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Abstract: Least-squares collocation (LSC) is a crucial math-
ematical tool for solving many geodetic problems. It has
the capability to adjust, filter, and predict unknown quan-
tities that affect many geodetic applications. Hence, this
study aims to enhance the predictability property of LSC
through applying soft computing techniques in the stage
of describing the covariance function. Soft computing
techniques include the support vector machine (SVM),
least-squares-support vector machine (LS-SVM), and ar-
tificial neural network (ANN). A real geodetic case study
is used to predict a national geoid from the EGM2008
global geoid model in Egypt. A comparison study be-
tween parametric and soft computing techniques was per-
formed to assess the LSC predictability accuracy. We found
that the predictability accuracy increased when using soft
computing techniques in the range of 10.2 %277 % and
8.2%-29.8% based on the mean square error and the
mean error terms, respectively, compared with the para-
metric models. The LS-SVM achieved the highest accu-
racy among the soft computing techniques. In addition,
we found that the integration between the LS-SVM with
LSC exhibits an accuracy of 20 % and 25 % higher than us-
ing LS-SVM independently as a predicting tool, based on
the mean square error and mean error terms, respectively.
Consequently, the LS-SVM integrated with LSC is recom-
mended for enhanced predictability in geodetic applica-
tions.

Keywords: Least-Squares Collocation, Least-Squares Sup-
port Vector Machine, Multilayer Feed Forward Network,
Radial Basis Neural Network

1 Introduction

Least-squares collocation (LSC) is the most general form
of the adjustment process. It includes least-squares adjust-
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ment, filtering, and prediction steps within a combined
algorithm [16]. It is one of the several methods for solv-
ing the problem of spatial signal interpolation and pre-
diction from discrete noisy measurements [42]. The pri-
mary concept of LSC is the principle of unbiased minimum
error variance prediction when the underlying function
is considered as a second-order stochastic process with
a known, or estimated, covariance function [15]. The his-
tory of LSC is based on ideas developed by H. Moritz from
1970 to 1973 for optimal gravity field interpolation, pre-
diction, filtering, and parameter estimation. The method
was further developed by Krarup for solving partial dif-
ferential equations, e. g., the Laplace equation, using het-
erogeneous data both at the boundary and in space. Sub-
sequently, most geodetic measurements, parameters, and
signals were managed with LSC, simultaneously. The the-
oretical background can be found in the literature [40, 47,
48]. LSC has widely been used to treat many geodetic and
geophysics applications: geoid determination, prediction
of vertical deflections, gravity anomaly prediction, compu-
tation of spherical harmonic coefficients, prediction and
modeling of atmospheric fields, denoising and optimal
separation of geodetic and geophysical signals, establish-
ing error correction for network-based mobile positioning,
spatial-temporal prediction of crustal deformation, pre-
diction of land uplift phenomena, coordinate transforma-
tion, height datum transformation, and photogrammetry
[6, 11, 12, 16, 20, 27, 42, 43, 46, 66, 67, 70, 72, 74]. LSC has
many advantages; it is robust, flexible to combine with
heterogeneous data, and easy to use [6, 20, 67]. In ad-
dition, it is considered as an optimal method of interpo-
lation based on the empirical covariance function, espe-
cially with inhomogeneous and spare data [43]. Moreover,
it can adjust, interpolate, and predict parameters, signals,
and noise in a unified model [47]. Nevertheless, LSC has
its own disadvantages: (i) the distortion of predicted sig-
nals from its real values, due to the inconsistency between
the signals and the observation uncertainties, (ii) it is only
suitable for smooth and stable stochastic fields, (iii) the in-
ability to reproduce the spatial variability adopted by the
covariance function owing to the smoothing effect, and
(iv) it is time consuming because of the number of equa-
tions that need to be solved [20, 42, 72]. Owing to previous
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deficiencies, many efforts have been expended to elabo-
rate LSC. For instance: estimating covariance parameters
using the restricted maximum likelihood approach; en-
hancing LSC estimation ability by eliminating its inher-
ent smoothing effect; preserving most of its local predic-
tion accuracy especially at high levels of signal-noise ra-
tio; using an adaptive factor to relate the variance com-
ponents of the signals and observation noise to secure
the balance state through the prediction process; apply-
ing nonstationary covariance function to model the em-
pirical values especially when the spatial relationship of
the measured quantities changes significantly owing to
the change in topography; and using an iterative proce-
dure without a pre-assumed trend function to adapt LSC
with pre-assumption parameters describing the variance
in signals, measurements, and trend function [11, 12, 17,
38, 42, 72]. The correct choice of covariance function is crit-
ical for geoid height transformation, and covariance analy-
sisis indispensable before geoid computation. Further, the
success of LSC calculations depends primarily on the pre-
chosen covariance function [67] because a correct covari-
ance function leads to optimal predicted results. Although
the covariance function is not well defined, it can yield
acceptable results that are reasonable, and does deviate
significantly from the reality [70]. However, it is known
that the covariance function should describe the depen-
dence structure sufficiently, and this is difficult as it prob-
ably would not have a simple analytical form. By fitting a
suitable expression to the empirical covariance data, sim-
plicity and optimality can be achieved [47]. We agree with
the statement, “the primary problem is to presume a be-
havior of the covariance function that in turn is based on
some ideal conditions producing nice properties of math-
ematical convergence [42].” Therefore, we attempt not to
depend on the parametric expressions to describe the co-
variance function; instead, we attempt to use soft com-
puting techniques such as support vector machine (SVM),
least-squares-support vector machine (LS-SVM), and arti-
ficial neural network (ANN) to describe the previous de-
pendence structure between measurements and signals
to increase the accuracy of LSC’s predictability. It is dif-
ficult to separate between the SVM and LS-SVM, because
the LS-SVM is derived from the SVM; both are soft com-
puting techniques. The SVM was introduced by Vapnik
within the area of statistical learning theory [61, 62, 68].
It is an extension of the support vector classifier [36]. The
primary concept for both methods is to handle the nonlin-
ear regression-fitting problem by transferring the observa-
tions from their primal space to the feature higher space.
This is achieved by using a nonlinear mapping function
to guarantee the linear regression relationship between
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the inputs and outputs. In a real situation, to obtain a
predetermined nonlinear mapping function is difficult. In-
stead, the effect of this function can be obtained implicitly
through applying Mercer’s theorem, where the principle
of positive definite kernel is applied. Subsequently, they
can be trained with a learning algorithm from optimiza-
tion theories to yield an optimum solution [63, 71]. More
details about the difference between the two methods will
be shown later. The final technique used was the ANN, and
it can be used as a universal approximator function. This
function (with a suitable number of neurons and hidden
layers) can approximate any integrable function from one
finite-dimensional space to another [34]. The ANN in this
study is used as a fitting tool to fit the empirical values to
establish the covariance function, as will be shown later.
Two types of ANNs are implemented: the multilayer feed
forward neural network (MFFNN), and the radial basis
neural network (RBNN). Soft computing techniques have
similar advantages; they can mitigate the problems with
few observations, nonlinearity, high dimensions, and lo-
cal minimum [71]. In addition to the previous advantages,
the LS-SVM has fewer parameters and a faster training
process [64]. They are kernel-based estimation techniques
and have shown to be powerful nonlinear regression meth-
ods [22]. Further, they do not require strict rules in choos-
ing the regularization parameters or the kernel functions.
The unsuitable choice of previous parameters can lead to
the over-fitting problem; using high-dimensional kernels
results in reduced training speed and is time consuming. It
is difficult to understand the learned functions, or in other
words, the estimated weights. They exhibit unexpected be-
haviors. Further, they depend on trial and error to yield the
optimum structural design. Some techniques suffer from
the local minima issue such as the ANN [9, 32, 33, 34, 61, 62,
68]. Recently, soft computing techniques have been used
successfully in some geodetic applications such as datum
transformation, GIS applications, building geoid surface
models, and in the transformation between global and na-
tional geoid models [1, 8, 18, 19, 21, 29, 30, 31, 35, 41, 45,
49, 52, 59, 60, 64, 65, 69, 71, 75, 76, 77]. In this study, we
compare the soft computing techniques used to build the
covariance functions with other well-known classical co-
variance functions such as the Hirvonen, Gaussian, and
second and third Markov functions applied to the transfor-
mation process of geoid heights. The transformation pro-
cess is used to transform the geoid heights generated by
the global geopotential model to the national geometrical
geoid, and the reverse is also true. We have chosen this
application because it represents a crucial geodetic prob-
lem to developing countries such as Egypt. It is known that
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the transformation process is a fast and cheap facility com-
pared to establishing new leveling networks, particularly
in new development areas. This study is divided into seven
parts: (i) description of the steps to build the LSC model,
(ii) explanation of the methods used to build the analyti-
cal covariance function (ACF), (iii) summary of the avail-
able data used in a real case study, (iv) narration of the re-
search methodology, (v) analysis of the study results, (vi)
comparison of the results obtained using the LS-SVM as a
direct predicting tool against the integration with the LSC
solution, and (vii) presentation of the conclusions and rec-
ommendations.

2 Steps required to build the LSC
model

In this section, the steps used to build the LSC model
will be described. The LSC algorithm can be subdivided
into five steps. The first step is to prepare the raw data.
In this step, it is noteworthy that the preconditions of
this study are restricted to the two-dimensional zero-mean
stationary-isotropic model [39]. To guarantee the station-
ary characteristic, the measured data at common points
should be reduced to a trend surface; this can be per-
formed by subtracting the trend surface value from the
measured data, and subsequently use the reduced mea-
surements [56]. Further, to gain the zero mean in the re-
duced measured data at common points, the mean value of
the reduced measurements is subtracted from every indi-
vidual reduced measured data to obtain the signals at com-
mon points [11]. In the second step, the spatial dependence
structure between signals at common points should be cal-
culated according to their spatial distribution. For gridded
measurements, the covariances Cy, C,, in both directions:
north—south and east-west, can be calculated according
to Eq. (1). The system of equations above represents a grid
composed of squares of width a, and the region is assumed
to be a rectangular of sides Ma and Na, M and N being in-
tegers. The value of signals P at the grid points form a rect-
angular matrix P;j, wherei = 1,2,..,M,andj = 1,2,..,N.
Term C, represents the covariance of the weighted mean
that forms the desired estimates [47].

1 N M
Cy (ka) = m z< z Pik,jPi,i>

j=1 \i=k+1
Cy (ka) = ——— ( Py Pi,')
(N_k)Mj=l j=k+1 e
(M - k)NC, (ka) + M (N - k) C,(ka)
M-k)N+(N-kyM

Y
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For the scattered measurements, the covariances can be
calculated as in Eq. (2),

1
Cr:]vrzpipj (2)

where C, is the covariance between points i and j at a
Euclidian distance less than or equal to the interval dis-
tance r, N, is the total number of pair points, and (P;P;)
is the product of the signals at common point locations i
and j. Both Egs. (1) and (2) represent the empirical equa-
tion values at a specified interval distance r [48, 58]. At
this stage, the empirical data can be represented by a his-
togram showing the probability density of the correlated
reduced measured data within the predetermined interval
distance r. Next, in the third step, the empirical values will
be fitted to a chosen ACF, which can be determined from
its parameters. These parameters are the correlation dis-
tance (D), and the variance of the noise (C,). The param-
eters can be estimated by least-squares curve fitting. It is
used to estimate the optimum curve to describe the rela-
tionship between the covariance, and the distance at ev-
ery pair of common points. From the adjustment process,
the optimum parameters can be calculated. Those fitted
curves may be constant, sinusoidal, Gaussian, exponen-
tial, exponential cosine, as well as exponential sine and
cosine, or any other form suitable to represent the empir-
ical data [46]. In the fourth step, from the fitted curve or
the covariance function, the variance—covariance matrix
(VCM) can be generated for both signals at the common
and computational points. The computational points are
the points at which the predicted signals required are to be
estimated. The variance-covariance matrix contains both
the autovariance and cross-covariance matrices. The auto-
covariance matrix has the diagonal elements of variances
for the signals of the common points, whereas the cross-
covariance matrix has the covariances between the signals
of the common and computational points. The form of the
VCM can be expressed as in Eq. (3).

C C
|: ‘;‘1 qp :| ( 3)
Co CuL

Here, C,, is the auto-covariance matrix at computational
points, Cgy, is the cross-covariance matrix between both
common and computational points, and C;; is the auto-
covariance matrix of the measurements. Term C;; can be
calculated as in Eq. (4).

CLL = Cpp + Cnn (4)

Here, C,, is the autocovariance matrix for the common
points’ signals; C,,, is the autocovariance matrix for the
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measurement noise. It is noteworthy that the noise is as-
sumed to be uncorrelated, and therefore would be con-
sidered as a single value added to the signal variances of
the common points [46]. Additionally, if no noise is as-
sumed in the measurements (or it is small enough to be
neglected), subsequently, C;; can be reduced to the au-
tocovariance matrix C,, for the signals of the common
points only [10]. At the final step, the objective is to ob-
tain the unknown parameters where the trend surface can
be adjusted, filter the measurements, and estimate the
predicted quantity at the computational points. Conse-
quently, the system of equations that relates the measure-
ments, unknown parameters, signals, and noise, should
be rearranged in the general form of LSC as in Eq. (5),

L=Ax+Bs+n (5)

where L is the measurement vector, and n is the ran-
domly distributed uncorrelated residual vector related to
the measurements. Because systematic errors do not ex-
ist, it can be called noise. Further, s is a vector of all signal
quantities to be estimated, and because of systematic er-

p
rors, it can be called a signal. It can be represented as [ Q] s

where P, Q represent the signals at both the common and
computational points, respectively. B consists of the [I 0]
matrix that contains the identity and zero matrices, respec-
tively. Ax is the trend or deterministic part, where A is the
design matrix, and x is the vector of the unknown parame-
ters [16, 74]. In the solution of the previous system, if only
the prediction of the signals at the computational points is
intended, Eq. (6) can be used [59]:

Q=Cyp(Cyp)'P (6)

The previous equation is a special case where we as-
sumed the trend surface is known. Therefore, we will not
adjust the parameters associated with the trend surface;
otherwise, Eq. (6) can be modified to Eq. (7).

Q=Cp(Cpp) " (L-A%) @)

The modified part of the equation (L — AX) represents
the residuals adjusted by the estimated parameters x. In
this case, the unknown parameters can be estimated ac-
cording to Eq. (8) [44]:

X = (ATCI;;A)*ATCI;;L (8)

The accuracy for every element in the LSC adjustment
process can be found in detail in the literature [10, 46].
From the previous steps, we noticed that the interval dis-
tance r affects the behavior of the covariance function that
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represents the core of the LSC technique. This distance is
critical in forming the characteristics of the behavior, but
it has neither strict rules to follow nor appears as a param-
eter in the ACF expression. Nevertheless, the parameters
that describe the behavior of the covariance function are
based on this interval distance [16]. This distance is always
chosen by experience or arbitrarily, as presented in many
studies [6, 11, 12, 37, 48, 58, 70, 72, 74]. In addition, some
prior criteria could be considered when selecting this dis-
tance. It should be neither too short to avoid spikes at the
data points (the improvement can cover the region) nor too
long to avoid discontinuity in the combined solution [26].
The second issue is the presumed spatial correlation be-
tween the measurement signals, as depicted in Egs. (1) and
(2). This relation is based only on the linear kernel, when
many different kernels can be used to describe this spatial
relation, as will be shown in the next sections herein. This
study aims to investigate the impact of both previous fac-
tors on the accuracy of the LSC predictability.

3 Methods used to build the ACF

In this section, we will apply two distinct groups to
build the ACFs; parametric and soft computing techniques
groups. The first group (parametric) represents the most
well-known classical ACFs. Those functions are used pre-
viously in the geodesy to determine the geoid heights. The
models depend primarily on the Euclidian distance be-
tween the common and computational points. The name
and formulas describing the models are illustrated in Ta-
ble 1 [11, 39, 44, 47]. The variations in the models can be
attributed to the local data structure and the effect of the
global features (trend surface) [58]. Term C, represents the
variance value at the zero correlation distance, D is the op-
timum correlation distance, and d is any distance at which
the covariance value C (d) is required.

The second group (soft computing techniques) con-
tains two categories: the SVM and the LS-SVM. The second

Table 1: Different parametric models of analytical covariance func-
tions.

Formula

C(d) = Co/1 + (d/D)>?

C(d) = C,e @’ 1P

C(d) = C,e®?’

C(d) = C,(1 + d/D)e”D)

C(d) = C,(1 +d/D + d?/3D?)e~@/P)

Name

Cauchy (Hirvonen)
Gaussian1l

Gaussian 2
Second Markov
Third Markov
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category includes the ANN. This category is divided to the
MFFNN and the RBNN. To understand the operating mech-
anism of these categories, it is first crucial to understand
their mathematical derivations.

3.1 Mathematical structure of SVM and
LS-SVM

The primary differences between the two methods are as
follows: in the first method, the constraints are the in-
equality that contains the insensitive loss function, and
the model solves a quadratic programming problem in
dual space to obtain a sparse solution. In the second
method, the constraints turn into equations with a least-
squares quadratic loss function, and the model is solved
as a linear system in dual space under a least-squares
cost function [64, 73]. The derivation of the mathemati-
cal formulation for the LS-SVM is the same as that of the
SVM with slight differences. Both include the same general
steps. First, the formulation of the problem is performed
in the primal weight space as a constrained optimization
problem. Next, the Lagrange formulation is used. Subse-
quently, the optimality conditions can be constructed. Fi-
nally, the problem is solved in the dual space of Lagrange
multipliers; the solution of the Lagrange multipliers is
called the support vectors [63]. When a nonlinear decision
boundary is required, the word “machine” is added to the
term “support vector,” as the solution is generated auto-
matically [36]. The observations or measurement data can
be represented as {x;, yi}f\i 1; the dataset contains the input
vector x; and observation value y;, and the total number
of input vectors x; is equal to the total number of observa-
tions N. The input vector x; € R" implies that every input
vector has the number of components n; in other words,
it has a primal space equal to n. The individual output
¥; € R, or it has a one-dimensional space. The relation-
ship will be enforced to be linear regression, as in Eq. (9).

—wap(xi)—bse+$,-
-Y; +wT<p (x)+b<e+¢ 9
& & >0

Here, ¢ (x;) is the unknown nonlinear mapping function;
the role of this function, as mentioned previously, is to
transfer the input vector x; from its primal space n to an-
other higher space ny, or feature space to facilitate the lin-
earity (o(x;) : R"'>R™). Further, w' represents a trans-
pose weight vector associated with the input vector (x;),
and b represents the bias of the linear model, where
(b € R). Term € is the Vapnik-insensitive loss function at
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which accuracy is required for the approximation. (&;, &)
represent the slack variables. When using the LS-SVM,
Eq. (9) can be reduced to Eq. (10), where the equality con-
straints hold.

y; = wT(p (x;)+b+e; (10)

Here, e; represents the residual error. The previous equa-
tion represents one constraint, and the system of con-
straints can be built based on all measurements. The issue
now is the optimization problem based on the optimality
condition as in Eq. (11) for the SVM, and as in Eq. (12) for
the LS-SVM.

N
. " 1 1 N
min(w, b, &, &) = EwTw+ ECZ(fi +&) (11)
i=1
Here, c is a constant > 0 and determines the amount up to
which deviations from the desired insensitivity € accuracy
is tolerated.
1 7
min (w, b, e) = —w w+ yZe (12
i=1

Term y is a regularization parameter, which will be calcu-
lated later. To achieve optimality, the previous optimiza-
tion equations should be solved in the dual space of La-
grange multipliers, as depicted in Egs. (13) and (14), for
both the SVM and LS-SVM, respectively.

Lw,b,a,a*,n,n")

“wlw + c Z({,, +&")

N | =

=

I
—_

ai(e+¢'i—yi+wT(p(xl-)+b)

.[\'42

1|
—_

N
(Xlfk (€+fi* +yi—WT(P(Xi)_ ) Z rll{l+rll 'fl
i=1
(13)
L(w,b,e,aq)

:%WTW+ yze _Za(w o) +b+e -y (14)
i=1 i=1

Here, (a;, a7, n;,1;) € R represent the Lagrange multipli-
ers > 0. To solve the previous equations, partial differenti-
ations of the unknowns (w, b,a, a*,1, 1", e) are performed
and equated with zero. For the SVM, the most popular
method used to solve the system is the sequential minimal
optimization. This algorithm depends on the decomposi-
tion method, whose details can be found in the literature
[24, 25, 53]. In the LS-SVM, after equating the derivatives to
zero, Eq. (15) is produced.
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N N
w=Yae(); Y =0 &=ye;
i1 i1

wT<p (x)+b+e-y;=0 (15)

By eliminating both (w, e) and solving for (b, @), the
following solution is obtained:
o)1)
al Ly

where 1, = [1,...,1] is a vector of dimension (N,1), the
output y is a vector of measurements [Y1>...,yN]T. a =
[,...,ay]", and Q is a matrix representing the effect of
the nonlinear mapping function by applying Mercer’s the-
orem for kernel, as it is calculated implicitly instead of ob-
taining the mapping function explicitly, as in Eq. (17).

14

[0 1!
1, Q+1IJy

(16)

Qi =K (%) = 9 0)" 9 (x)) (17)

Here, K (x;, x;) represents the positive definite kernel func-
tion; this function can assume many forms. Finally, after
estimating the unknowns in both systems of the SVM and
LS-SVM, any point in the primal space can be calculated
from both models, as in Eq. (18) [14, 22, 36, 63, 73]. In our
case, the covariance value C (d) at distance d will be esti-

mated.

N
C(d) = Y &K (x;,%;) + b

i=1

(18)

As mentioned previously, different kernel functions
will be used. These kernel functions are used to describe
the spatial correlation relationship. In this study, three
types of kernel functions are used in the nonlinear map-
ping process: the linear, polynomial, and radial base func-
tions. Their mathematical expressions are displayed in Ta-
ble 2 [14, 63]. The cross-validation method is used to deter-
mine both the hyperparameter selection regularization (y)
and the variance Gaussian kernel (o) [63].

3.2 Mathematical structure of ANN

The mathematical formulation of the MFFNN can be di-
vided into three steps. The first step is to relate the ini-

Table 2: Different models of kernel functions.

Kernel Function Type Formula

Linear K (x> x;) =x,-Tx,-
Polynomial of degree (d) K (x;,x;) = (t +X,Tx,~)d, t>0
B Ixi=x;
Radial base function (RBF) K (x;,x;) =e 20°
where o2 the variance of Gaussian kernel
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tial output Sf( with the input signal’s vector x; within the
hidden layer, as depicted in Eq. (19). Here, Wf represents
the connection weight vector from the previous layer of
neurons, b, is the bias weight vector that corresponds to
an additional independent input, n is the number of in-
put signal sources to a definite destination neuron, [ is the
number of hidden layers, and k is the number of destina-
tion neuron ANNSs. Further, the input vector x; represents
the distance values based on the predefined interval dis-
tancer.

n
Si = ZXiwf + bf)

i=1

(19)

In the second step, the initial output S,l( will be
changed to the output af( through a pre-chosen transfer
function f (Sf() according to Eqg.(20), where a hyperbolic
tangent sigmoid transfer function is used.

Sk _

_d
e esk

1 1
&Sk + ek

d =1 (s}) - (20

In the final step, the empirical values’ vector C(d),
which contains the covariances as depicted in Egs. (1)
or (2), will be related to the transferred data aﬁ{ through
Eq.(21)

n
Cd) = Zaiwf + bé

i=1

(1)

The objective of the ANN is to estimate the value of all
unknowns (wf , bg). Hence, the ANN will minimize the error
between the estimated empirical values and the input em-
pirical values by applying the training process. The train-
ing process depends primarily on updating the initial val-
ues of the unknowns by propagating the effect of the error
back to the unknowns [32]. The error minimization process
uses the Levenberg—Marquardt algorithm, which adap-
tively varies the unknown parameters (weights and biases)
between the gradient descent update and the Gauss—New-
ton update until the algorithm reaches a stable state. For
the second technique (RBNN), only Eq. (19) is changed to
Eqg. (22), and the transfer function used is the Gaussian in-
stead of the hyperbolic tangent sigmoid function. More de-
tails about the ANN design procedures can be found in the
literature [7].

n
Si = |wi - xi|| bl (22)
i1

In the design stage of the ANN, the number of neurons was
determined through the growing method [33]. The avail-
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able data were divided into three groups: training, valida-
tion, and testing. From the previous groups, the number of
iterations, hidden layers, and neurons can be determined
according to the statistical indicators, as will be shown
later in the research methodology section. In this study,
both ANN techniques contain an input layer, two hidden
layers, and an output layer. The MFFNN has a design of (1-1-
111) neurons at an interval distance of 40 km. This design is
the optimum one at which four unknowns are estimated.
The RBNN has a design of (1-19-1-1) neurons at an interval
distance of 60 km with 40 unknowns. More details about
the design steps and mathematical structure of the ANN
can be found in the literature [18].

Finally, it is noteworthy that the parametric group can
be considered as a kernel technique because it depends
primarily on Eq. (2) to represent the spatial correlation re-
lationship. This equation can be considered as a linear ker-
nel equation, because it is a kernel from a kernel [63]. Ac-
cording to Eq. (23), acan replaced by ]%r from Eq. (2), and
Eqg. (23) in this case will be equivalent to Eq. (2).

H.T. Elshambaky, Enhancing LSC predictability =—— 7

4 The available data

The study area ranged from latitude 22°N to 32°N, and
from longitude 25°E to 37°E. The total available points are
278 GPS/leveling measurements. These points belong to
different sources such as the Egyptian Surveying Author-
ity (ESA), and the Survey Research Institute. Spirit level-
ing was used to obtain the orthometric heights. The ob-
servations were performed as closed loops that run be-
tween known high-precision benchmarks established by
the ESA. The high-precision benchmarks are based on the
national vertical datum of Egypt. The origin of the Egyp-
tian vertical datum is based on the mean see level at the
Alexandria tide gauge of 1906. The accuracy of these mea-
surements is unavailable because the ESA did not publish
the information. The GPS measurements were performed
relative to the ESA national geodetic reference framework
of Egypt. The accuracy of the ellipsoidal heights was in the
range of 3 to 6 mm. The primary comment related to the
spatial distribution of those points is the uneven distribu-
tion through the total study area. The points are concen-
trated primarily at the north coast and Nile valley, where
most activities occur, as shown in Fig.1. More informa-

T
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Figure 1: Distribution of common and check points [18].
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tion about the available points can be found in the liter-
ature [18, 54]. The available raw data will be filtered and
divided into two groups: common or (training) points, and
the check or (computational) points, as will be shown later
in the analysis process.

5 Research methodology

In this section, we will describe the steps that we used to
enhance the predictability of LSC. The summarized steps
are shown in Fig. 2, and every step is illustrated in the fol-
lowing section.

5.1 Outlier detection

This step contains the following procedures: First, the
geoid undulations relative to every point were calculated
according to Eq. (24).

N:=h-H (24)
where N is the measured national geoid undulation, h
is the ellipsoidal height, and H represents the orthome-
tric height. The resulted N’ will be compared with the
geoid N¢ extracted from the global geopotential model
EGM2008 at the same location of common points, using
the GUT 2.2 software based on the mean-tide condition
[23]. The EGM2008 model is chosen as the most appro-
priate trend surface for Egypt. This choice is based on
many studies that assessed different global geoid mod-
els with various sources of data. Most studies showed
that the EGM2008 geoid model is the most suitable one
[4, 5,13, 18]. The residuals AN between the global and na-
tional geoid are calculated according to Eq. (25). The av-
erage and standard deviation (x,0) are calculated for the
residuals’ vector AN. Subsequently, routine 30 tests were
applied to remove any outliers [28]. Fifteen points were
eliminated from the 278 available.

AN = N% - Nt (25)

Table 3: Effect of outlier detection process on the available data.

x o
Before outlier removal (m) 0.313 0.431
After outlier removal (m) 0.282 0.358
Improvement (%) 9.904 16.937

DE GRUYTER

The remaining 263 points were subdivided into 181
common points and 82 checkpoints. The improvement in
AN owing to the outlier extraction is depicted in Table 3
[18].

5.2 Calculation of empirical covariance
function

Owing to the no gridded data, Eq. (2) will be used instead
of Eq. (1) to generate the empirical values through differ-
ent interval distances r. In this part, the interval distance
was chosen as 1, 10, 20, ..., until 1000 km. A representation
of the empirical values as an example at different distances
r is depicted in (Fig. 3). It is clear from the previous fig-
ure that the behavior of the empirical values changed ac-
cording to the interval distance r. The number of spikes
is inversely proportional to the interval distance r. Many
details can be missed or cancelled with too long an inter-
val distance, and the distance of zero covariance value is
changed relative to the interval distance (r). All these pre-
vious characteristics were neither parameterized nor eval-
uated. No rules are available to guide us in choosing a suit-
able interval distance that affect the LSC predictability. For
the next step, all empirical functions based on various in-
terval distances will be used to generate different covari-
ance functions.

5.3 Generation of ACF and covariance matrix

From the previous step, the covariance functions can be
built using the models belonging to the two groups, as
mentioned in Section 3. The pre-assumptions used to the
build covariance functions are noteworthy. We assumed
that the C, parameter is separated from the covariance ma-
trix, and it is estimated from the empirical function at a
correlation distance of zero. It has a value of 0.0697 m?.
Moreover, we consider no noise in the observations, as
the ESA has not published the records of accuracy. Ac-
cording to the previous reasons, the measurement’s auto-
covariance matrix C;; is equal to the common point sig-
nal’s autocovariance matrix Cy,,, as in Eq. (4). The only es-
timated parameter is the optimum correlation distance (D)
[50, 51, 55, 74]. Finally, the VCM associated with every fit-
ting model can be constructed using Eqgs. (3) and (4).

5.4 Validation of fitting models

We attempt to draw the whole picture of the various effects
resulted from applying different fitting models on the LSC
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Input Raw Data

{

Extract outliers, subsequently divide the raw data to common and check

1

1- Reduce the filtered data to the trend surface
2- Remove bias to obtain white noise

L !
Calculation of empirical covariance functions with different interval distances (r)

!

{

Construct variance-covariance matrix and apply LSC prediction model

1

Pass the accepted model to the next comparison stage
{

Compare the accepted fitting model when it is used to construct covariance
function stage against using it as a direct fitting tool without LSC

¢

Conclusion and recommendation

Figure 2: Research methodology flowchart.
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Figure 3: (a, b, ¢, and d) Empirical values at (1, 50, 100, and 250 km) interval distance r.

predictability. Here, the validation process will depend on
a group of statistical indicators (key performance indica-
tors (KPIs)). In this study, six statistical indicators will be
adopted. Equation (6) will be used to predict the signals
on both the common and computational points. The val-
idation process will operate for the computational points
only; in other words, for the external quality check. As de-
picted from Eq. (6), if the common points P are to be cal-
culated, Eq. (6) will be changed to Eq. (26). Therefore, all
fitting covariance functions will have no effect on the in-
ternal quality of LSC.
P = Cpp(Cpp)'P (26)
The estimated national geoid at the computational
points can be calculated from Eq. (27), after restoring the

trend and bias values

NL=N6*+s5+Q 27)

Here, N' is the estimated national geoid, N 0% is the global
geoid calculated from the trend surface at the computa-
tional points, s is the bias value equaling 0.282m as listed
in Table 3, and Q is the estimated noise vector at the com-
putational points from Eq.(6). The residuals error vec-
tor for the computational points can be calculated from
Eq. (28),

_NE

e=NY (28)

where N%° represents the measured national geoid vector
calculated from Eq. (24) at the computational points. The
KPIs adopted for the external quality mathematical formu-

lation are listed in Table 4 [2, 3, 57]. Parameters (JW, ﬁ)
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are the average values for the measured and estimated na-
tional geoid, respectively; (NiL* ,NiL ) are any elements in the
measured and estimated geoid vector, respectively; e; is
any element in the error vector. It is clear that the KPIs rep-
resent the accuracy of the model used to build the ACF.
A high KPI implies a low error generated by a high accu-
racy model, whereas a low KPI implies a high error gener-
ated by a low accuracy model.

Table 4: Statistical indicators.

Key Performance Indicators (KPI) Mathematical Expression

Maximum Error max(e)
Minimum Error min(e)
Mean Error (e) Yiei/n
Nio._5\2
Standard Deviation (o,) \jz'(:%
Mean Square Error (MSE) e'e/n

ST N YA

Correlation (R)
Vo g -2

Table 5: Bad choice of interval distance associated with low (KPI).

H.T. Elshambaky, Enhancing LSC predictability = 11

6 Result analysis

In this section, we present an analysis of the results from
applying different mathematical models to build the ACF.
Tables 5 and 6 display various values of the interval dis-
tance associated with the low and high values of the KPI.
We call the interval distance at a high KPI a “good choice,”
and at a low KPI a “bad choice.” It is clear that the good
and bad choices varied according to the type of mathemat-
ical model used to build the ACF, and the choice of the
optimum interval distance to yield a high KPI is not gov-
erned by any rules. The optimum interval distance can be
estimated by testing many values, as we have performed.
From Table 5, the worst behavior of the parametric models
belongs to Gauss 2 at an interval distance of 70 km; subse-
quently, the model recovered its quality at the 100-km in-
terval distance, as shown in Table 6. The remaining para-
metric models display almost no improvement in their
quality when the interval distance changed from the bad to
good choice; this signifies that the parametric models can-
not adopt spatial variability. Meanwhile, soft computing
techniques change their behavior based on the variation

Model Interval Distance r Max. Error Min. Error MSE (e) (oe) R)
(km) (m) (m) (m) (m) (m)
Cauchy 10 1.408 -2.639 1.567 0.441 1.179 0.933
Gauss 1 40 0.987 -0.417 0.331 0.484 0.312 0.996
Parametric Models Gauss 2 70 1.594 0.000 19437.626 18.543 139.031 0.000
Markov 2D 20 0.987 -0.417 0.331 0.484 0.311 0.996
Markov 3D 80 0.963 -0.417 0.331 0.491 0.302 0.996
MFFNN 70 0.962 -0.292 0.311 0.482 0.281 0.997
Soft Computing RBNN 50 452.196 -430.124 18763.662 7.375 137.624 0.417
Techniques SVM 60 2406.869 -1516.694 213579.516 75.027 458.822 0.058
LS-SVM 1 34.745 -14.643 24.866 0.734 4.963 0.767
Table 6: Good choice of interval distance associated with high (KPI).
Model Interval Distance r Max. Error Min. Error MSE (e) (0.) R)
(km) (m) (m) (m) (m) (m)
Cauchy 1 0.960 -0.417 0.324 0.484 0.302 0.996
Gauss 1 1 0.977 -0.417 0.330 0.486 0.309 0.996
Parametric Models Gauss 2 100 0.969 -0.417 0.328 0.486 0.305 0.996
Markov 2D 250 0.968 -0.417 0.328 0.487 0.304 0.996
Markov 3D 50 0.969 -0.417 0.329 0.487 0.305 0.996
MFFNN 40 0.916 -0.538 0.271 0.419 0.310 0.996
Soft Computing RBNN 60 1.057 -0.423 0.291 0.444 0.308 0.996
Techniques SVM 70 0.935 -0.387 0.279 0.434 0.303 0.996
LS-SVM 70 0.800 -0.706 0.239 0.342 0.301 0.996
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in the interval distance to improve their KPIs, as shown in
the results of Table 6 compared with Table 5.

The good and bad choices can be close to each other,
as in the RBNN and SVM models. Both can differ widely as
in the Markov 2D and LS-SVM. From Table 5, it is clear that
the incorrect choice of interval distance can deviate the
prediction process significantly. From Table 6, it is clear
that the parametric models have almost the same value
of MSE, ranging from 0.324 to 0.330 m, whereas the soft
computing techniques have another category of MSE rang-
ing from 0.239 to 0.291 m. For the mean error (e) and its
standard deviation (g,), it is clear that the LS-SVM has the
minimum value of mean error with high accuracy among
all models. At a good choice of interval distance, all mod-
els have the same correlation factor of 0.996, and this im-
provement appeared clearly in the soft computing tech-
niques as they can adopt the spatial variability of the data
structure. From the absolute value of the maximum and
minimum errors, it is clear that the LS-SVM has smaller
values. Tables 7 and 8 show the improvement percentages
in the MSE and mean error (e) values for every soft comput-
ing technique against every parametric model; it is clear
from these tables that the soft computing techniques su-
persede the parametric models in enhancing the LSC pre-
dictability accuracy at a good choice of interval distance r.
The improvement percentage in the MSE value ranges from
10.2% to 27.7 %, and the mean error (e) value ranges from
8.2 to 29.8. In addition, the LS-SVM is the most accurate
fitting model among the soft computing techniques, fol-
lowed by the MFFNN. The average accuracy produced from
applying the LS-SVM is improved in terms of the MSE and

Table 7: Improvement in MSE value based on soft computing tech-
niques relative to parametric models.

Model Cauchy Gauss1 Gauss2 Markov2D Markov 3D
MFFNN 16.4 18.0 17.5 17.5 17.8
RBNN 10.2 11.9 11.4 11.4 11.6
SVM 13.8 15.4 14.9 14.9 15.2
LS-SVM 26.2 27.7 27.2 27.2 27.4

Table 8: Improvement in mean error (e) value based on soft comput-
ing techniques relative to parametric models.

Model Cauchy Gauss1 Gauss2 Markov2D Markov3D
MFFNN 13.4 13.7 13.8 13.9 13.9
RBNN 8.2 8.6 8.6 8.8 8.8
SVM 10.2 10.6 10.7 10.8 10.8
LS-SVM 29.3 29.6 29.6 29.8 29.7

DE GRUYTER

mean error (27.2% and 29.6 % higher than the parametric
models, respectively). From the above analysis, it can be
concluded that using soft computing techniques to repre-
sent the spatial correlation distribution improved the pre-
dictability of LSC, and the most appropriate model is the
LS-SVM.

According to the previous analysis, the decision is to
eliminate the parametric models. The next stage of com-
parison is designed to determine if it is better to use soft
computing techniques as a direct predicting tool indepen-
dently [49, 57, 64, 75], or to inject them in the inner struc-
ture of the LSC technique (as in the present study). This is
addressed in the following section.

7 LS-SVM integrated with LSC
versus LS-SVM as a direct
predicting tool

From the previous stage, the LS-SVM is chosen as the most
accurate model to represent the spatial correlation rela-
tionship. At this stage, the soft computing technique (LS-
SVM) will be used as a direct curve fitting tool. It will be
applied to the vector of the geoid residuals AN in Eq. (25).
Subsequently, the resulted fitting model can be used again
to predict the geoid at the computational points, as de-
picted in Eq. (29).

NE = NO* 4 AN™ (29)
Parameters N%, N°* were defined previously in Eq. (27),
while AN™ represents the predicted vector of geoid resid-
uals at computational points’ locations estimated by the
LS-SVM model. Again, to assess this step, Eq. (28) will be
applied and the quality of the fitting process will be as-
sessed as described previously. Subsequently, the results
will be compared to the results obtained from the previ-
ous stage. It is noteworthy that all three kernel functions
were used with the LS-SVM as a direct fitting tool, and the
optimum KPI is achieved with the RBF, similar to as when
using the LS-SVM associated with the LSC solution. Table 9
shows the comparison values based on the same external
statistical indicators used previously. From these results, it
is clear that the integration between the LS-SVM and LSC
provides better and more accurate results. The improve-
ment in the accuracy of predictability is up to 20 % and
25 % based on the MSE and mean error (e), respectively. In
addition, from the maximum and minimum errors values,
we observed that the LS-SVM with LSC attempts to adjust
its behavior to be centralized within the errors and be in a
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Table 9: Comparison between LS-SVM with LSC and LS-SVM without
LSC.

Model Max. Error Min. Error  MSE @ (o) (R)
(m) m (m (m (m

LS-SVM 0.850 -0.740 0.239 0.342 0.301 0.996

with LSC

LS-SVM 0.952 -0.446 0.296 0.455 0.301 0.996

without LSC

normal distribution. Meanwhile, the LS-SVM without LSC
has a small skew in its mean error value. Both have the
same correlation value with the original data. This is due
to the small amount of available data.

8 Conclusion

From this study, we conclude that LSC as a predicting tool
depended primarily on the correct structure of the covari-
ance function, and could in turn describe the spatial cor-
relation relationship between measurements. Two impor-
tant factors affected the method to describe this relation-
ship; the interval distance and the mathematical models
representing this relationship. A bad or good choice of the
interval distance could severely affect the accuracy of LSC
predictability. Despite the importance of this factor, the
choice process is not governed by any regularization rules.
The trial-and-error method is recommended for achieving
the desired accuracy. The effect of the interval distance is
illustrated in Tables 5 and 6 of this study. The next impor-
tant factor is the type of mathematical model used to fit
the ACF to the empirical data. We noticed that the para-
metric models could not adopt the spatial variability of the
data when the interval distance was changed. Meanwhile,
we found that soft computing techniques could modify
their behavior to be more accurate than the parametric
models. The enhancement in their accuracy ranges from
10.2% to 27.7 % and 8.2% to 29.8 % in terms of the MSE
and mean error, respectively. In addition, we found that
the LS-SVM was the most precise soft computing tech-
nique to represent the spatial correlation relationship. Fi-
nally, it is noteworthy that the results of the integration be-
tween the LS-SVM and LSC were more accurate than the
results of using the LS-SVM independently as a predicting
tool. The improvement in the prediction accuracy with the
first solution was better than the second one by 20 % and
25 % in terms of the MSE and the mean error, respectively.
Therefore, using the LS-SVM integrated with LSC is recom-
mended to enhance the accuracy of LSC predictability.
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