitrous oxide formation, influence of

temperature, 345–347
NO2 mechanism, 66
NO emissions, 327, 341, 345
NO, formation, 345, 346, 347
NO formation reaction mechanism,

345–349
Nonequilibrium thermodynamics, 1–25
Non-linearity, 105, 133, 135, 139, 142, 143,

154, 180, 188, 218, 243–244,
245–249

Nonpremixed flame, 345
NO production mechanism, 347
NO reduction, 341, 345–347
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Normal flame velocity, 90, 101, 105, 106,
244, 250, 265, 266, 267, 279

Normalized velocity, 90
NOx formation mechanism, 341,

345–347
Number density, 67, 309

Octane number, 331, 334
Olefins, 39
One-dimensional planar propagating

premixed flames, 148–152, 294
One-dimensional travelling wave,

148–152
One-step (single-step) chemical reaction, 53,

54, 215, 256
Onset of retonation in stoichiometric

hydrogen-oxygen mixture, 42, 43,
50, 53, 54, 66, 68, 95

Order of chemical reaction, 66, 103, 105,
106, 135

Ordinary differential equations, 59, 101, 120,
126, 197

Orthogonal curvilinear coordinate system,
355–356

Oscillations, 132, 133, 137, 140, 142, 148
Otto engine, 319, 320–323, 326, 328, 329
Overall reaction

global, 65, 272, 332
order, 58, 59, 79

Oxidation, 39, 40, 63–65, 343, 345
high-temperature, 327
of hydrocarbons, 41, 341, 344, 345
low temperature, 102, 162, 331, 332

Ozone, 341, 345

PAH – polycyclic aromatic hydrocarbons,
341, 344

Partial pressure, 30, 31, 45, 50
Peclet number, 178
Photochemical initiation of detonation, 294
Pipe flow, 152–154
Piston, 32, 85, 96, 152, 153, 259, 285, 286,

291, 294, 320, 321, 322, 323, 324,
328, 330, 331, 334, 342

Planck constant, 3
Poiseuille flow, 170–172, 173, 174, 184, 196,

259, 274
Poisson adiabatic, 22–25, 200
Pollutant formation, 66, 341
Polycyclic aromatic hydrocarbone (PAH),

341, 344
Potential energy, 12, 32, 57, 128
Potential flow, 131–134, 137, 201

Prandtl
equation, 192, 193
number, 164, 216

Pre-exponential factor, 57, 58
Premixed flame, 89, 91, 95, 244, 250,

271–318, 344
laminar, 89, 91, 275, 277, 279, 302
turbulent, 273, 279, 342

Pressure, 1, 4, 5, 6, 9–12, 13, 14, 15, 18, 19, 21,
22, 23, 24, 31, 33, 40–42, 45, 49, 57,
66, 67–68, 70, 76, 82, 86, 89, 91, 95,
97, 99, 106, 109, 110, 113, 114, 116,
117, 119, 120, 121, 123–124, 125,
128, 129, 135, 137–139, 142, 143,
144, 145, 146, 147, 148, 149, 151,
159, 161, 162, 163, 165, 168, 169,
170, 172, 173, 175, 192, 197, 198,
201, 203, 208, 210, 211, 212, 216,
217, 218, 222, 225, 226, 246, 261,
265, 266, 272, 275, 281, 284, 285,
286, 287, 290, 291, 293, 294, 295,
296, 297, 298, 299, 300, 302, 303,
305, 307, 309, 319, 320, 322, 323,
324, 326, 327, 328, 329, 330, 331,
333, 334, 343, 344, 347

balance, 138, 139, 261
Production rate, 103
Prompt NO mechanism, 346
Propagation of detonations in rough-walled

tubes, 209
Propane, 36, 38, 42, 93, 263
Propane-air flame, 317
Proton mass, 27, 309, 310

Quasi-equilibrium, 2
Quenching distance, 268, 269, 342
Quenching distance between parallel

plates, 268
Quenching of flame, 267–269, 342

Radiation, 56, 96, 267, 275, 341,
345, 347

Radical recombination reaction, 346
Radicals, 56, 57, 59, 60, 65, 66, 67, 68, 69, 70,

73, 271, 272, 331, 332, 342
Random process, 157, 161
Rarefaction wave, 151, 209, 210, 259
Rate coefficient

pressure dependence, 56
temperature dependence of, 58

Rate limiting reaction, 346
Rayleigh, 136, 141–143, 225, 237, 245,

267, 314
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Rayleigh relation, 142, 225, 237
Rayleigh-Taylor instability, 136, 141–143,

225, 245, 267
Reacting flow, 275, 276
Reaction, 1, 18, 29, 30, 32–37, 38, 39, 40, 41, 43,

44, 45, 46, 47, 48, 49, 50, 53–59, 60,
61, 62, 63, 64, 65, 66, 67, 68, 70, 71,
73–87, 89–91, 92, 93, 94, 95, 96, 97,
98, 99, 101, 102, 103, 104, 105, 106,
164, 202, 204, 206, 215, 216, 218,
219, 220, 221, 222, 224, 231, 241,
242, 244, 265, 266, 267, 268, 271,
272, 275, 279, 280, 281–283, 284,
285, 286, 287, 289, 292, 293, 294,
295, 296, 297, 298, 299, 300, 301,
302, 303, 304, 305, 306, 307, 310,
311, 312, 313, 314, 324, 331, 332,
333, 341, 342, 343, 344, 345, 346, 347

bimolecular, 55, 56, 57, 59, 62, 65, 68,
76, 106

energy, 39, 73, 85
enthalpy, 32, 34, 35, 36, 37, 76, 97, 99,

100, 216, 218, 280, 312
global, 272
mechanism, 54, 67, 272
mechanism of H2 oxidation, 67
mechanisms of H2/O2 systems, 67
molecularity, 56
order, 58, 216, 299, 300, 306
rate, 54, 55, 56, 57, 58, 59, 61, 62, 65, 66,

67, 71, 74, 75, 76, 77, 78, 79, 80, 81,
82, 92, 98, 99, 100, 101, 102, 106,
202, 216, 220, 241, 268, 280, 281,
295, 296, 297, 298, 299, 313, 331,
332, 346, 347

trimolecular, 63, 106
Reactors, 275, 277
Real gas, 157

equation of state, 200
Recombination reaction, 47, 344, 346
Reduced, 50, 58, 59, 75, 82, 137, 169, 187,

194, 206, 217, 227, 232, 235, 242,
293, 319, 347

Reference: state, 31, 33, 34, 35, 36, 50
Reforming, xiv
Residence time, 95
Resolution, 147
Retonation wave, 293
Reverse reaction, 35, 58, 59, 65
Reversible process, 5, 11, 17, 161
Reynolds number, 172, 174, 175, 176, 178,

179, 180, 181, 184, 185, 186, 195,
196, 258, 259, 276

turbulent, 179, 180, 181, 184, 185, 186,
187, 190, 195, 276

Reynolds stress, 189
Riemann, 149
Rocket propellants, ix

Scalar, 120, 127, 133, 277
Schlieren photographs, 285
Second explosion limit, 70
Second-order reaction, 58, 105, 222, 302, 306
Self-ignition induction time, 76–79, 281, 282
Self-similarity, 106, 211, 258, 259
Self-sustained detonation, 299
Semenov’s theory of thermal explosion,

81–83, 84
Sensitivity analysis, 333
Shear flow, 195

turbulent, 195, 286, 288
Shear layer, 195, 286, 288
Shock

adiabatic, 199–201, 202, 203, 204, 205
front, 200, 201, 202, 203, 212
strength, 177, 200, 202, 281, 293
tube, 209, 210, 259, 284, 285, 286, 287,

288, 289, 290, 292, 294, 302
waves, 86, 89, 96, 153, 168, 177, 198, 199,

200, 201, 202, 203, 204, 205, 206,
209, 210, 211, 212, 281, 282, 284,
285, 288, 291, 292, 293, 294, 297

Shock Wave Amplification by Coherent
Energy Release (SWACER), 294

SI engine – spark-ignited engine, 331
Simple wave, 149, 150, 151, 152, 153
Single-step reaction, 56
Solid fuels combustion, 341
Sonic velocity, 205, 209, 311, 316
Soot, 40, 341–345, 344, 345

formation, 343–345
Sound

velocity, 41, 91, 144, 146, 149, 151, 168,
200, 205, 206, 297, 299

wave, 121, 133, 143–147, 148, 149,
154, 281

Spark
-ignited engine, 271, 319, 320–323, 330, 331
ignition, 85–86, 271, 319, 320–323, 330
plug, 330, 342

Specific enthalpy, 13, 22, 32, 76, 97, 99, 115,
199, 203, 216

Specific heat, 6, 13, 15, 22, 23, 24, 31, 41,
46, 76, 81, 92, 95, 97, 99, 105, 120,
163, 199, 210, 216, 324, 326, 328,
330, 333
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Specific heat at constant pressure, 13, 46, 95,
120, 163

Specific heat at constant volume, 6, 11, 13,
31, 76, 81

Specific internal energy, 22, 120
Speed

of light, 350
of sound, 97, 163

Spherical coordinates, 352, 356
Spherical flame, 254, 255, 258, 272, 311
Spherical flame propagation, 311
Spherically expanding flame propagation,

254–258
Spontaneous ignition, 85, 331
Spontaneous reaction, 96, 265, 281–283
Stabilization, 231–236, 238, 239, 241,

243–244
Stagnation point, 126, 128, 261

flow-field, 126, 128, 261
Standard

enthalpy of formation, 34
heat of formation, 34
state, 33, 34, 35, 41, 46, 65

entropy, 46
free energy of formation, 46

Stationary concentrations method, 59, 61, 63
Stationary flame, 92, 215, 216, 219, 220, 223,

232, 235, 244–249, 250–254, 255,
256, 258, 259

Stationary solution, 172
Steady flow, 32, 122, 126, 127, 131, 134, 169,

170, 175, 178, 179, 180, 181–184,
185, 278

Steam reforming, xiv
Stefan-Boltzmann constant, 350
Stirred reactor, 275, 276, 277
Stoichiometric coefficient, 29, 50, 53, 54,

56, 71
Stoichiometric equation, 54, 97
Stoichiometric mixture, 41, 42, 43, 66, 267, 268
Stoichiometry, 29, 35, 43, 47, 49, 332
Streamlines, 126, 127, 128, 131, 132, 133,

134, 154, 224, 261
Stream-tube, 127
Stress tensor, 158, 159, 189, 216, 355, 356
Substantial derivative, 110, 114, 169
Supernova

explosion, 96, 312
Type Ia, 311, 312

Surface reaction, 342

Taylor length scale, 314
Taylor series (expansion), 80

Temperature, 1, 5, 6, 7–9, 10, 12, 14, 16, 17,
18, 19, 21, 22, 24, 30, 32, 33, 34,
40–43, 44, 45, 46–50, 57, 58, 59, 62,
65, 66, 67, 68, 70, 73, 74, 76, 77, 78,
79, 80, 81, 82, 83, 84, 85, 86,
89–107, 110, 120, 121, 124, 125,
142, 146, 159, 162, 163, 164, 165,
168, 202, 203, 206, 208, 209, 216,
217, 219, 220, 221, 232, 233, 234,
240, 242, 243, 265, 266, 267, 268,
269, 271, 272, 275, 280, 281, 282,
284, 292, 293, 294, 295, 296, 297,
298, 299, 300, 304, 305, 307, 308,
309, 310, 312, 315, 324, 325, 327,
328, 329, 330, 331, 333, 334, 342,
343, 344, 345, 346, 347

fluctuations, 1, 334
Tensor, 158, 159, 160, 189, 215, 355, 356
Theory of Semenov, 81–83, 84
Theory of Zel’dovich, Frank-Kamenetsky,

90, 101–105, 220
Thermal conductivity, 83, 89, 90, 95, 97, 99,

100, 101, 102, 103, 162, 163, 168,
178, 201, 210, 241, 276

Thermal diffusion, 92, 164
coefficient, 164
instability, 92

Thermal diffusivity, 92, 93, 95, 98, 241, 247
Thermal expansion coefficient, 15
Thermal explosion (thermal ignition), 66
Thermal flame propagation, 91
Thermal NO mechanism, 66, 345
Thermal self-ignition, 76–79
Thermodynamic data, 54
Thermodynamic equilibrium, 7, 95, 110,

125, 324
Thermodynamic functions, 2, 110, 120
Thermodynamic potentials, 12, 13, 14, 19,

20, 22, 23
Thermodynamic variables, 14, 219
Thickness of a flame, 89, 91–97, 221, 222,

223, 231, 232, 234, 235, 236, 237,
238, 244, 247, 250, 258, 265, 266,
276, 277, 281, 286, 304, 305, 342

Third explosion limit, 71
Third law of thermodynamics, 14–16
Third-order reaction, 216, 222, 266, 299
Thomson circulation theorem, 230
Three-body reaction, 55, 56
Time-dependent problem, 196
Time scales of chemical reactions, 281
Transition from a deflagration to detonation

(DDT), 284, 285, 286, 288, 293–301
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Transport
coefficients, 240
processes, 90, 92, 161, 215, 223

Traveling plane wave, see One-dimensional
travelling wave

Travelling wave, 146, 267
Trimolecular reaction, 63

rate, 63, 106
Trinitrotoluene, 40
Turbulence

dissipation rate, 185
intensity, 276, 280
kinetic energy, 184–187
model, 279, 280, 284, 302, 330
Reynolds stresses, 189, 190

Turbulent boundary layer, 190–196, 286,
288, 289

Turbulent eddy viscosity, 189, 190
Turbulent energy spectrum, 185,

187, 311
Turbulent flames, 273, 279–280, 288, 342
Turbulent flow, 131, 184, 185, 186, 187, 188,

189, 275, 279, 280, 342
Turbulent kinetic energy, 184
Turbulent length scale, 189, 190, 196
Turbulent reacting flow, 275
Turbulent scale external, see Fundamental
Turbulent transport, 215, 277
Two stage ignition, 330
Two-step reaction, 59

Unit normal vector, 223, 277
Universal gas constant, 6, 30, 57, 146
Universe, 311

Velocity
circulation, 129–131, 130, 133
measurements, 90, 280
potential, 133, 137, 140, 144, 145,

147, 260
of sound, 97, 144, 146, 150, 151, 205, 210

in ideal gas, 146, 210
Viscosity

coefficient, 158, 159, 160, 177, 189
dynamic, 159
kinematic, 159, 163, 169, 175, 178, 185,

276, 342
Viscous dissipation, 157–161, 185, 187
Viscous fluid, 157–161, 162, 168–174, 179
Volume viscosity, 216
Von Karman coefficient, 190
von Neumann, 202, 203
Vortex, 229, 230, 256, 257, 288
Vortex generation, 256, 257, 288
Vorticity, 126, 131, 133, 138, 228, 230,

251, 260

Wave equation, 145
White dwarfs, see Supernova explosion
Wrinkled flame front, 256, 257

Zel’dovich, Frank-Kamenetsky theory,
101–105, 220, 222, 232, 235

Zel’dovichmechanism for NO formation, 346
Zel’dovich NO thermal mechanism, 66, 346
Zel’dovich-von Neumann-Döring (ZND)

model, 202, 203
ZND detonation wave structure, 284, 285
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